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Abstract

In this paper, we define the notions of anti intuitionistic fuzzy BCC-subalgebras and
anti intuitionistic fuzzy ideals of the BCC-algebras with respect to arbitrary t-conorms
and t-norms, and obtain some related results.
Keywords: t-norm, t-conorm, anti intuitionistic fuzzy subalgebra, anti intuitionistic

fuzzy ideal, BCC-algebra.
AMS Subject Classifications: 06F35, 03G25, 94D05

1 Introduction and preliminaries
The notion of fuzzy sets was introduced by Zadeh [24]. Since then, this concept has been
applied to many mathematical branches, such as group, functional analysis, probability
theory, topology and so on. In 1991, Xi [23] applied this concept to BCK-algebras and
Dudek et al. [8-11] studied fuzzy structures in BCC-algebras. A BCK-algebra is an
important class of logical algebras introduced by Iseki [14]. Iseki [14] posed the interesting
problem of whether the class of BCK-algebras is a variety. In connection with this problem,
Komori [18] introduced the notion of BCC-algebras and Dudek [6,7] modified the notion of
BCC-algebras by using a dual form of the ordinary definition in the sense of Komori [18].

In the present paper, using the idea of Kutukcu and Yildiz [19], we introduce the notion
of anti intuitionistic fuzzy BCC-subalgebras of the BCC-algebras with the help of arbitrary
t-conorms and t-norms as a generalization of anti fuzzy subalgebras. We also introduce the
notion of anti intuitionistic fuzzy ideals as a generalization of anti fuzzy ideals and prove
that an intuitionistic fuzzy subset of a BCC-algebra is an intuitionistic fuzzy ideal if and
only if the complement of this intuitionistic fuzzy subset is an anti intuitionistic fuzzy ideal.
We prove that if an intuitionistic fuzzy subset is an anti intuitionistic fuzzy ideal then so is
the fuzzifications of its upper and lower level cuts.

Let us recall [18] that a BCC-algebra is a nonempty set X with a constant 0 and
a binary operation ∗ which satisfies the following conditions, for all x, y, z ∈ X: (i)
((x ∗ y) ∗ (z ∗ y)) ∗ (x ∗ z) = 0; (ii) x ∗ x = 0; (iii) 0 ∗ x = 0; (iv) x ∗ 0 = x; (v)
x ∗ y = 0 and y ∗ x = 0 imply x = y. A nonempty subset G of a BCC-algebra X is
called a BCC-subalgebra of X if x ∗ y ∈ G for all x, y ∈ G (see also [15,23]).

By a triangular conorm (shortly t-conorm) S [22], we mean a binary operation on the
unit interval [0, 1] which satisfies the following conditions, for all x, y, z ∈ [0, 1]: (i) S(x, 0) =
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x; (ii) S(x, y) ≤ S(x, z) if y ≤ z; (iii) S(x, y) = S(y, x); (iv) S(x, S(y, z)) = S(S(x, y), z).
Some important examples of t-conorms are SL(x, y) = min {x+ y, 1}, SP (x, y) = x+y−xy
and SM(x, y) = max {x, y} .

By a triangular norm (shortly t-norm) T [22], we mean a binary operation on the unit
interval [0, 1] which satisfies the following conditions, for all x, y, z ∈ [0, 1]: (i) T (x, 1) = x;
(ii) T (x, y) ≤ T (x, z) if y ≤ z; (iii) T (x, y) = T (y, x); (iv) T (x, T (y, z)) = T (T (x, y), z).
Some important examples of t-norms are TL(x, y) = max {x+ y − 1, 0}, TP (x, y) = xy and
TM(x, y) = min {x, y} .

A t-conorm S and a t-norm T are called associated [20], i.e. S(x, y) = 1−T (1−x, 1−y)
for all x, y ∈ [0, 1]. For example t-conorm SM and t-norm TM are associated [12,17,19,20].
Also it is well known [12,17] that if S is a t-conorm and T is a t-norm, then max {x, y} ≤
S(x, y) and min {x, y} ≥ T (x, y) for all x, y ∈ [0, 1], respectively.

Note that, the concepts of t-conorms and t-norms are known as the axiomatic skeletons
that we use for characterizing fuzzy unions and intersections, respectively. These concepts
were originally introduced by Menger [21] and several properties and examples for these
concepts were proposed by many authors (see [1,5,12,16,17,19-22]).

A fuzzy set A in an arbitrary non-empty set X is a function µA : X → [0, 1]. The
complement of µA, denoted by µ

c
A, is the fuzzy set in X given by µcA(x) = 1−µA(x) for all

x ∈ X.
For any fuzzy set µA in X and any α ∈ [0, 1], Dudek et al. [11] defined two sets

U(µA;α) = {x ∈ X : µA(x) ≥ α} and V (µA;α) = {x ∈ X : µA(x) ≤ α}
which are called an upper and lower α-level cut of µA, respectively, and can be used to the
characterization of µA.

Definition 1.1 ([8]). A fuzzy set A in a BCC-algebra X is called a fuzzy BCC-
subalgebra of X if

µA(x ∗ y) ≥ min {µA(x), µA(y)}
for all x, y ∈ X.

Definition 1.2 ([8]). A fuzzy set A in a BCC-algebra X is called a fuzzy BCC-
subalgebra of X with respect to a t-norm T (or simply, a T -fuzzy BCC-subalgebra of X)
if

µA(x ∗ y) ≥ T (µA(x), µA(y))

for all x, y ∈ X. Every BCC-algebra is a fuzzy BCC-algebra and so a T -fuzzy BCC-
subalgebra but the converse is not true (see [6,8-10]).

Definition 1.3 ([9]). A fuzzy set A in a BCC-algebra X is called a fuzzy ideal of X if

µA(0) ≥ µA(x) ≥ min {µA(x ∗ y), µA(y)}
for all x, y ∈ X.

Definition 1.4 ([9,13]). A fuzzy set A in a BCK-algebra X is called an anti fuzzy
subalgebra of X if

µA(x ∗ y) ≤ max {µA(x), µA(y)}
for all x, y ∈ X.

As a generalization of the notion of fuzzy sets in X, Atanassov [2] introduced
the concept of intuitionistic fuzzy sets defined on X as objects having the form A =
{(x, µA(x), λA(x)) : x ∈ X} where the functions µA : X → [0, 1] and λA : X → [0, 1] denote
the degree of membership (namely µA(x)) and the degree of non-membership (namely

KUTUKCU-SHARMA
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λA(x)) of each element x ∈ X to the set A, respectively, and 0 ≤ µA(x) +λA(x) ≤ 1 for all
x ∈ X.

In [3], for every two intuitionistic fuzzy sets A and B in X, we have

(i) A ⊆ B iff µA(x) ≤ µB(x) and λA(x) ≥ λB(x) for all x ∈ X,

(ii) ¤A = {(x, µA(x), µcA(x)) : x ∈ X} ,
(iii) ♦A = {(x, λcA(x), λA(x)) : x ∈ X} .

For the sake of simplicity, we shall use the symbol A = (µA, λA) for the intuitionistic
fuzzy set A = {(x, µA(x), λA(x)) : x ∈ X} as Dudek et al. [11].

2 (S,T)-anti intuitionistic fuzzy BCC-subalgebras
Definition 2.1. A fuzzy set A in a BCC-algebra X is said to be an anti fuzzy BCC-
subalgebra of X if

µA(x ∗ y) ≤ max {µA(x), µA(y)}
for all x, y ∈ X.

Definition 2.2. An intuitionistic fuzzy set A = (µA, λA) in a BCC-algebra X is said
to be an anti intuitionistic fuzzy BCC-subalgebra of X if

(i) µA(x ∗ y) ≤ max {µA(x), µA(y)} ,
(ii) λA(x ∗ y) ≥ min {λA(x), λA(y)}

for all x, y ∈ X.
Definition 2.3. An intuitionistic fuzzy set A = (µA, λA) in a BCC-algebra X is said

to be an anti intuitionistic fuzzy BCC-subalgebra of X with respect to a t-conorm S and a
t-norm T (or simply, an (S, T )-anti intuitionistic fuzzy BCC-subalgebra of X) if

(i) µA(x ∗ y) ≤ S(µA(x), µA(y)),

(ii) λA(x ∗ y) ≥ T (λA(x), λA(y))

for all x, y ∈ X.
Remark 2.1. Every anti intuitionistic fuzzy BCC-subalgebra of a BCC-algebra is an

(S, T )-anti intuitionistic fuzzy BCC-subalgebra of X, but it is clear that the converse is not
true. If λA(x) = 1−µA(x) for all x ∈ X, then every anti intuitionistic fuzzy BCC-subalgebra
of a BCC-algebra X is an anti fuzzy BCC-subalgebra of X. Also, if λA(x) = 1− µA(x) for
all x ∈ X, S = SM and T = TM , then every (S, T )-anti intuitionistic fuzzy BCC-subalgebra
of a BCC-algebra X is an anti fuzzy BCC-subalgebra of X.

Example. Let X = {0, 1, 2, 3} be a BCC-algebra with the Cayley table as follows
∗ | 0 1 2 3
0
1
2
3

¯̄̄̄
¯̄̄̄ 0 0 0 0
1 0 0 1
2 1 0 2
3 3 3 0

Define an intuitionistic fuzzy set A = (µA, λA) in X by

ANTI FUZZY STRUCTURES
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µA(x) =


0, x = 0
1/2, x = 1 or 2
1, x = 3

and λA(x) =


1, x = 0
1/3, x = 1 or 2
0, x = 3

It is easy to check that 0 ≤ µA(x) + λA(x) ≤ 1, µA(x ∗ y) ≤ SM(µA(x), µA(y)) and
λA(x ∗ y) ≥ TL(λA(x), λA(y)) for all x, y ∈ X. Hence A = (µA, λA) is an (SM , TL)-anti
intuitionistic fuzzy BCC-subalgebra of X. Also note that t-conorm SM and t-norm TL are
not associated.

Example. Let X = {0, a, b, c, d} be a proper BCC-algebra with the Cayley table as
follows

∗ | 0 a b c d
0
a
b
c
d

¯̄̄̄
¯̄̄̄
¯̄
0 0 0 0 0
a 0 a 0 0
b b 0 0 0
c c a 0 0
d c d c 0

Define an intuitionistic fuzzy set A = (µA, λA) in X by

µA(x) =

½
t0, x ∈ {0, a, b}
t1, otherwise

and λA(x) =

½
t2, x ∈ {0, a, b}
t3, otherwise.

where 0 ≤ t0, t1, t2, t3 ≤ 1 such that t0 < t1, t3 < t2 and t0 + t1 + t2 + t3 = 1.
It is easy to check that 0 ≤ µA(x) + λA(x) ≤ 1, µA(x ∗ y) ≤ SL(µA(x), µA(y)) and
λA(x ∗ y) ≥ TP (λA(x), λA(y)) for all x, y ∈ X. Hence A = (µA, λA) is an (SL, TP )-
anti intuitionistic fuzzy BCC-subalgebra of X. Also note that t-conorm SL and t-norm TP
are not associated.

Remark 2.2. Note that, the above examples hold even with the t-conorm SM and t-
norm TM , and hence A = (µA, λA) is an (SM , TM)-anti intuitionistic fuzzy BCC-subalgebra
of X in such examples. Hence every anti intuitionistic fuzzy BCC-subalgebra of X is an
(S, T )-anti intuitionistic fuzzy BCC-subalgebra, but the converse is not true.

Lemma 2.1. If A = (µA, λA) is an (S, T )-anti intuitionistic fuzzy BCC- subalgebra
of a BCC-algebra X, then so is ¤A = (µA, µ

c
A) such that t-conorm S and t-norm T are

associated.
Proof. Since A = (µA, λA) is an (S, T )-anti intuitionistic fuzzy BCC-subalgebra of X,

we have
µA(x ∗ y) ≤ S(µA(x), µA(y))

for all x, y ∈ X and so

1− µcA(x ∗ y) ≤ S(1− µcA(x), 1− µcA(y))

which implies
1− S(1− µcA(x), 1− µcA(y)) ≤ µcA(x ∗ y).

Since S and T are associated, we have

T (µcA(x), µ
c
A(y)) ≤ µcA(x ∗ y).

This completes the proof.
Lemma 2.2. If A = (µA, λA) is an (S, T )-anti intuitionistic fuzzy BCC- subalgebra

of a BCC-algebra X, then so is ♦A = (λcA, λA) such that t-conorm S and t-norm T are
associated.
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Proof. The proof is similar to the proof of Lemma 2.1.
Combining the above two lemmas, it is easy to see that the following theorem is valid.
Theorem 2.1. A = (µA, λA) is an (S, T )-anti intuitionistic fuzzy BCC- subalgebra

of a BCC-algebra X if and only if ¤A and ♦A are (S, T )-anti intuitionistic fuzzy BCC-
subalgebra of X such that t-conorm S and t-norm T are associated.

Corollary 2.1. A = (µA, λA) is an (S, T )-anti intuitionistic fuzzy BCC- subalgebra
of a BCC-algebra X if and only if µA and λ

c
A are anti fuzzy BCC-subalgebra of X such that

t-conorm S and t-norm T are associated.
If A = (µA, λA) is an intuitionistic fuzzy set in a BCC-algebra X and f is a self mapping

of X, we define mappings

µA[f ] : X → [0, 1] by µA[f ](x) = µA(f(x))

and
λA[f ] : X → [0, 1] by λA[f ](x) = λA(f(x))

for all x ∈ X, respectively.
Proposition 2.1. If A = (µA, λA) is an (S, T )-anti intuitionistic fuzzy BCC- subalgebra

of a BCC-algebra X and f is an endomorphism of X, then (µA[f ], λA[f ]) is an (S, T )-anti
intuitionistic fuzzy BCC-subalgebra of X.

Proof. For any given x, y ∈ X, we have

µA[f ](x ∗ y) = µA(f(x ∗ y)) = µA(f(x) ∗ f(y)) ≤ S(µA(f(x)), µA(f(y)))

= S(µA[f ](x), µA[f ](y)),

λA[f ](x ∗ y) = λA(f(x ∗ y)) = λA(f(x) ∗ f(y)) ≥ T (λA(f(x)), λA(f(y)))

= T (λA[f ](x), λA[f ](y)).

This completes the proof.
If f is a self mapping of a BCC-algebra X and B = (µB, λB) is an intuitionistic fuzzy

set in f(X), then the intuitionistic fuzzy set A = (µA, λA) in X defined by µA = µB ◦ f
and λA = λB ◦ f (i.e., µA(x) = µB(f(x)) and λA(x) = λB(f(x)) for all x ∈ X) is called the
preimage of B under f .

Theorem 2.2. An onto homomorphic preimage of an (S, T )-anti intuitionistic fuzzy
BCC-subalgebra is an (S, T )-anti intuitionistic fuzzy BCC-subalgebra.

Proof. Let f : X → Y be an onto homomorphism of BCC-algebras, B = (µB, λB) be
an (S, T )-anti intuitionistic fuzzy BCC-subalgebra of Y , and A = (µA, λA) be preimage of
B under f . Then, we have

µA(x ∗ y) = µB(f(x ∗ y)) = µB(f(x) ∗ f(y)) ≤ S(µB(f(x)), µB(f(y)))

= S(µA(x), µA(y)),

λA(x ∗ y) = λB(f(x ∗ y)) = λB(f(x) ∗ f(y)) ≥ T (λB(f(x)), λB(f(y)))

= T (λA(x), λA(y))

for all x, y ∈ X. Hence, A = (µA, λA) is an (S, T )-anti intuitionistic fuzzy BCC-subalgebra
of X.
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If f is a self mapping of a BCC-algebra X and A = (µA, λA) is an intuitionistic fuzzy
set in X, then the intuitionistic fuzzy set Af = (µfA, λ

f
A) in f(X) defined by

µfA(y) = inf
x∈f−1(y)

µA(x) and λfA(y) = sup
x∈f−1(y)

λA(x)

for all y ∈ f(x), is called image of A = (µA, λA) under f .
An intuitionistic fuzzy set A = (µA, λA) in X is said to be have (inf-sup) property if

there exists a t0 ∈ T such that µA(t0) = inft∈T µA(t) and λA(t0) = supt∈T λA(t) for every
subset T ⊆ X.

Proposition 2.2. An onto homomorphic image of an anti intuitionistic fuzzy BCC-
subalgebra with (inf-sup) property is an anti intuitionistic fuzzy BCC-subalgebra.

Proof. Let f : X → Y be an onto homomorphism of BCC-algebras and A = (µA, λA)
be an anti intuitionistic fuzzy BCC-subalgebra of X with (inf-sup) property. For given
xp, yp ∈ Y , let x0 ∈ f−1(xp) and y0 ∈ f−1(yp) such that µA(x0) = inft∈f−1(xp ) µA(t),
µA(y0) = inft∈f−1(yp ) µA(t), λA(x0) = supt∈f−1(xp ) λA(t) and λA(y0) = supt∈f−1(yp ) λA(t),
respectively. Then

µfA(x
p ∗ yp) = inf

z∈f−1(xp∗yp )
µA(z) ≤ max {µA(x0), µA(y0)}

= max

½
inf

t∈f−1(xp )
µA(t), inf

t∈f−1(yp )
µA(t)

¾
= max

n
µfA(x

p), µfA(y
p)
o
,

λfA(x
p ∗ yp) = sup

z∈f−1(xp∗yp )
λA(z) ≥ min {λA(x0), λA(y0)}

= min

(
sup

t∈f−1(xp )
λA(t), sup

t∈f−1(yp )
λA(t)

)
= min

n
λfA(x

p), λfA(y
p)
o
.

Hence, Af = (µfA, λ
f
A) is an anti intuitionistic fuzzy BCC-subalgebra of Y .

Remark 2.3. It is well known [12,17] that max {x, y} ≤ S(x, y) and min {x, y}
≥ T (x, y) for all x, y ∈ [0, 1]. Therefore, it is easy to see that the above proposition is
also true in the case of (S, T )-anti intuitionistic fuzzy BCC-subalgebras.

Lemma 2.3 ([12]). Let S and T be a t-conorm and a t-norm, respectively. Then

S(S(x, y), S(z, t)) = S(S(x, z), S(y, t)),

T (T (x, y), T (z, t)) = T (T (x, z), T (y, t))

for all x, y, z, t ∈ [0, 1].
Theorem 2.3. Let S be a t-conorm, T be a t-norm and X = X1 × X2 be the

direct product BCC-algebra of BCC-algebras X1 and X2. If A1 = (µA1 , λA1) (resp.
A2 = (µA2 , λA2)) is an (S, T )-anti intuitionistic fuzzy BCC-subalgebra of X1 (resp. X2),
then A = (µA, λA) is an (S, T )-anti intuitionistic fuzzy BCC-subalgebra of X defined by
µA = µA1 × µA2 and λA = λA1 × λA2 such that

µA(x1, x2) = (µA1 × µA2)(x1, x2) = S(µA1(x1), µA2(x2)),

λA(x1, x2) = (λA1 × λA2)(x1, x2) = T (λA1(x1), λA2(x2))

for all (x1, x2) ∈ X.
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Proof. Let x = (x1, x2) and y = (y1, y2) be any elements of X. Since X is a BCC-
algebra, we have

µA(x ∗ y) = µA((x1, x2) ∗ (y1, y2)) = µA(x1 ∗ y1, x2 ∗ y2)
= (µA1 × µA2)(x1 ∗ y1, x2 ∗ y2)
= S(µA1(x1 ∗ y1), µA2(x2 ∗ y2))
≤ S(S(µA1(x1), µA1(y1)), S(µA2(x2), µA2(y2)))

= S(S(µA1(x1), µA2(x2)), S(µA1(y1), µA2(y2)))

= S((µA1 × µA2)(x1, x2), (µA1 × µA2)(y1, y2))

= S(µA(x), µA(y)),

λA(x ∗ y) = λA((x1, x2) ∗ (y1, y2)) = λA(x1 ∗ y1, x2 ∗ y2)
= (λA1 × λA2)(x1 ∗ y1, x2 ∗ y2)
= T (λA1(x1 ∗ y1), λA2(x2 ∗ y2))
≥ T (T (λA1(x1), λA1(y1)), T (λA2(x2), λA2(y2)))

= T (T (λA1(x1), λA2(x2)), T (λA1(y1), λA2(y2)))

= T ((λA1 × λA2)(x1, x2), (λA1 × λA2)(y1, y2))

= T (λA(x), λA(y)).

This completes the proof.

3 (S,T)-anti intuitionistic fuzzy ideals
In this section, we shall define the notion (S, T )-anti intuitionistic fuzzy ideal of a BCC-
algebra with the help of arbitrary t-conorms and t-norms. We investigate some relations
between (S, T )-anti intuitionistic fuzzy ideals and (S, T )-anti intuitionistic fuzzy BCC-
subalgebras and prove some results on them.

Definition 3.1. A fuzzy set A in a BCC-algebra X is said to be an anti fuzzy ideal of
X if

(i) µA(0) ≤ µA(x),

(ii) µA(x) ≤ max{µA(x ∗ y), µA(y)}

for all x, y ∈ X.
Definition 3.2. An intuitionistic fuzzy set A = (µA, λA) in a BCC-algebra X is said

to be an anti intuitionistic fuzzy ideal of X if

(i) µA(0) ≤ µA(x) and λA(0) ≥ λA(x),

(ii) µA(x) ≤ max {µA(x ∗ y), µA(y)} ,
(iii) λA(x) ≥ min {λA(x ∗ y), λA(y)}

for all x, y ∈ X.
Definition 3.3. An intuitionistic fuzzy set A = (µA, λA) in a BCC-algebra X is said

to be an anti intuitionistic fuzzy ideal of X with respect to a t-conorm S and a t-norm T
(or simply, an (S, T )-anti intuitionistic fuzzy ideal of X) if
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(i) µA(0) ≤ µA(x) and λA(0) ≥ λA(x),

(ii) µA(x) ≤ S(µA(x ∗ y), µA(y)),
(iii) λA(x) ≥ T (λA(x ∗ y), λA(y))

for all x, y ∈ X.
Remark 3.1. Every anti intuitionistic fuzzy ideal of a BCC-algebra is an (S, T )-

anti intuitionistic fuzzy ideal of X, but it is clear that the converse is not true. If
λA(x) = 1 − µA(x) for all x ∈ X, then every anti intuitionistic fuzzy ideal of a BCC-
algebra X is an anti fuzzy ideal of X. Also, if λA(x) = 1− µA(x) for all x ∈ X, S = SM
and T = TM , then every (S, T )-anti intuitionistic fuzzy ideal of a BCC-algebra X is an anti
fuzzy ideal of X.

Example. In Example 1, it is easy to show that A = (µA, λA) is also an (S, T )-anti
intuitionistic fuzzy ideal of X.

Lemma 3.1. Let A = (µA, λA) be an (S, T )-anti intuitionistic fuzzy ideal of a BCC-
algebra X. If ≤ is a partial ordering on X then µA(x) ≤ µA(y) and λA(y) ≤ λA(x) for all
x, y ∈ X.

Proof. Let X be a BCC-algebra. It is known [13] that ≤ is a partial ordering on X
defined by x ≤ y if and only if x∗y = 0 for all x, y ∈ X. Let A be a (S, T )-anti intuitionistic
fuzzy ideal of X. Then

µA(x) ≤ S(µA(x ∗ y), µA(y)) = S(µA(0), µA(y)) = µA(y)

and
λA(x) ≥ T (λA(x ∗ y), λA(y) = T (λA(0), λA(y)) = λA(y).

These complete the proof.
Theorem 3.1. Let A = (µA, λA) be an (S, T )-anti intuitionistic fuzzy ideal of a BCC-

algebra X. If x ∗ y ≤ x holds in X, A is an (S, T )-anti intuitionistic fuzzy BCC-subalgebra
of X.

Proof. Let A = (µA, λA) be an (S, T )-anti intuitionistic fuzzy ideal of X. Since x∗y ≤ x
for all x, y ∈ X, it follows from Lemma 4 that µA(x ∗ y) ≤ µA(x) and λA(x) ≤ λA(x ∗ y).
Then

µA(x ∗ y) ≤ µA(x) ≤ S(µA(x ∗ y), µA(y)) ≤ S(µA(x), µA(y))

and
λA(x ∗ y) ≥ λA(x) ≥ T (λA(x ∗ y), λA(y)) ≥ T (λA(x), λA(y))

and so A is an (S, T )-anti intuitionistic fuzzy BCC-subalgebra of X.
Remark 3.2. The converse of the above theorem does not hold in general. In fact,

suppose that X be the BCC-algebra in Example 1. It is clear that x∗y ≤ x for all x, y ∈ X.
Define an intuitionistic fuzzy set A = (µA, λA) in X by

µA(x) =


0, x = 0
1/2, x = 1
1, x = 2 or 3

and λA(x) =


1, x = 0
1/3, x = 1
0, x = 2 or 3

By routine calculations, we know that A = (µA, λA) is an (S, T )-anti intuitionistic
fuzzy BCC-subalgebra of X but not an (S, T )-anti intuitionistic fuzzy ideal of X because
µA(2) = 1 > S(µA(2 ∗ 1), µA(1)) and λA(2) = 0 < T (λA(2 ∗ 1), λA(1)).
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Proposition 3.1. Let A = (µA, λA) be an (S, T )-anti intuitionistic fuzzy ideal of a
BCC-algebra X. If x ∗ y ≤ z holds in X, then µA(x) ≤ S(µA(y), µA(z)) and λA(x) ≥
T (λA(y), λA(z)) for all x, y, z ∈ X.

Proof. Since x ∗ y ≤ z holds for all x, y, z ∈ X, we have

µA(x ∗ y) ≤ S(µA((x ∗ y) ∗ z), µA(z))
≤ S(µA(z ∗ z), µA(z))
= S(µA(0), µA(z))

= µA(z)

it follows that
µA(x) ≤ S(µA(x ∗ y), µA(y)) ≤ S(µA(z), µA(y))

and

λA(x ∗ y) ≥ T (λA((x ∗ y) ∗ z), λA(z))
≥ T (λA(z ∗ z), λA(z))
= T (λA(0), λA(z))

= λA(z)

it follows that
λA(x) ≥ T (λA(x ∗ y), λA(y)) ≥ T (λA(z), λA(y)).

They complete the proof.
Proposition 3.2. An intuitionistic fuzzy subset A of a BCC-algebra X is an (S, T )-

intuitionistic fuzzy ideal of X if and only if its complement Ac is an (S, T )-anti intuitionistic
fuzzy ideal of X such that t-conorm S and t-norm T are associated.

Proof. LetA be an (S, T )-intuitionistic fuzzy ideal ofX such that S and T are associated.
Then

µcA(0) = 1− µA(0) ≤ 1− µA(x) = µcA(x)

and
λcA(0) = 1− λA(0) ≥ 1− λA(x) = λcA(x).

We also have

µcA(x) = 1− µA(x) ≤ 1− T (µA(x ∗ y), µA(y))
= 1− T (1− µcA(x ∗ y), 1− µcA(y))

= S(µcA(x ∗ y), µcA(y))

and

λcA(x) = 1− λA(x) ≥ 1− S(λA(x ∗ y), λA(y))
= 1− S(1− λcA(x ∗ y), 1− λcA(y))

= T (λcA(x ∗ y), λcA(y)).

for all x, y ∈ X. Thus Ac is an (S, T )-anti intuitionistic fuzzy ideal of X. The converse also
can be proved similarly.
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Theorem 3.2. Let A be an anti intuitionistic fuzzy ideal of a BCC-algebra X. Then
the set

XA := {x ∈ X : µA(x) = µA(0), λA(x) = λA(0)}
is an ideal of X.

Proof. Since A is an anti intuitionistic fuzzy ideal of X, we have µA(0) ≤ µA(x) and
λA(0) ≥ λA(x). Now, suppose that x, y ∈ X such that x ∗ y ∈ XA and y ∈ XA. Then
µA(x ∗ y) = µA(0) = µA(y) and λA(x ∗ y) = λA(0) = λA(y), so we have

µA(x) ≤ max{µA(x ∗ y), µA(y)} = max{µA(0), µA(0)} = µA(0)

and
λA(x) ≥ min{λA(x ∗ y), λA(y)} = min{λA(0), λA(0)} = λA(0)

respectively. Thus, we have µA(x) = µA(0) and λA(x) = λA(0), and therefore x ∈ XA.
Also, it is easy to see that 0 ∈ XA. This completes the proof.

Theorem 3.3. Let A be an intuitionistic fuzzy subset of a BCC-algebra X. Then A is
an (S, T )-anti intuitionistic fuzzy ideal of X if and only if for each α0, α1 ∈ [0, 1] such that
α0 ≤ λA(0) and α1 ≥ µA(0), the upper α0-level cut U(λA;α0) and the lower α1-level cut
V (µA;α1) are ideals of X.

Proof. Let A be an (S, T )-anti intuitionistic fuzzy ideal of X and let α0 ∈ [0, 1] such
that α0 ≤ λA(0). Clearly 0 ∈ U(λA;α0). Let x, y ∈ X such that x ∗ y ∈ U(λA;α0) and
y ∈ U(λA;α0). Then

λA(x) ≥ S(λA(x ∗ y), λA(y)) ≥ α0

and x ∈ U(λA;α0). Hence U(λA;α0) is an ideal of X. Similarly, V (µA;α1) is also an ideal
of X.

Conversely, we first show that λA(0) ≥ λA(x) for all x ∈ X. If not, then there
exists a x0 ∈ X such that λA(0) < λA(x0). Taking α0 =

1
2(λA(x0) + λA(0)) then

0 ≤ λA(0) < α0 < λA(x0) ≤ 1. It follows that x0 ∈ U(λA;α0), so U(λA;α0) 6= ∅.
Since U(λA;α0) is an ideal of X we have 0 ∈ U(λA;α0) or λA(0) ≥ α0 which is a
contradiction. Hence λA(0) ≥ λA(x) for all x ∈ X. Next, we prove that λA(x) ≥
T (λA(x ∗ y), λA(y)) for all x, y ∈ X. If not, then there exist x0, y0 ∈ X such that
λA(x0) ≥ T (λA(x0 ∗ y0), λA(y0)). Taking α0 =

1
2(λA(x0) + T (λA(x0 ∗ y0), λA(y0))) then

α0 < λA(x0) and 0 ≤ T (λA(x0 ∗ y0), λA(y0)) < α0 ≤ 1. Thus, we have α0 > λA(x0 ∗ y0)
and α0 > λA(y0) which imply that x0 ∗ y0 ∈ U(λA;α0) and y0 ∈ U(λA;α0). As U(λA;α0)
is an ideal of X, it follows that x0 ∈ U(λA;α0) or λA(x0) ≥ α0, which is a contradiction.
Similarly, µA(x) ≥ λA(0) and µA(x) ≤ S(µA(x ∗ y), µA(y)) for all x, y ∈ X. This completes
the proof.

Theorem 3.4. Let A be an (S, T )-anti intuitionistic fuzzy ideal of a BCC-algebra X.
Two upper level cuts U(λA;α0) and U(λA;α1) with α0 > α1 (resp. two lower level cuts
V (µA;β0) and V (µA;β1) with β1 > β0) are equal if and only if there exists no x ∈ X such
that α0 ≥ λA(x) > α1 (resp. β1 ≥ µA(x) > β0).

Proof. From the definition of upper level cut, it follows that U(λA;α) = λ−1A ([α, λA(0)])
for α ∈ [0, 1]. Let α0, α1 ∈ [0, 1] such that α0 > α1. Then

U(λA;α0) = U(λA;α1)⇐⇒ λ−1A ([α0, λA(0)]) = λ−1A ([α1, λA(0)])
⇐⇒ λ−1A ((α1, α1]) = ∅
⇐⇒ there is no x ∈ X such that α0 ≥ λA(x) > α1.

This completes the proof.
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Abstract

A local as well as a semilocal Kantorovich-type convergence analysis is
provided for Newton methods (Newton’s method and Modified Newton’s
method) to solve equations on Lie groups. Motivated by optimization
considerations and by using more precise majorizing sequences than before
[6], [9], [10], we show that under the same or weaker hypotheses: a larger
convergence domain; finer error estimates on the distances involved can be
obtained; an at least as precise information on the location of the solution
is given semilocal case, and a larger radius of convergence (in the local
case).

We also note that our results are obtained under the same compu-
tational cost as in [6], [9], [10]. Finally the results are extended to the
Hölder case not examined before.

AMS (MOS) subject classification codes: 65J15, 65G99, 65B05, 65L50,
47H17, 49M15.

Key Words: Newton’s method, Modified Newton’s method, Lie groups,
Abelian groups, majorizing sequence, local/semilocal convergence, Kan-
torovich hypothesis, radius of convergence, Lipschitz conditions.

1 Introduction

In this study we are concerned with the problem of approximating a locally
unique zero x∗ of a map f defined on a Lie grup (to be precised in section
1). Numerical algorithms on manifolds are very important in computational
mathematics [2], [5], [6], [9], [10], because they appear in connection to eigen-
value problems, minimization problems, optimization problems. A convergence
analysis of Newton’s method on Riemannian manifolds under various condition
similar to the corresponding ones on Banach spaces [1],[4], [7], [8] has been given
in [9], [10] and the references there.

Here we are motivated in particular by the elegant work in [9], and optimiza-
tion considerations with advantages over earlier works [6], [9], [10] as already
mentioned in the abstract of the paper.
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2 Preliminaries

A Lie group (G,·) is a Hausdorff topological group with countable bases which
also has the structure of a smooth manifold such that the group product and
the inversion are smooth operations in the differentiable structure given on the
manifold. The dimension of a Lie group is that of the underlying manifold, and
we shall always assume that it is finite. The symbol e designates the identity
element of G. Let g be the Lie algebra of the Lie group G which is the tangent
space TeG of G at e, equipped with Lie bracket [·, ·] : g × g → g. In the sequel
we will make use of the left translation of the Lie group G. We define for each
y ∈ G

Ly : G → G

z → y · z,

the left multiplication in the group. The differential of Ly at e denoted by
(dLy)e determines an isomorphism of g = TeG with the tangent space TyG via
the relation

(dLy)e(g) = TyG

or, equivalently,
g = (dLy)−1

e (TyG) = dLy−1)y(TyG).

The exponential map is a map

exp : g → G

u → exp(u),

which is certainly the most important construct associated to G and g. Given
u ∈ g, the left invariant vector field Xu : y → (dLy)e(u) determines an one-
parameter subgroup of G σu : R → G such that σu(0) = e and

σ′u(t) = Xu(σu(t)) = (dLσu(t))e(u).

The exponential map is then defined by the relation

exp(u) = σu(1).

Note that the exponential map is not surjective in general. However, the ex-
ponential map is a diffeomorphism on an open neighborhood N (′) of 0 ∈ g.
Let

N(e) = exp(N (0)).

Then for each y ∈ N(e), there exists υ ∈ N (0) such that y = exp(υ). Further-
more, if

exp(u) = exp(υ) ∈ N(e)

for some u, υ ∈ N (0), then u = υ. If G is Abelian, exp is also a homomorphism
from g to G, i.e.,

exp(u + υ) = exp(u) · exp(υ) (1)
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for all u, υ ∈ g = TeG. In the non-abelian case, exp is not a homomorphism and
(1) must be replaced by

exp(ω) = exp(u) · exp(υ),

where ω is given by the Baker-Campbell-Hausdorff (BCH) formula

ω = u + υ +
1
2
[u, υ] +

1
12

([u[u, υ]] + [υ[υ, u]]) + ...,

for all u, υ in an open neighborhood of 0 ∈ g. To analyse convergence, we need
a Riemannian metric on the Lie group G.

Following [5] take an inner product 〈, 〉e on g and define

〈u, υ〉x = 〈(dLx−1)x(u), (dLx−1)x(υ)〉e, for each x ∈ G and u, υ ∈ TxG.

This construction actually produces a Riemannian metric on the Lie group
G, see for example [5]. Let ‖·‖x be associated norm, where the subscript x is
sometimes omitted if there is no confusion. For any two distinct elements x,
y ∈ G, let c : [0, 1] → G be a piecewise smooth curve connecting X and y. Then
the arc-length of c is defined by l(c) :=

∫ 1

0
‖c′(t)‖ dt, and the distance from x to

y by d(x, y) := infcl(c), where the infimum is taken over all piecewise smooth
curves c : [0, 1 → G connecting x and y. Thus, we assume throughout the whole
paper that G is connected and hence (G, d) is a complete metric space. Since we
only deal with finite dimensional Lie algebras, every linear mapping ϕ : g → g
is bounded and we define its norm by

‖ϕ‖ = sup
u 6=0

‖ϕ(u)‖
‖u‖

= sup
‖u‖=1

‖ϕ(u)‖ < ∞.

For r > 0 we introduced the corresponding ball of radius r around y ∈ G defined
by one parameter subgroups of G as

Cr(y) = {z ∈ G : z = y · exp(u), ‖u‖ ≤ r}.

We give the following definition on convergence:

Definition 1 Let {xn}n≥0 be a sequence of G and x ∈ G. Then {xn}n≥0 is
said to be

(i) convergent to x if for any ε > 0 there exists a natural number K such that
x−1 · xn ∈ N(e) and

∥∥exp−1(x−1 · xn)
∥∥ ≤ ε for all n ≥ K;

(ii) quadratically convergent to x if {
∥∥exp−1(x−1 · xn)

∥∥} is quadratically con-
vergent to 0; that is, {xn}n≥0 is convergent to x and there exists a constant
q and an natural number K such that∥∥exp−1(x−1) · xn+1)

∥∥ ≤ q
∥∥exp−1(x−1 · xn)

∥∥2
for all n ≥ K.
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Note that convergence of a sequence {xn}n≥0 in G to x in the sense of
Definition 1 above is equivalent to that limn→+∞ d(xn, x) = 0.

In the remainder of this paper, let f : G → g = TeG be a C1 - mapping.
The differential of f at a point x ∈ G is a linear map f

′

x : TxG → g defined by

f ′x(4x) =
d

dt
f(x · exp(t((dx−1)x)(4x))) |t=0 for any 4x ∈ TxG. (2)

The differential f ′x can be expressed via a function dfx : g → g given by

dfx = (f ◦ Lx)′e = f ′x ◦ (dLx)e.

Thus, by (8), it follows that

dfx(u) = f ′x((dLx)e(u)) =
d

dt
f(x · exp(tu) |t=0 for any u ∈ g.

Therefore the following lemma is clear.

Lemma 2 Let x ∈ G, u ∈ g and t ∈ R. Then

d

dt
f(x · exp(−tu)) = −dfx·exp(−tu)(u) (3)

and

f(x · exp(tu))− f(x) =
∫ t

0

dfx·exp(su)(u)ds. (4)

As in [10] Newton’s method for f with initial point x0 ∈ G is defined as
follows

xn+1 = xn · exp(−df−1
xn

◦ f(xn)) (n ≥ 0). (5)

We also define the modified Newton’s method by

xn+1 = xn exp(−df−1
x0

f(xn) (n ≥ 0). (6)

3 Local convergence analysis of Newton’s method
(5)

We will use the following definition involving Lipschitz conditions:

Definition 3 Let r > 0, and let x0 ∈ G be such that df−1
x0

exists. Then df−1
x0

df
is said to satisfy: the center Lipschitz condition with constant `0 > 0 in C(x0, r)
if ∥∥df−1

x0
(dfx0 exp(u) − dfx0)

∥∥ ≤ `0 ‖u‖ , for each u ∈ g with ‖u‖ ≤ r; (7)

the center Lipschitz condition with constant ` in C(x0, r) if∥∥df−1
x0

(dfx·exp(u) − dfx)
∥∥ ≤ ` ‖u‖ (8)

holds for any u, v ∈ g and x = x0 exp(τ) with ‖u‖+ ‖v‖ ≤ r.
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Remark 4 . In general
`0 ≤ `, (9)

holds, and `
`0

can be arbitrarily large [1],[4].

We can show the following local convergence results for Newton’s method
(5).

Theorem 5 Assume that G is un Abelian group. Choose r ∈ (0, 2
2`0+` ), and let

x∗ ∈ G such that f(x∗) = 0 and df−1
x∗ exists. Moreover assume df−1

x∗ df satisfies
condition (8).

Then sequence {xn} generated by Newton’s method (5) is well defined, re-
mains in C(x∗, r) for all n ≥ 0, and converges quadratically to x∗ provided that
x0 ∈ C(x∗, r), with ratio α given by

α =
`

2(1− `0 ‖u0‖
, (10)

where u0 ∈ g with ‖u0‖ ≤ r, and x0 = x∗ exp(u0).

Proof. Set α0 = α ‖u0‖ . In view of (10) α0 ∈ [0, 1). We shall show using
induction that for each n ≥ 0, xn is well-defined, remains in C(x∗, r), and there
exists un ∈ g with ‖un‖ ≤ r such that

xn = x∗ exp(un), and ‖un+1‖ ≤ α ‖un‖2 ≤ α2
n+1

−1
0 ‖υ0‖ . (11)

Estimates (11) hold true for n = 0 by the initial conditions. Assume estimates
(11) hold true for n ≤ k, xn is well defined and there exist Un ∈ g with ‖un‖ ≤ r
such that (11) hold. Using (7) we get∥∥df−1

x∗ (dfx∗ exp(uk) − dfx∗)
∥∥ ≤ `0 ‖uk‖ < 1. (12)

It follows from the Banach Lemma [8] df−1
xk

exists and∥∥df−1
xk

dfx∗
∥∥ ≤ 1

1− `0 ‖uk‖
. (13)

That is xk+1 is well defined. Set

uk+1 = uk − df−1
xk

(f(xk)). (14)

In view of (13) and (14) we get in turn

‖uk+1‖ =
∥∥uk − df−1

xk
(f(xk)− f(x∗))

∥∥ (15)

≤
∥∥df−1

xk
dfx∗

∥∥∫ 1

0

∥∥df−1
x∗ (dfxk

− dfx∗ exp(tuk
))uk

∥∥ dt

≤ 1
1− `0 ‖uk‖

∫ 1

0

(1− t)l ‖uk‖2
dt

=
2

2(1− `0 ‖uk‖)
‖uk‖2 ≤ α ‖uk‖2 ≤ α2k+1−1

0 ‖u0‖ = r,
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which establishes the quadratic convergence and ‖uk+1‖ ≤ τ. Moreover since G
is an Abelian group

xk+1 = x∗ exp(uk) exp[−df−1
xk

f(xk)] = x∗ exp(uk+1). (16)

That completes the induction and the proof of the theorem.

Remark 6 If `0 = `, 5 reduces to Theorem 3.1 in [9]. Otherwise it is an
improvement. Indeed let τWL be the corresponding radius of convergence in [9]
selected in (0, 2

3l ). Then since (0, 2
3l ) ⊆ (0, 2

2l0+l ) it follows our radius rA is such
that

rWL < rA. (17)

Hence, our approach allows a wider choice of initial guesses x0. Moreover
the ratio is smaller than the corresponding one α in [9] (simply let `0 = ` in
(10) to obtain α),since we have

α < α. (18)

The uniqueness of the solution x∗ is discussed next.

Proposition 7 Let r ∈ (0, 2
l0

). Assume f(x∗) = 0 and df−1
x∗ df satisfies (7) in

U(x∗, r). Then x∗ is the unique zero of f in U(x∗, r).

Proof. Let y∗ be a zero of f in U(x∗, τ). It follows that there exists u ∈ g so
that y∗ = x∗ exp(u) and ‖u‖ ≤ τ. We can have in turn

‖u‖ =
∥∥−df−1

x∗ (f(y∗)− f(x∗)) + u
∥∥ (19)

=
∥∥∥∥−df−1

x∗

∫ 1

0

dfx∗ exp(tu)(u)dt + u

∥∥∥∥
=
∥∥∥∥−df−1

x∗

∫ 1

0

(dfx∗ exp(u) − dfx∗)udt

∥∥∥∥
≤
∫ 1

0

t`0 ‖u‖2
dt =

`0
2
‖u‖2

.

In view of (19) we deduce ‖u‖ ≥ 2
`0

. Hence, we arrived at a contradiction.
That completes the proof of the Proposition.

4 Semilocal convergence analysis of Newton’s
method (5)

Our semilocal convergence analysis of method (5) depends on the scalar sequence
{sn} (n ≥ 0) introduced by us in [1], [4]:

s0 = 0, s1 = n, sn+2 = sn+1 +
L(sn+1 − sn)2

2(1− L0sn+1)
(n ≥ 0) (20)

6

ARGYROS

26



for some L0 > 0, L > 0 with L0 ≤ L and η > 0. Sufficient convergence condi-
tions for majorizing sequence {sn} we given in [1],[4]. Here we summarize the
conditions:

hδ = (L + δL0)η ≤ δ, δ ∈ [0, 1]. (21)

or
hδ ≤ δ, δ ∈ [0, 2), (22)

2L0η

2− δ
≤ 1 (23)

and
L0δ

2

2− δ
≤ L (24)

or
hδ ≤ δ, δ ∈ [δ0, 2) (25)

where,

δ0 =
−b
√

b2 + 8b

2
, b =

L

L0
. (26)

Under any of the above conditions {sn} converges (increasingly) to some s∗ ∈
(0, 2η

2−δ ]. Iteration {sn} coincides for L0 = L with iteration {tn} used in [9]:

t0 = 0, t1 = n, tn+2 = tn+1 +
L(tn+1 − tn)
2(1− Ltn+1)

, (n ≥ 0) (27)

and has been compared favorably with it when L0 < L. Indeed we showed in
[1],[4]:

sn < tn (n ≥ 2), (28)

sn+1 − sn < tn+1 − tn, (n ≥ 2), (29)

s∗ ≤ t∗ =
1−

√
1− 2h

L
, (30)

and
s∗ − sn ≤ t∗ − tn, (n ≥ 0), (31)

provided that any of (21) or (22)-(24) or (25)-(26) and the famous Newton-
Kantorovich condition [8]

h = 2Lη ≤ 1 (32)

hold. Note that,

h ≤ 1 =⇒ h1 ≤ 1 (33)

but not vice versa unless if L0 = L.
We need definitions corresponding to Definition 3 above. Let us first intro-

duce the metric closed ball of radius r > 0 about y ∈ G denoted by

U(y, τ) = {z ∈ G : d(z, y) ≤ r}. (34)

Note that
C(y, r) ⊆ U(y, r). (35)
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Definition 8 Let r > 0, and let x0 ∈ G be such that df−1
x0

exists. Then df−1
x0

df
is said to satisfy: the center Lipschitz condition which constant L0 in U(x0, r)
if ∥∥df−1

x0
(dfx − dfx0)

∥∥ ≤ L0d(x0, x), for all x ∈ U(x0; r); (36)

the Lipschitz condition in the inscribed sphere with constant L in U(x0, r) if∥∥df−1
x0

(dfy − dfx)
∥∥ ≤ Ld(x, y) holds for all x, y ∈ U(x0, r) with (37)

d(x0, x) + d(x, y) ≤ r.

We can show the main semilocal convergence result for Newton’s method
(5):

Theorem 9 . Let x0 ∈ G be such that df−1
x0

exists and set n =
∥∥df−1

x0
(f(x0))

∥∥ .
Assume that either (21) or (22)-(24) or condition (25) hold. Moreover, as-
sume df−1

x0
df satisfies (35) and (36). Then sequence {xn} generated by Newton’s

method (5) is well defined, remains in U(x0, τ, s
∗) for all n ≥ 0 and converges to

n zero s∗ of f in U(x0, s
∗).Moreover, the following estimates hold for all n ≥ 0:

d(xn+1, xn) ≤ sn+1 − sn, (38)

and
d(xn, x∗) ≤ s∗ − sn. (39)

Furthermore, if G is an Abelian group, then there is n zero s∗ of f in C(x0, s
∗)

such that for all n ≥ 0, there exists un ∈ g such that xn = x∗ exp(un), and for
al n ≥ 1

‖un‖ ≤
L(s∗ − tn−1)
2(1− L0tn−1)

(
‖un‖

s∗ − tn−1

)2

. (40)

Proof. We shall show

d(xn+1, xn) ≤ ‖vn‖ ≤ tn+1 − tn, (41)

where, vn = −df−1
xn

f(xn), (n ≥ 0).
Let us define the curve c0(t) = x0 exp(tv0), t ∈ [0, 1]. Then c0 is smooth and

connects x0 to x1 with leng (c0) = ‖v0‖ . That is, d(x1, x0) ≤ leng (c0) = ‖v0‖ .
That is, d(x1, x0) ≤ leng(c0) = ‖vd‖ . In view of ‖v0‖ =

∥∥−df−1
x0

f(x0)
∥∥ ≤

η ≤ s1 − s0, (40) holds true for n = 0. We assume (40) to hold true for n =
0, 1, ..., k − 1.

It follows

d(xk, x0) ≤
k−1∑
i=0

d(xi+1, xi) ≤
k−1∑
i=0

‖vi‖ ≤ sk − s0 = sk < s∗. (42)

That is xk ∈ U(x0, s
∗). As in (13) but using (35) instead of (7) we deduce df−1

xk

exists and ∥∥df−1
xk

dfx0

∥∥ ≤ 1
1− L0sk

. (43)
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In view of (5), xk+1 is well defined. Using (5), (36), and (42) we obtain in turn:

∥∥df−1
x0

f(xk)
∥∥ ≤ ∫ 1

0

∥∥df−1
x0

[dfxk−1 exp(tvk−1)− dfxk−1 ]
∥∥ ‖vk−1‖ dt (44)

≤
∫ 1

0

Ld(xk−1,xk−1 exp(tvk−1)) ‖vk−1‖ dt

≤
∫ 1

0

L ‖tvk−1‖ ‖vk−1‖ dt

≤ L

2
(sk − sk−1)2,

and

‖vk‖ =
∥∥df−1

xk
dfx0df

−1
x0

f(xk)
∥∥ (45)

≤
∥∥−df−1

xk
dfx0

∥∥∥∥df−1
x0

f(xk)
∥∥

≤ L(sk − sk−1)2

2(1− L0 − sk−1)
= sk+1 − sk,

which also shows (37).We define the curve ck (as c0 above) by ck(t) = xk exp(tvk)t ∈
[0, 1].As above we have d(xk+1, xk) ≤ leng(ck) = ‖vk‖ . That completes the in-
duction for (40). It follows that sequence {xn} is Cauchy and as such it converges
to some x∗ ∈ U(x0, s

∗) (since U(x0, s
∗) is a closed set). By letting k → ∞ in

(43) we obtain f(x∗) = 0. Moreover (38) follows from (37) by using standard
majorizations techniques. Define

un = −
∞∑

k=n

vk (n ≥ 0). (46)

It follows by (40) that
‖un‖ ≤ s∗ − sn (n ≥ v). (47)

Let x∗ = x0 exp(−u0). Then we have x∗ ∈ C(x0, s
∗). Moreover, we get

xk = x0

k−1∏
i=0

exp(vi) = x0 exp

(
k−1∑
i=0

vi

)
.

It follows that clearly xn = x∗ exp(un). That is sequence {xn} converges to
x∗ which is a zero of f in C(x0, s

∗).To complete the proof we must show (39).
Estimate (39) holds for n = 0 by the initial conditions. Assume that (39) holds
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for n ≤ k. We can have in turn

‖uk+1‖ =
∥∥uk − df−1

xk
f(xk)

∥∥ (48)

=
∥∥∥∥df−1

xk
dfx0df

−1
x0

∫ 1

0

[
df−1

x0
(dfxk

− dfx∗ exp(tuk))ukdt

∥∥∥∥
≤ 1

1− L0sk

∫ 1

0

L(1− t) ‖uk‖2
dt

=
L(s∗ − sk)
2(1− L0sk)

(
‖k‖

s∗ − sk

)2

.

That completes the proof of the Theorem.

Remark 10 In view of (35) and (36) it follows that

L0 ≤ L (49)

holds in general and L
L0

can be arbitrarily large. If L0 = 2 our results can be

reduced to the corresponding ones in [9] (simply replace 2n
2−5 by 1+

√
1−2h
L ). Oth-

erwise according to the discussion above 8 the constitute an improvement in the
sense that under weaker (or the same hypotheses; as the hypotheses in [9] but
simply replace sequence {tn} by {sn} we provide finer error estimates on the dis-
tances d(xn+1, xn), d(xn, x∗) n ≥ 0 and an at least as precise information on the
location of the solution. Note also that the above advantages are obtained under
the same computational cost since in practice computing L requires computing
L0.

5 Convergence of the modified Newton method

Let us consider the convergence of modified method (6). Using only (7) and sim-
ply replacing h = 2Lη ≤ 1, t∗, t∗∗ = 1+

√
1−2h
L , L by hA = 2L0η ≤ 1, s∗, 2η

2−δ , L0

respectively in the proofs we obtain respectively the corresponding improve-
ments of Proposition 4.1, Lemma 4.1 and Theorem 4.2 given in [9]:

Proposition 11 Let t0 ∈
[
0, 2η

2−δ

]
.The following statements hold true:

(a) for each n ≥ 0, tn ∈ [0, s∗] if t0 ∈ [0, s∗] if t0 ∈ [0, s∗], and tn ∈ [s∗, 2η
2−δ )

and

(b) Sequence {sn} converges (increasingly) to s∗.

Lemma 12 . Let G be an Abelian group Assume there exists x0 ∈ G such that
df−1

x0
exists and

hA = 2L0η ≤ 1. (50)

Moreover assume condition (7) holds converges to a zero x∗ of f in U(x0, s
∗).

Then sequence {xn} generated by modified Newton method (6) converges to a
zero x∗ of f in U(x0, s

∗).
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Theorem 13 Assume that G is an Abelian group. Assume conditions (7) and
(50) hold true. Let r ∈ [s∗, 2η

2−δ ) if hA < 1 and r = s∗ if hA = 1. Then there
exists a unique zero of f in U(x0, r).

Remark 14 . The results obtained here are immediately extended to the Hölder
case with exponent γ ∈ (0, 1). We showed in [3, Lemma 2]: If there exist pa-
rameters L ≥ 0, L0 ≥ 0, η ≥ 0, γ ∈ [0, 1), and q ∈ [0, 1) with η and not zero at
the same time with

hγ =
[
L +

δL0

(1− q)γ

]
ηγ ≤ δ, δ = (1 + γ)q, (51)

then majorizing sequence {ωn} (n ≥ 0) given by

w0 = 0, ω1 = n, ωn+2 = ωn+1 +
L

(1 + γ)[1− L0ω
γ
n+1]

(ωn+1 − ωn)γ , (52)

is nondecreasing, bounded above by ω∗∗ = η
1−q and converges to some ω∗ ≤

ω∗∗. It then follows that the semilocal convergence results obtained in Section 3
for Newton’s method (5) hold true if {sn}, (21) (or (22)-(24) ore (25), (39),
s∗, 2η

2−δ are replaced by (51), (52), L(ω∗−ωn−1)
(1+γ)(1−L0ωγ

n−1)
‖un‖1+γ

ω∗−ωn−1
), ω

∗
, ω∗∗ respectively.

Similarly for the results in Section 4, where hA, s∗, 2η
2−δ are replaced by hA,γ =

2L0n
γ , ω∗, ω∗∗ respectively. In the local case the results of section 2 hold true

for r ∈
(
0, 2

2`0+`

)
, convergence order 2, α, r ∈

(
0,
(

1+λ
`+(1+λ)`0

) 1
λ

)
, order 1+λ,

`
(1+λ)(1−`0‖u0‖)λ , r ∈

(
1+λ
`0

)
respectively.

The advantages of our approach in this Section over Section 4 in [9] have
already been explained in Section 3 (for L0 < L). Moreover for L0 = L, our
results can also be reduced to the corresponding ones in [9].
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ON THE SEMI-LOCAL CONVERGENCE OF
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CONDITION

Ioannis K. Argyros

Cameron University, Department of Mathematical Sciences,

Lawton, OK 73505, USA,

E-mail address: iargyros@cameron.edu

Abstract

The semi-local convergence of Newton-type method used to solve non-
linear sequations in a Banach space is studied. Recently, [3], [12] an inter-
est has been shown for this type of methods [8], [10]. Here we show under
gamma-type condition that the R-order of convergence of the method is
1 +

√

2. Numerical Examples are provided, including a nonlinear integral
equation attributed to S. Chandrasekhar, a Nobel prize winner in astro-
physics (1983).

AMS, (MOS) Subject Classification Codes: 65G99, 65K10, 47H17,
49M15.

Key Words: Newton-type method, Newton’s method Banach space,
semi-local convergence, Lipschitz condition, Fréchet-derivative, γ-condition

1 Introduction

In this study we are concerned with the problem of approximating a locally
unique solution x∗ of the nonlinear equation

F (x) = 0, (1.1)

where F is a twice-Fréchet-differentiable operator defined on a convex subset D

of a Banach space X with values in a Banach space Y.

We use the Newton-type method given for x0, y0 ∈ D by

xn+1 = xn − F ′(zn)−1F (xn), zn =
xn + yn

2
, (n ≥ 0), (1.2)

yn+1 = xn − F ′(zn)−1F (xn+1)

to generate a sequence {xn} (n ≥ 0) approximating x∗.
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Let us illustrate how this method is conceived:
We start with the identity

F (x) − F (y) =

∫
1

0

F ′(y + t(x − y))dt(x − y), for all x, y ∈ D. (1.3)

If x∗ is a solution of equation (1.1), then identity (1.3) gives

F (x) =

∫ 1

0

F ′(x + t(x∗ − x))dt(x∗ − x). (1.4)

The linear operator in (1.4) can be approximated in different ways [1]–[12]:
If for example

∫ 1

0

F ′(x + t(x∗ − x)dt = F ′(x), for all x ∈ D, (1.5)

then (1.4) suggests the famous quadratically convergent Newton’s method [1]-
[12]

xn+1 = xn − F ′(xn)−1F (xn), (n ≥ 0). (1.6)

Another choice is given by

∫ 1

0

F ′(x + t(F ′(x + t(x∗ − x) − x))dt = F ′
(

x∗+x
2

)

, for all x ∈ D, (1.7)

which leads to the implicit iteration:

xn+1 = xn − F ′
(

xn+xn+1

2

)

F (xn), (n ≥ 0). (1.8)

Unfortunately iterates in (1.8) can only be computed in very restrictive cases.
Hence, we arrive at method (1.2). This method shall be shown to be of R-order
1 +

√
2 . That is method (1.2) is faster than Newton’s given by (6).

However the semilocal convergence of method (1.2) not studied before espe-
cially under the γ-condition, is presented. The advantages of this approach over
the Newton-Kantorovich have been explained in [3], [11].

2 Semilocal convergence of method (1.2)

Let β ≥ 0, and γ > 0 be fixed. It is convenient for us to define function f on
[

0, 1
γ

)

by

f(t) = β − t +
γt2

1 − γt
; (2.1)

constants α, t∗, and t∗∗ by
α = βγ, (2.2)

t∗ =
1 + α −

√

(1 + α)2 − 8α

4γ
, (2.3)
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t∗∗ =
1 + α +

√

(1 + α)2 − 8α

4γ
; (2.4)

and scalar sequences {tn}, {sn} (n ≥ 0) for t0 ≥ 0 and by some

s0 ≥ t0 (2.5)

tn+1 = tn − f ′(rn)−1f(tn), rn = tn+sn

2 , (2.6)

sn+1 = tn+1 − f ′(rn)−1f(tn+1).

If
α ≤ 3 − 2

√

2, (2.7)

then f has t∗ and t∗∗ as real roots, and

β ≤ t∗ ≤
(

1 + 1√
2

)

β ≤
(

1 − 1√
2

) 1

γ
≤ t∗∗, [11]. (2.8)

Using (2.1), we have for all t ∈ [0, t∗)

f(t) > 0, f ′(t) =
1 − 2(1 − γt)2

(1 − γt)2
< 0, (2.9)

f ′′(t) =
2γ

(1 − γt)3
> 0, and f ′′′(t) =

6γ2

(1 − γt)4
> 0. (2.10)

We need the following lemma on majorizing sequences {tn}, {sn} (n ≥ 0):

Lemma 2.1 Under hypothesis (2.7), scalar sequences {tn}, {sn} generated by
(2.6) are well defined for all n ≥ 0, and converge monotonically to t∗ with

0 ≤ tn ≤ sn ≤ tn+1 < t∗. (2.11)

Proof. We shall show that for all k ≥ 0

0 ≤ tk ≤ sk ≤ tk+1 < t∗ (2.12)

using induction. Estimate (2.12) holds true for k = 0 from the initial conditions,
and t1 is well defined. Assume (2.12) holds for all k = 0, 1, ..., n− 1. Then there
exists un ∈ [tn+1, t

∗] such that

f(tn+1) − f(t∗) = f ′(un)(tn+1 − t∗). (2.13)

In view of (2.6), and (2.13) we get

sn+1 − t∗ = γ[(tn−un)+(sn−un)][(1−γun)+(1−γrn)](tn+1−t∗)
2f ′(rn)[1−γrn]2[1−γun]2 < 0, (2.14)

which implies sn+1 < t∗. Clearly, we have, sn+1 ≤ tn+2. As in (2.14), we show
tn+1 < t∗.

That completes the induction for estimate (2.11), and the proof of the
Lemma.

We also need the following Lemma on the R-order of convergence:
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Lemma 2.2 [3], [12] Let 0 < a0, a1 < 1, p > 1, q ≥ 0, and c ≥ 0 be fixed. If a
scalar sequence {an} satisfies for all n ≥ 0

o < an+1 ≤ cap
na

q
n−1, (2.15)

then it converges to zero with R-order of convergence

p

2
+

√

p2

4
+ q. (2.16)

In order for us to establish the order of convergence of scalar sequences {tn},
{sn} we need a result by W. Werner [12, p.337]:

Theorem 2.3 Let F : D ⊆ X → Y be a twice Fréchet-differentiable operator.
Assume:

F ′(x)−1 ∈ L(Y, X), for all x ∈ D;

sup
x∈D

∥

∥F ′(x)−1
∥

∥ ≤ Γ; (2.17)

for all x, y ∈ D

‖F ′(x) − F ′(y)‖ ≤ L1 ‖x − y‖ , (2.18)

‖F ′′(x) − F ′′(y)‖ ≤ L2 ‖x − y‖ . (2.19)

Set

A =
1

2
ΓL1, and B =

ΓL2

24
.

Denote by r0, r1 the unique solutions of equations

Bρ2
0 + Aρ1 = 1

2Aρ2
0 + Aρ0ρ1 = ρ1

on the interval
(

0, 1
A

)

.

Choose x0 ∈ U(x∗, r0), y0 ∈ U(x∗, r1), and assume

U
(

x∗, 1
A

)

⊆ D, for x∗such that F (x∗) = 0

Set
an = ‖xn − x∗‖ , and bn = ‖xn − x∗‖ . (2.20)

Then sequences {xn}, {yn} generated by method (1.2) are well defined for all
n ≥ 0, and converge to x∗.

Moreover the following estimates hold true:

bn+1 ≤ A(2 + r1

r0
)an+1an,

an+1 ≤ Ba2
nan−1 + Aanbn,

and
an+1 ≤ ca2

nan−1 for some c > 0.

Furthermore the R-order of convergence is 1 +
√

2.

4

ARGYROS

36



By (2.6) we obtain the identities

tn+1 − t∗ = f ′(rn)−1[f ′
(

tn+t∗

2

)

(tn − t∗) − f(tn) + f(t∗)]

+ f(rn)−1
[

f ′(rn) − f ′
(

tn+t∗

2

)]

(tn − t∗)

and
sn+1 − t∗ = f ′(rn)−1[f ′(rn)(tn+1 − t∗) − f(tn+1) + f(t∗)].

In view of the above identities we arrive at the corollary:

Corollary 2.4 Let δ > 1
2 , be fixed and restrict function f on

[

0,
(

1 −
√

δ
2δ−1

)

1
γ

]

=

D0.

Set X = Y = R, D = D0,

Γ = δ, L1 = 4γ
√

2, and L2 = 24γ2.

Assume condition (2.7) holds true.
Then scalar sequences {tn}, {sn} are well defined, and converge to t∗ with

R-order of convergence 1 +
√

2.

Proof. Using the definition of scalar function f on D0 given by (2.1), we can
easily see that (2.17)-2.19 hold true for the above choices of Γ, L1, and L2.

Hence, the conclusions follow according to Theorem 2.3 and Lemma 2.2, since
p = 2, and q = 1.

That completes the proof of the corollary.
We shall use the following definition of the γ-condition:

Definition 2.5 Let γ > 0, x0 and y0 ∈ D be fixed, and such that F ′(z0)
−1 ∈

L(Y, X). Assume that operator is thrice Fréchet-differentiable on D. We say
that operator F satisfies the γ-condition if:

∥

∥F ′(z0)
−1F (x0)

∥

∥ = β = s0 (2.21)

∥

∥F ′(z0)
−1F ′′(z0)

∥

∥ ≤ 2γ (2.22)

∥

∥F ′(z0)
−1F ′′′(x)

∥

∥ ≤ 6γ2

(1 − γ ‖x − z0‖)4
(2.23)

for all x ∈ U(z0, r),where,

r =
(

1 − 1√
2

) 1

γ
, (2.24)

and
U(z0, r) ⊆ D. (2.25)

Note that function f defined by (2.1) satisfies the conditions of Definition 2.5.

We need the Lemmas:
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Lemma 2.6 Suppose F satisfies γ-condition and y0 ∈ U(z0, r). Then the fol-
lowing estimates hold true:

∥

∥F ′(z0)
−1F ′′(x)

∥

∥ ≤ f ′′(‖x − z0‖), (2.26)

F ′(x)−1 exists, and
∥

∥F ′(x)−1F ′(z0)
∥

∥ ≤ − 1

f ′(‖x − z0‖)
. (2.27)

Proof. Using (2.22) and (2.23) we get:

∥

∥F ′(z0)
−1F ′′(x)

∥

∥ ≤
≤

∥

∥F ′(z0)
−1F ′′(z0)

∥

∥ +
∥

∥F ′(z0)
−1F ′′(x) − F ′(z0)

−1F ′′(z0)
∥

∥

=
∥

∥F ′(z0)
−1F ′′(z0)

∥

∥ +

∥

∥

∥

∥

∫ 1

0

F ′(z0)
−1F ′′′(z0 + t(x − z0))(x − z0)dt

∥

∥

∥

∥

≤ 2γ +

∫ 1

0

f ′′′(t ‖x − z0‖) ‖x − z0‖ dt

= 2γ + f ′′(‖x − z0‖) − f ′′(0)

= f ′′(‖x − z0‖),

which implies (2.26). Moreover by (2.9), and (2.22) we can have:

∥

∥F ′(z0)
−1F ′(x) − I

∥

∥ =
∥

∥F ′(z0)
−1[F ′(x) − F ′(z0)]

∥

∥

=

∥

∥

∥

∥

F ′(z0)
−1

∫ 1

0

F ′′(z0 + t(x − z0))(x − z0)dt

∥

∥

∥

∥

≤
∫ 1

0

f ′′(t ‖x − z0‖) ‖x − z0‖ dt

= f ′(‖x − z0‖) − f ′(0)

= f ′(‖x − z0‖) + 1 < 1.

By the Banach Lemma on invertible operators [9] we conclude F ′(x)−1 exists,
and

∥

∥F ′(x)−1F ′(z0)
∥

∥ ≤ 1
1−‖F ′(z0)−1F ′(x)−I‖ = 1

f ′(‖x−z0‖) .

That completes the proof of Lemma 2.6.
In the next Lemma following our ideas in [4], [5] we provide an Ostrowski-

type representation for F (xn).

Lemma 2.7 Suppose X and Y are the Banach spaces, D is an open convex
of the Banach space X, F : D ⊂ X → Y has thrice order continuous Fréchet
derivatives. Moreover, assume sequences {xn}, {yn} generated by (1.2) are well
defined.
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Then, for all n ≥ 0 the following identity holds true:

F (xn+1) = (2.28)

=

∫ 1

0

F ′′ (xn+yn

2 + t(xn+1 − xn+yn

2 )
)

(1 − t)dt(xn+1 − yn)2

+ 1
2

∫ 1

0

F ′′ (xn+yn

2 + t(xn+1 − xn+yn

2 )
)

(1 − t)dt(xn+1 − yn)(yn − xn)

+ 1
2

∫ 1

0

F ′′ (xn+yn

2 + t(xn+1 − xn+yn

2 )
)

(1 − t)dt(yn − xn)(xn+1 − yn)

+ 1
4

∫ 1

0

∫ 1

0

F ′′′
(

(1+t)xn

2 + (1−t)yn

2 + st(xn+1 − xn)
)

t(1 − t)dsdt(xn+1 − xn)(yn − xn)2.

Proof. Using (1.2) we can have in turn:

F (xn+1) = F (xn+1) − F
(

xn+yn

2

)

− F ′ (xn+yn

2

) (

xn+1 − xn+yn

2

)

+ F
(

xn+yn

2

)

+ F ′ (xn+yn

2

) (

xn+1 − xn+yn

2

)

=

∫ 1

0

F ′′ (xn+yn

2 + t(xn+1 − xn+yn

2 )
)

(1 − t)dt
(

xn+1 − xn+yn

2

)2

+ F
(

xn+yn

2

)

+ F ′ (xn+yn

2

) (

xn+1 − xn+yn

2

)

,

and

F
(

xn+yn

2

)

+ F ′(xn)
(

xn+1 − xn+yn

2

)

=

= F
(

xn+yn

2

)

+ F ′ (xn+yn

2

) (

xn+1 − xn − yn−xn

2

)

= F
(

xn+yn

2

)

− F (xn) − F ′ (xn+yn

2

)

yn−xn

2

= −1

4

∫ 1

0

F ′′ (xn+yn

2 − t(yn−xn

2 )
)

(1 − t)dt(yn − xn)2.

Hence, we get

7
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F (xn+1) =

∫ 1

0

F ′′ (xn+yn

2 + t(xn+1 − xn+yn

2 )
)

(1 − t)dt(xn+1 − yn)2

+
1

2

∫ 1

0

F ′′ (xn+yn

2 + t(xn+1 − xn+yn

2 )
)

(1 − t)dt(xn+1 − yn)(yn − xn)

+
1

2

∫ 1

0

F ′′ (xn+yn

2 + t(xn+1 − xn+yn

2 )
)

(1 − t)dt(yn − xn)(xn+1 − yn)

+
1

4

∫ 1

0

F ′′ (xn+yn

2 + t(xn+1 − xn+yn

2 )
)

(1 − t)dt(yn − xn)2

− 1

4

∫ 1

0

F ′′ (xn+yn

2 − t(yn−xn

2 )
)

(1 − t)dt(yn − xn)2

=

∫ 1

0

F ′′ (xn+yn

2 + t(xn+1 − xn+yn

2 )
)

(1 − t)dt(xn+1 − yn)2

+
1

2

∫ 1

0

F ′′ (xn+yn

2 + t(xn+1 − xn+yn

2 )
)

(1 − t)dt(xn+1 − yn)(yn − xn)

+
1

2

∫ 1

0

F ′′ (xn+yn

2 + t(xn+1 − xn+yn

2 )
)

(1 − t)dt(yn − xn)(xn+1 − yn)

+
1

4

∫ 1

0

∫ 1

0

F ′′′
(

(1+t)xn

2 + (1−t)yn

2 ) + st(xn+1 − xn)
)

t(1 − t)ds dt

(xn+1 − xn)(yn − xn)2.

That completes the proof of Lemma 2.7.
We can show the following semilocal convergence result for method (1.2).

Theorem 2.8 Under the γ-condition, further assume (2.7), and U(z0, t
∗) ⊆ D

hold true for t0 ≥ ‖ z0−y0

2 ‖, and s0 satisfying (2.5). Then, the sequences {xn},
{yn}n≥0 generated by (1.2) are well defined, xn ∈ U(z0, t∗) and converge to the

unique solution x∗ in U
(

z0, (1 − 1√
2
) 1

γ

)

, with ‖xn − x∗‖ ≤ t∗ − tn.

Proof. We shall that prove by induction that the following estimates hold

‖xn − z0‖ ≤ tn; (2.29)

‖yn − xn‖ ≤ sn − tn; (2.30)

‖yn − z0‖ ≤ sn; (2.31)
∥

∥

∥
F ′ (xn+yn

2

)−1
F ′(z0)

∥

∥

∥
≤ −g′

(

tn+sn

2

)−1
; (2.32)

‖xn+1 − xn‖ ≤ tn+1 − tn. (2.33)

Estimate (2.29) holds true for n = 0 by the initial conditions.
Assuming (2.29) holds true for k = 0, 1, ..., n we get

‖xn+1 − z0‖ ≤ ‖xn+1 − xn‖ + ‖xn − z0‖ ≤ tn+1 − tn + tn = tn+1.
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By Lemma 2.7 we can have in turn:

∥

∥F ′(z0)
−1F (xn+1)

∥

∥ (2.34)

≤
∫ 1

0

f ′′ ( tn+sn

2 + t(tn+1 − tn+sn

2 )
)

(1 − t)dt(tn+1 − sn)2

∫ 1

0

f ′′ ( tn+sn

2 + t(tn+1 − tn+sn

2 )
)

(1 − t)dt

(tn+1 − sn)(sn − tn)

+
1

4

∫ 1

0

∫ 1

0

f ′′′
(

(1+t)tn

2 + (1−t)sn

2 + st(tn+1 − tn)
)

t(1 − t)ds dt

(tn+1 − tn)(sn − tn)2

= f(tn+1).

Hence, we get by (1.2)

‖yn+1 − xn+1‖ =
∥

∥−F ′(zn+1)
−1F (xn+1)

∥

∥

≤
∥

∥−F ′(zn+1)
−1F ′(z0)

∥

∥

∥

∥F ′(z0)
−1F (xn+1)

∥

∥

and ≤ −f ′(rn+1)
−1f(tn+1) = sn+1 − tn+1,

‖yn+1 − z0‖ ≤ ‖yn+1 − xn+1‖ + ‖xn+1 − z0‖ = sn+1,

since by Lemma 2.6 we get

∥

∥

∥

∥

F ′
(

xn+1+yn+1

2

)−1

F (z0)

∥

∥

∥

∥

≤ −f ′
(

tn+1+sn+1

2

)−1

(2.35)

By (1.2), (2.35) and (2.35) we get

‖xn+2 − xn+1‖ ≤
∥

∥F ′(zn+1)
−1F ′(z0)

∥

∥ ·
∥

∥F ′(z0)
−1F (xn+1)

∥

∥

≤ tn+2 − tn+1.

Hence, the sequences {xn}, {yn}n≥0 are well defined, xn, yn ∈ U(z0, t∗) and

{xn}, {yn} converge to the solution x∗ ∈ U(z0, t∗) of the equation (1.1). To
show uniqueness, let us suppose y∗ is a solution of the equation (1.1) on U(z0, r).
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Using (2.22):

∥

∥

∥

∥

F ′(z0)
−1

∫ 1

0

F ′(x∗ + t(y∗ − x∗))dt − I

∥

∥

∥

∥

≤
∥

∥

∥

∥

F ′(z0)
−1

∫ 1

0

[F ′(x∗ + t(y∗ − x∗)) − F ′(z0)] dt

∥

∥

∥

∥

≤
∥

∥

∥

∥

F ′(z0)
−1

∫ 1

0

∫ 1

0

F ′′(z0 + s(x∗ − z0 + t(y∗ − x∗)))ds dt(x∗ − z0 + t(y∗ − x∗))

∥

∥

∥

∥

≤
∫ 1

0

∫ 1

0

f ′′(s ‖x∗ − z0 + t(y∗ − x∗‖)ds dt ‖x∗ − z0 + t(y∗ − x∗)‖

=

∫ 1

0

f ′(‖x∗ − z0 + t(y∗ − x∗‖)dt − f ′(0)

=

∫ 1

0

f ′(‖(1 − t)(x∗ − z0) + t(y∗ − z0)‖)dt + 1 < 1.

By the Banach Lemma the inverse of
∫ 1

0
F ′[x∗ + t(y∗ − x∗)]dt exists. In view of

the identity.

F (y∗) − F (x∗) =

∫ 1

0

F ′[x∗ + t(y∗ − x∗)]dt(y∗ − x∗),

we deduce y∗ = x∗. For m > n, we have

‖xm − xn‖ ≤ ‖xm − xm−1‖ + ‖xm−1 − xm−2‖ + ... + ‖xn+1 − xn‖ ≤ tm − tn.

By letting m → ∞, we get

‖xn − x∗‖ ≤ t∗ − tn.

That completes the proof of Theorem 2.8.
We complete the study with two numerical examples. In the first example

we show that our results can apply, where the famous Newton-Kantorovich
hypothesis [3], [9]:

h = 2lβ ≤ 1,
∥

∥F ′(x0)
−1F (x0)

∥

∥ ≤ β (2.36)

with ℓ being the Lipschitz constant in hypothesis:

∥

∥F ′(x0)
−1[F ′(x) − F ′(y)]

∥

∥ ≤ ℓ ‖x − y‖ for all x, y ∈ D (2.37)

(which is the sufficient convergence condition for Newton’s method (1.6)) is vio-
lated. In the second example we revisit a nonlinear integral equation appearing
in the theory of radiative transfer, neutron transport, and in the kinetic theory
of gasses [3], [6] studied also by us in [5].

10
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Example 2.9 Let X = Y = R, D = [w, 2 − w], w ∈
[

0, 1
2

)

, x0 = 1, y0 = 1.01,

and define function F on D by

F (x) = x3 − w. (2.38)

Let γ = 1. Using (2.2), (2.21)-2.23, 2.37, and (2.38) we obtain,

β =
1

3
(1 − w), α = β =

(1 − p)

3.030075
, ℓ = 2(2 − w). (2.39)

The Newton-Kantorovich hypothesis is violated since

h = 2ℓβ =
3

4
(1 − w)(2 − w) > 1 for all p ∈

[

0,
1

2

)

. (2.40)

Hence, there is no guarantee that Newton’s method starting from x0 = 1 con-
verges to x∗ = 3

√
w.

However condition (2.7)

α = βγ =
1 = w

e.030075
≤ 3 − 2

√
2

holds true for all

p ∈
[

.48012132,
1

2

)

= I.

Note that .48012132 < 1
2 , i.e I 6= ∅.

That is our Theorem 2.8 guarantees converge of method (1.2) to x∗ for all
w ∈ I.

We complete this study with another numerical example involving the fa-
mous Chandrasekhar’s integral equation appearing in radiative transfer in con-
nection with the birth and death of planetary stars [3]-[6], [9].

Example 2.10 Let X = Y = C[0, 1], λ = .25, x0(s) = 1, y0 (s) = 1.0000001,

and define operator F on X by

F (x (s)) = λx(s)

∫ 1

0

s

s + t
x(t)dt − x(s) + 1. (2.41)

We have
∥

∥F ′(z0(s))
−1

∥

∥ ≤ b0 = 1.53039421,and
∥

∥F ′(z0(s))
−1F (x0(s))

∥

∥ ≤ b0 ‖F (x0(s))‖ ≤ b0 ln 2 |λ| [3], [5]. Then, let γ =
β = b0 ln 2 |λ| . It can easily be seen that all hypotheses of Theorem 2.8 are
satisfied, since

α = βγ = .070329506 ≤ 3 − 2
√

2 = .17157287.

Hence, according to Theorem 2.8, Chandrasekhar’s integral equation (2.41) has
a solution x∗(s) in U(z0(s), t

∗), which is found by (1.2), a method faster than
Newton’s.

11
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Abstract

This paper presents an application of neural network to stochastic fuzzy linear and nonlinear program-
ming problem. After converting the proposed stochastic fuzzy programming problem to a deterministic
problem. Neural network approach is applied to find the compromise solution. Assuming the coeffi-
cients of the right-hand-side parameters in the constraints to be normal distribution random variables, a
methodology is presented to convert the probabilistic problem to a deterministic problem. The method
leads to an efficient solution as well as an optimal compromise solution.

Keywords: Neural network; Stochastic programming; Multi-objective programming; Stochastic fuzzy pro-
gramming; Nonlinear programming.

1 Introduction

Fuzzy stochastic or probabilistic programming deals with situations where some or all the parameters of
a mathematical programming problem are described by stochastic variables rather than by deterministic
quantities. Several models have been presented in the field of stochastic programming [12]. Contini [2]
has developed an algorithm for stochastic linear programming when the random variables are normally
distributed with known means and variances. He transformed the stochastic problem to an equivalent
deterministic quadratic programming problem, where the objective functions consisted of maximizing the
probability of a vector of R.H.S. lying in the confidence region of a predefined size. Sullivan and Fitzsimmoms
[13] suggested an algorithm using probabilistic programming based on the concept of chance constraints of
Charnes and Cooper [1] where the goals can be stated in terms of probability of satisfying the aspiration levels.
Teghem et al. [14] and Leclercq [9] have presented interactive methods in fuzzy stochastic programming.
Two major approaches to stochastic programming [3,7] are recognized as Chance constrained programming.
The chance constrained programming (CCP) technique is one which can be used to solve problems involving
chance constraints i.e., constraints having finite probability of being violated. The CCP was originally
developed by Charnes and Cooper [1] and has now in recent years been generalized in several Erections an
as various applications. In the recent past, fuzzy stochastic programming has been applied to the problems
having multiple, conflicting and non-commensurable objectives where generally there does not exist a single
solution which can maximize (minimize) all the objectives. There exists a set of alternative solutions out
of which an ”appropriate alternative solution” also termed as ”compromise solution” has to be singled out.
But in a multiple criteria decision-making system, the decision-maker generally satisfies of criteria rather
than maximization (minimization) of objectives. These problems, however, become more complex when
the parameters are stochastic and/or fuzzy. Zimmermann [15] presented an application of fuzzy linear
programming to the linear vector-maximum problem. He stated that an ”optimal” solution obtained by the
fuzzy linear programming is always efficient. Hanan [4] and Narasimhan [10] have also presented methods
to goal programming problems where the goals are stated imprecisely and the decision environment is fuzzy.
Leberling [8] showed that by using fuzzy min-operator together with linear as well as non-linear membership
functions, the obtained solutions are always a compromise solution of the original multi-objective problem.
In this paper, we consider only some fuzzy multi-objective linear programming problems with some random
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variables. After converting into a deterministic model, neural network used to find the compromise solution.
The paper is organized as follows. In Section 2, Multi-objective Chance constrained programming technique
with a joint constraint. In section 3, Neural networks for deterministic nonlinear equations. In Section
4, A few membership functions are presented. In section 5, Given solution procedure for stochastic fuzzy
multi-objective programming, Section 6, Gives the numerical example. In section 7, Gives the conclusion of
this paper. .

2 Chance constrained programming technique with a joint con-
straint [14].

A multi-objective chance constrained programming problem with a joint probability constraint can be stated
as

min Z(k)(x) =
n∑

j=1

c
(k)
j xj , k = 1, 2, ...,K (1)

Subject to: Prob [
n∑

j=1

aijxj ≥ bi] ≥ 1− α, i = 1, ..., m, (2)

xj ≥ 0, j = 1, ..., n, α ∈ (0, 1). (3)

where bi’s are independent Uniform random variables with known means and variances. Equation (2) is a
joint probabilistic constraint and 0 < α < 1 is a specified probability. We assume that the decision variables
xj ’s are deterministic.

2.1 Deterministic model

Let bi, i = 1,...,m are mutually independent random variables, have uniform distributions,bi ∼ U(ci, di), i.e.
the probability denisty function of bi is:

fbi(x) =
{

1
di−ci

for ci ≤ bi ≤ di

0 for otherwise
(4)

with cumulative distribution function given by

Fbi(x) =
{ x−ci

di−ci
for ci ≤ bi ≤ di

1 for di ≤ bi
(5)

Thus the stochastic problem is equivalent to

min Z(k)(x) =
n∑

j=1

c
(k)
j xj , k = 1, 2, ..., K (6)

Subject to:
n∑

j=1

aijxj ≤ Kαi (7)

xj ≥ 0, j = 1, ..., n, α ∈ (0, 1), i = 1, ..., m. (8)

Where Kαi is the solution of αi = Kαi
−ci

di−ci
i.e.,Kαi

= ci+αi(di−ci)Thus, the probabilistic linear programming
problem stated inEqations, (1)−(3) is equivalent to the following deterministic linear programming problem

min Z(k)(x) =
n∑

j=1

c
(k)
j xj , k = 1, 2, ..., K (9)

Subject to:
n∑

j=1

aijxj ≤ ci + αi(di − ci) i = 1, ..., p (10)
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n∑

j=1

aijxj = bi i = p + 1, ..., m (11)

xj ≥ 0, j = 1, ..., n, α ∈ (0, 1). (12)

3 Neural networks for Deterministic Nonlinear Equations

Let us consider the following deterministic nonlinear programming problem:

min Z(k)(x) =
n∑

j=1

c
(k)
j xj , k = 1, 2, ...,K (13)

subject to: fi(x) ≤ 0 where i = 1, 2, ..., p (14)
(15)

and Di(x) = 0 where i = p + 1, p + 2, ..., m
where x ∈ Rn×1 is the vector of the independent variables, Z(k)(x) : Rn×m → R is the objective function,

and functions fi(x), Di(x) : Rn×1 → R represent constraints. To simplify the derivations of the algorithms
we will assume that both the objective function and the constraints are smooth differentiable functions of
independent variables.

fi(x) =
n∑

j=1

aijxj ≤ ci + αi(di − ci) i = 1, ..., p, (16)

Di(x) =
n∑

j=1

aijxj − bi = 0, i = p + 1, ..., m, (17)

xj ≥ 0, j = 1, ..., n. (18)

Using surplus variables, the inequality constraints can be converted to equality constraints. Similarly, each
of the equality constraints can be converted to a pair of inequality constraints according to

Di(x) = 0 ⇐⇒ Di(x) ≤ 0 and Di(x) ≥ 0 (19)

3.1 Neural Networks for Penalty Function for System of Nonlinear Equations

This Method using penalty functions make an attempt to transform the system of nonlinear equations (SNE)
to an equivalent unconstrained optimization problem, or to a sequence of constrained optimization problems.
This transformation is accomplished through modification of the objective function so that it includes terms
that penalize every violation of the constraints. In general, the modified objective function takes the following
form:

SA(x) =
p∑

i=1

H
(1)
i Φ(1)

i [Di(x)] +
m∑

i=p+1

H
(2)
i Φ(2)

i [fi(x)] (20)

Functions Φ(1)
i and Φ(2)

i are called penalty functions, and they are designed to increase the value of the
modified objective function SA(x) whenever the vector of independent variables violates a constraint, or in
other words whenever it is outside the feasible region. Penalty functions are commonly selected as at least
one-time differentiable function satisfying the following requirements:

1. For equality constraints

Φ(1)
i

{
> 0 for Di(x) 6= 0
= 0 for Di(x) = 0 (21)

2. For inequality constraints

Φ(2)
i

{
> 0 for fi(x) > 0
= 0 for fi(x) ≤ 0 (22)
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For example, the typical modified objective function for this problem can written as

SA(x) =
p∑

i=1

H
(1)
i

ρ1
|Di(x)|ρ1 +

m∑

i=p+1

H
(2)
i max{0, fi(x)}ρ2 (23)

Where ρ1, ρ2 ≥ 0. Parameters H
(1)
i ,H

(2)
i ≥ 0 are commonly referred to as penalty parameters or penalty

multipliers, and in (22) we have assumed that a separate penalty parameter is associated with each of the
penalty functions. In practice this is rarely the case, and commonly there is only one parameter mulitiplying
the entire penalty term, that is,

SA(x) = H




p∑

i=1

1
ρi
|Di(x)|ρ1 +

m∑

i=p+1

max{0, fi(x)}ρ2


 = kp(x) (24)

where p(x) represents the penalty term.
There are two fundamental issues that need to be addressed in the practical application of penalty

functions. First, we need to be aware that (24) represents merely an approximation of the original problem
in (13) through (15). The question is. How close is the approximation? The second issue involves a design of
a computationally efficient neural network algorithm that can successfully solve the unconstrained problem
in a timely manner. From the form of the augmented objective function in (24), it should be obvious that
the solution resides in the region where the value of the penalty function P (x) is small. As a matter of fact,
if K is increased toward infinity, the solution of the unconstrained problem will be forced into the feasible
region of the original NP problem. Remember that if the point is in the feasible region, all the constraints are
satisfied and the penalty function equals zero. In the limiting case, when k →∞, the two problems become
equivalent. Applying the steepest descent approach, we can generate the update equations in accordance
with

x(k + 1) = x(k)− µ
∂fA(x)

∂x
(25)

where µ > 0 is the learning rate parameter and the gradient term on the right hand side of (25) depends on
the penalty function selection. For example, when the form of the energy function is as given in (24), with
ρ1 = 2 and ρ2 = 1,we have

∂fA(x)
∂x

= H




p∑

i=1

∂Di(x)
∂x

Di(x) +
m∑

i=p+1

∂

∂x
max{0, fi(x)}


 (26)

After substituting (26) into (25), we have for the learning rule

x(k + 1) = x(k)− µ


H

p∑

i=1

∂Di(x)
∂x

Di(x) + H
m∑

i=p+1

∂

∂x
max{0, fi(x)}


 (27)

The neural network architecture realization of this process is presented in figure 1. Note that only a portion
of the network for computing a single component of the independent-variable vector is presented. Also note
that the network corresponds to the general case of this problem.

4 Membership functions

In this section, a few membership functions are presented to solve the multiobjective linear and nonlinear
programming problems.
(a)Linear membership function: The linear membership function [15] for a vector-maximum problem is given
by

µk(x) =





0 for zk ≤ Lk
zk(x)−Lk

Uk−Lk
for Lk ≤ zk ≤ Uk

1 for zk ≥ Uk

(28)
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Figure 1: Discrete-tim network for deterministic nonlinear constraints implementing penalty function
method, implementation of Equation (27).
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where µk(x) is the membership function of the kth objective function, Uk and Lk are the upper and lower
bounds of zk(x). It is assumed that Lk is not equal to Uk.
(b) Non-linear membership function using product-operator [15]. This is given by

µ(x) =
m∏

i=1

µk(x). (29)

where µk(x) is the membership function of the kth objective function and is given by

µk(x) =
zk(x)− Lk

Uk − Lk
, Lk ≤ zk ≤ Uk. (30)

( c ) Hyperbolic membership function: The hyperbolic type of mempbership function [8] is given as

µk(x) = 1/2(tanh[zk(x)− (Uk + Lk)
2

] + 1), (31)

where Uk and Lk are respectively, the upper and lower bound of zk(x) and α ≥ 0 is a constant and
α = 6

(Uk−Lk)

5 Solution Procedure for Stochastic Fuzzy Multi-objective Pro-
gramming

We now presented the methodology to solve stochastic programming problem using fuzzy programming ap-
proach.
Step 1: First,convert the given stochastic programming problem into an equivalent deterministic program-
ming problem by chance constrained programming technique as discussed in Section 3.
Step 2: Solve the system of nonlinear equations (16)-(17). Let x(1), x(2), ..., x(k) be the respective ideal solu-
tions of this system and substitute by this values in the objective function.
Step 3: From Step 2, obtain the upper and lower bounds (Uk and Lk) for the objective functions.
Step 4: Using a linear membership function, formulate a crisp model. By introducing an augmented variable
formulate single objective non-linear programming problem. Hence, the model can be formulated as

1. Using a linear membership function.
min λ

subject to

Ψi(x) =
{

zk(x) + (Uk − Lk)λ ≤ Uk for k = 1, ..., K∑n
j=1 aijxj ≤ α(di − ci), for i = 1, ..., p

(32)

and

ξi(x) =
n∑

j=1

aijxj − bi = 0, fori = p + 1, ..., m. (33)

Using surplus variables, the inequality constraints can be converted to equality constraints. Similarly, each
of the equality constraints can be converted to a pair of inequality constraints according to

ξi(x) = 0 ↔ ξi(x) ≤ 0 and ξi(x) ≥ 0. (34)

2. Using a non-linear membership function with product-operator.

Minimize
K∏

k=1

µk(x) (35)
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subject to

Ψi(x) =
n∑

j=1

aijxj ≤ ci + α(di − ci), i = 1, ..., p (36)

ξi(x) =
n∑

j=1

aijxj − bi = 0, i = p + 1, ..., m (37)

3.Using hyperbolic membership function.
Minimize λ (38)

Subject to:

µk(x) = λ− 1/2(tanh[zk(x)− (Uk + Lk)
2

αk] + 1) ≤ 0.5 (39)

Ψi(x) =
n∑

j=1

aijxj ≤ ci + α(di − ci), i = 1, ..., p, (40)

ξi(x) =
n∑

j=1

aijxj − bi = 0, i = p + 1, ..., m, (41)

xj , λ ≥ 0, j = 0, ..., n. (42)

5.1 Neural Networks for Penalty Function FDNP Methods

The modified objective function for this problem can written as

RA(x) = λ +
p∑

i=1

H
(1)
i ϕ

(1)
i |ξi(x)|+

m∑

i=p+1

H
(2)
i ϕ

(2)
i [Ψi(x)] (43)

In practice this is rarely the case, and commonly there is only one parameter multiplying the entire penalty
term, that is,

RA(x) = λ + H




p∑

i=1

1
ρ1
|ξi(x)|ρ1 +

m∑

i=p+1

max{0,Ψi(x)}ρ2


 = λ + Hp(x) (44)

where p(x) represents the penalty term.
Applying the steepest descent approach, we can generate the update equations in accordance with

x(k + 1) = x(k)− µ
∂RA(x)

∂x
(45)

. The energy function is as given in (44), with ρ1 = 2 and ρ2 = 1,we have

∂RA(x)
∂x

= λ + H




p∑

i=1

∂ξi(x)
∂x

ξi(x) +
m∑

i=p+1

∂

∂x
max{0,Ψi(x)}


 (46)
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After substituting (46) into (45), we have for the learning rule

x(k + 1) = x(k)− µ


λ + H

p∑

i=1

∂ξi(x)
∂x

ξi(x) + H
m∑

i=p+1

∂

∂x
max{0, Ψi(x)}


 (47)

The neural network architecture realization of this process is presented in figure 2.

Figure 2: Discrete-tim network for deterministic nonlinear constraints implementing penalty function
method, implementation of Equation (47).

6 Numerical example

min : z(1) = −x1 − 2x2,

min : z(2) = −3x1 − x2,

subject to: x1 + x2 = 6,

P rob[2x1 + x2 ≤ b1] ≥ 0.4,

P rob[2x1 ≤ b2] ≥ 0.3,

P rob[x2 ≤ b3] ≥ 0.5,

x1, x2 ≥ 0.

where b2, b3,and b4 are give as b2 ∼ U(8.6, 9.6), b3 ∼ U(3, 6.33),b4 ∼ U(4, 6)

We obtain the equivalent deterministic programming problem for the above multi-objective stochastic
programming problem by using Eqs. (8)-(10).

min : z(1) = −x1 − 2x2,
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min : z(2) = −3x1 − x2,

subject to: x1 + x2 = 6,

2x1 + x2 ≤ 9,

2x1 ≤ 4,

x2 ≤ 5,

x1, x2 ≥ 0.

The above problem is obviously an linear programming problem with inequality constraints. The modified
penalty function can be formed as:

FA(x) = (x1 + x2 − 6) + H
∂

∂x
max{0, (3x1 + 2x2 − 18)}

By using the steepest descent ethod, the update equations can be computed as

x1(k + 1) = x1(k)− µH(x1 + x2 − 6) + H(max(0, 3))
x2(k + 1) = x2(k)− µH(x1 + x2 − 6) + H(max(0, 2))

The neural network architecture shown in figure 1 was used to determine the solution of the NP problem.
Parameters of the network were chosen as H = 1, and µ = 0.001, and initial solution was set as x = [0 3].
The network converged in approximately 300 iterations, and the optimal solution given by.

x(1) =
(

1
5

)
, (48)

(a) Linear membership function: Using linear membership function and applying the fuzzy programming
technique we formulate the problem as

max : λ

subject to:
x1 + 2x2 + 3λ ≥ 11,
3x1 + x2 + 7λ ≥ 8,
x1 + x2 = 6,

2x1 + x2 ≤ 9,

2x1 ≤ 4,

x2 ≤ 5,

x1, x2, λ ≥ 0.

The modified penalty function for this problem can be formed as:

RA(x) = λ + (x1 + x2 − 6) + H
∂

∂x
max{0, (7x1 + 5x2 + 10λ− 37)}

By using the steepest descent method, the update equations can be computed as

x∗1(k + 1) = x∗1(k)− µ(λ + H(x1 + x2 − 6) + H(max(0, 7)))
x∗2(k + 1) = x∗2(k)− µ(λ + H(x1 + x2 − 6) + H(max(0, 5)))
λ(k + 1) = λ(k)− µ(1 + H(max(0, 10)))

To solve this SMOFLP problem, the neural network in Figure 2 is simulated. The parameters of the
network were chosen as µ = 0.01, and H = 1.
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The network converges in approximately 100 iterations. The optimal solution to the SMONLP is given as

x∗1 =
(

2.54167
3.91667

)
, and λ = 0.20833 (49)

(b) Hyperbolic membership function: Using hyperbolic membership function and applying the fuzzy pro-
gramming technique we formulate the problem as

max : λ

subject to:
x1 + 2x2 + 0.5λ ≥ 15.2,

3x1 + x2 + 1.16λ ≥ 43.5,

x1 + x2 = 6,

2x1 + x2 ≤ 9,

2x1 ≤ 4,

x2 ≤ 5,

x1, x2, λ ≥ 0.

The modified penalty function for this problem can be formed as:

RA(x) = λ + (x1 + x2 − 6) + H
∂

∂x
max{0, (7x1 + 5x2 + 1.66λ− 76.62)}

By using the steepest descent ethod, the update equations can be computed as

x∗1(k + 1) = x∗1(k)− µ(λ + H(x1 + x2 − 6) + H(max(0, 7)))
x∗2(k + 1) = x∗2(k)− µ(λ + H(x1 + x2 − 6) + H(max(0, 5)))
λ(k + 1) = λ(k)− µ(1 + H(max(0, 1.66)))

To solve this SMOFLP problem, the neural network in Figure 2 is simulated. The parameters of the network
were chosen as µ = 0.05, and H = 1. The network converges in approximately 500 iterations. The solution:
Infeasible solution
(c) Nonlinear membership function using product operator: Using the product type of membership, we
formulate the non-linear programming problem as maximize:

max : λ1λ2

subject to:
x1 + 2x2 + 3λ ≥ 11,

3x1 + x2 + 7λ ≥ 8,

x1 + x2 = 6,

2x1 + x2 ≤ 9,

2x1 ≤ 4,

x2 ≤ 5,

x1, x2, λ1λ2 ≥ 0.

The modified penalty function for this problem can be formed as:

RA(x) = λ1λ2 + (x1 + x2 − 6) + H
∂

∂x
max{0, (7x1 + 5x2 + 3λ1λ2 − 37)}
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By using the steepest descent ethod, the update equations can be computed as

x∗1(k + 1) = x∗1(k)− µ(λ1λ2 + H(x1 + x2 − 6) + H(max(0, 7)))
x∗2(k + 1) = x∗2(k)− µ(λ1λ2 + H(x1 + x2 − 6) + H(max(0, 5)))
λ1(k + 1) = λ1(k)− µ(λ2 + H(max(0, 3)))
λ2(k + 1) = λ2(k)− µ(λ1 + H(max(0, 7)))

Solve this problem, the neural network in Figure 2 is simulated. The parameters of the network were chosen
as µ = 0.001, and H = 0.1. The network converges in approximately 1000 iterations. The compromise
solution is obtained as.

x∗(1) =
(

2.513
3.4

)
, (50)

λ∗(1) =
(

0.562
0.294

)
, (51)

7 Conclusions

We have proposed a recurrent neural network for solving fuzzy stochastic multi-objective programming
problems with general nonlinear constraints. The proposed neural network has a simpler structure and a
lower complexity for implementation than the existing neural networks for solving such problems. It is
shown here that the proposed neural network is stable in the sense of Lyapunov and globally convergent
to an optimal solution. Compared with the existing convergence results, the present results do not require
Lipschitz continuity condition on the fuzzy stochastic multi-objective function.
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Project Management with Capital Budgeting in Model-Driven

Architecture

Abstract

     Because project management is part of investment decisions, it should be

coordinated with capital budgeting. Under the framework of capital budgeting, we

should allow the flexibility that can be represented by future actions. There are several

options for investment decisions, such as an abandonment option, a deferral option, an

expansion option, a shrinkage option, and a switching option.

     In addition, because project management is part of enterprise management, it should

also be coordinated with enterprise architecture. A complicated system of merging,

importing, and sharing resource related data across multiple project files is needed. We

have integrated both project management and capital structure into Enterprise

Architecture. This is a Unified Model Language based case tool.

Keywords: Project Management, Capital Budgeting, Investment Options, UML, MDA
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Project Management with Capital Budgeting in Model-Driven

Architecture

1.  Introduction

     Modern projects, ranging from high-tech R&D researches to general engineering

management, are amazingly large, complex, and costly. Completing such projects on

time and within budget is not an easy task. To facilitate this, there are several questions

to be answered: (1) What is the expected project completion date? (2) What is the

potential variability in this date? (3) What activities are critical in the sense that they

must be completed exactly as scheduled? (4) How might resources be concentrated most

effectively on activities in order to speed up project completion? (5) What controls can

be exercised on the flows of expenditures for the various activities throughout the

duration of the project so that the overall budget can be maintained?

     Whether a project can succeed or not depends not only on its cash outflows, which is

generally the focus of project management, but also on its cash inflows. Until now,

capital budgeting was not been an issue in project management. However, if we cannot

meet the cash outflows with appropriate cash inflows, the company may have the

problems meeting its liabilities. Once a company cannot meet its liabilities, there will be

a serious problem causing by lenders lack of confidence, resulting in a domino effect.

We should therefore integrate capital budgeting into project management. In addition,

top managers allocate resources across different projects, and software that considers a

project to be a complete entity cannot cope with this complexity. A complicated system
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of merging, importing, and sharing resource related data across multiple project files is

needed. We have therefore developed a free flowing and modifiable project hierarchy in

a modified Unified Modeling Language (UML) based case tool.

2.  Blueprint of Enterprise Architecture

     Although Enterprise Resource Planning (ERP) is the most common software for

enterprises, there have been many negative comments on its rigidity and

implementation cost. On the contrary, a UML model can be either platform-independent

or platform-specific, and the conversion step is highly automated. We can direct it to

generate calls using whatever interfaces and protocols are required, even if these run a

cross platforms. Model-Driven Architecture (MDA) / UML applications are future-

proof, i.e., MDA-enabled tools can be updated to include new items. Using XML

Metadata Interchange, we can transfer the proposed UML model from one tool into a

repository, or into another tool for refinement or to the next step in our chosen

development process. With these benefits of flexibility and standardization, we integrate

project management into a modified MDA/UML enterprise system.

     There are four layers in the enterprise architecture, as shown in Figure 1. The

business requirement model is composed of use case diagram, activity diagram, user

interface and sequence diagram. The system design model is composed of organization

object, process object, function object and information object. The activity diagram is

an event-driven model. Organization service is composed of data structure and

application program interface.
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Figure 1. The Four Layer Mapping in MDA
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3.  Project Management and Capital Budgeting

     To evaluate a project, we must consider all of the cash outflows and the cash inflows.

In contrast, for project management, we generally consider only the cash outflows, and

we ignore many important related issues, such as the time value of money. If a project

lasts for a long time, the compounding factor will significantly affect the performance of

the project.

     Project management should be considered as part of the overall capital investment

decisions, and the following important concepts should be applied: (1) stand-alone

principle, (2) incremental cash flows principle, (3) putting aside sunk costs principle, (4)

opportunity costs principle, and (5) including side effects principle. The net present

value (NPV) approach is the basic approach for evaluating investments. It involves

asking what-if questions and includes many options, such as a shrinkage option, a

deferral option, an abandonment option, an expansion option, and a switching option (a

shut-down / reopen decision).

     The basic form of what-if analysis is called scenario analysis. There are a number of

possible scenarios that can be considered, such as the worst-case scenario and the best-

case scenario. The second form is sensitivity analysis, which is a variation on scenario

analysis. It freezes all of the variables except one and then sees how sensitive the

estimate of NPV is to changes in that one variable. Simulation analysis is a combination

of these two forms.

     In the framework of capital budgeting, we can do the following break-even analysis:

(1) accounting break-even which occurs when income is zero, (2) cash break-even

which occurs when operating cash flow is zero, and (3) financial break-even which

occurs when the NPV of the project is zero. We can also analyze operating leverage of
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the project. The degree of operating leverage is defined as the percentage change in

operating cash flow relative to the percentage change in demand. Operating leverage is

the degree to which a project is committed to fixed production costs. Generally

speaking, projects with a relatively heavy investment in plant and equipment will have a

relatively high degree of operating leverage. Such projects are said to be capital

investment. The capital budgeting flowchart is shown in Figure 2.
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Figure 2. Capital Budgeting Flowchart
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4.  Project Management and Software

     Project management serves as a basis for communication and coordination with

external entities in a company’s inbound and outbound supply chain. Based on project

management, commitments are made to subcontractors to deliver materials, support

activities are planned, and due dates are set. During project execution, however, project

activities are subject to considerable uncertainty.

     In the literature, surveyed by Herroelen and Leus (2005), there are five approaches to

deal with uncertainty: (1) Reactive scheduling revises or re-optimizes the project

schedule when an unexpected event occurs. (2) Stochastic scheduling concentrates on

the so-called stochastic resource-constrained project scheduling. (3) Scheduling under

fuzziness recommends the use of fuzzy numbers for modeling activity durations, rather

than stochastic variables. Instead of probability distributions, these quantities make use

of membership functions. (4) Proactive ( robust ) scheduling uses numerous techniques.

(5) Sensitivity analysis addresses what-if questions, such as given a specific change of a

parameter, what is a new optimal solution?

     Basically, it is difficult to execute a project under such risky, uncertain or fuzzy

model, so the first and last models are more realistic. Except fuzzy model, we estimate

the expected value of the activity time under a particular probability distribution. The

most commonly used probability distribution is the beta distribution. It is capable of

assuming a wide variety of shapes. We use mode rather than mean in project

management. Mode is the most likely value under normal circumstances.

     By importing updated data and using advanced software, we can effectively cope

with the uncertainty. For example, Intellisys has the following functions: (1) web-

enabled collaboration, concurrent access collaboration, and office operation
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collaboration, (2) time tracking function, (3) security function, (4) hierarchical projects

function, (5) spawning new project from existing project, archiving project, and

restoring project, (6) assignment of resource allocation, (7) printing Gantt/PERT charts.

     Gantt charts are useful tools for planning and scheduling projects in the following

aspects: (1) to assess how long a project should take, (2) to lay out the order in which

tasks need to be carried out, (3) to help manage the dependencies between tasks, (4) to

determine the resources needed, (5) to monitor progress, (6) to see how remedial action

may bring the project back on course. By the aid of advanced software, we can set up a

project management flowchart, as shown in Figure 3.
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Figure 3. Project Management Flowchart
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5.  Example

     This is a hypothetical construction project. The activity list is in Table 1, and the

time-cost trade-off data is in Table 2. Under the objective function to minimize the

expected time to complete all the activities and the subjective constraints to follow the

precedence relationships among the activities, we can get the earliest start time (ES), the

earliest finish time (EF), the latest start time (LS), the latest finish time (LF), and the

slack for each activity in Table 3. In addition, we can identify the critical path 2-1-3-4-6-

9 and the total project cost $288,000. We can also get the Gantt chart, which is used as a

record-keeping device for following the progression in time of the subtasks of a project.

We can see which individual tasks are on or behind schedule. We can also check the

planned cost as well as the actual cost.
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Table 1.  Activity List

activity number activity immediate

predecessors

most probable time

(weeks)

1 foundation, ceiling

,and walls

2 5

2 excavation - 3

3 reinforcing bars 1 2

4 timbers, sheathing

,and shingles

3 3

5 electrical wiring 1 4

6 elevator pit 4 8

7 exterior siding 8 5

8 windows 1 2

9 paint 6, 7, and 10 2

10 inside wall board 5 and 8 3
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Table 2.  Time-Cost Trade-off Data

activity number maximum

crash time

(weeks)

normal cost

($1,000)

crash cost

($1,000)

cost per crash

time

($1,000/week)

1 2 50 72 (72-50)/2=11

2 1 20 30 (30-20)/1=10

3 1 15 30 (30-15)/1=15

4 2 8 20 (20-8)/2=6

5 0 30 30 -

6 4 13 21 (21-13)/4=2

7 4 45 65 (65-45)/4=5

8 1 45 52 (52-45)/1=7

9 0 40 40 -

10 1 22 34 (34-22)/1=12
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Table 3.  Spreadsheet for the Project Critical Path Analysis

activity

number

ES EF LS LF slack

1 3 8 3 8 0

2 0 3 0 3 0

3 8 10 8 10 0

4 10 13 10 13 0

5 8 12 14 18 6

6 13 21 13 21 0

7 10 15 16 21 6

8 8 10 14 16 6

9 21 23 21 23 0

10 12 15 18 21 6
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     In order to set up the event-driven system, we use XML to describe conditions,

filters, and codes. The even-driven system is in Figure 4. In the condition block, we

describe the events that the system will be triggered to operate. In the filter block, we

describe the logical conditions to operate. In the code block, there is the code generator.

We simulate some event-driven models in Table 4.

Figure 4. Event-driving System
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Table 4.  Event-driven Models

event subroutine result

(1)  crashing requirement:

EF9<=16

linear programming:

Min  11Y1 +10Y2 +15Y3

+6Y4 +2Y6 +5Y7

+7Y8 +12Y10

s. t.   ES1-ES2 >= 3-Y2

        ES5-ES1 >= 5-Y1

        ES8-ES1 >= 5-Y1

        ES3-ES1 >= 5-Y1

        ES4-ES3 >=2-Y3

       ES6-ES4 >= 3-Y4

       ES10-ES5 >= 4-Y5

       ES10-ES8 >= 2-Y8

       ES7-ES8 >= 2-Y8

      ES9-ES6 >= 8-Y6

     ES9-ES7 >= 5-Y7

      ES9-ES10 >= 3-Y10

duration=16 weeks

total crash cost=$318,000

the critical path

= 2- 1- 3- 4- 6- 9

Y2
* = 1

Y4
* = 2

Y6
* = 4
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Table 4.  Event-driven Models (continued)

event subroutine result

       EF9 = ES9+2-Y9

EF9 <= 16

Y1 <= 2

Y2 <= 1

Y3 <= 1

Y4 <= 2

Y6 <= 4

Y7 <= 4

Y8 <= 1

Y10 <= 1

    Y5 = Y9 = 0

    all variable>=0

     Yi: time crashed

           For activity i
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Table 4.  Event-driven Models (continued)

event subroutine result

(2)  new technique offered:

multi-functional windows

for traditional windows

most probable time

= 3 weeks

normal cost=$48,000

linear programming:

Min          EF9

s. t.         ES1-ES2 >= 3

              ES5-ES1 >= 5

             ES8-ES1 >= 5

             ES3-ES1 >= 5

             ES4-ES3 >= 2

             ES6-ES4 >= 3

            ES10-ES5 >= 4

            ES10-ES8 >= 2

            ES7-ES8 >= 2

            ES9-ES6 >= 8

           ES9-ES7 >= 5

           ES9-ES10 >= 3

           EF9 = ES9 + 2

          all variables >=0

duration= 23 weeks

total normal cost

= $291,000

the critical path

= 2- 1- 3- 4- 6- 9
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Table 4.  Event-driven Models (continued)

event subroutine result

(3)  the absolute priority

( P1, P2, … ) for the

goal constraints:

P1: EF9 <= 12 weeks

P2: total crash cost

<= $340,000

goal programming:

Min      P1V1 + P2V2

    s. t.      EF9+U1-V1= 12

             (11Y1+10Y2+15Y3

          +6Y4+2Y6+5Y7+7Y8

          +12Y10)+U2-V2

=340,000

and, all the system

constraints in the model of

crashing requirement

aforementioned

duration= 13 weeks

total crash cost

= $355,000

the critical path

= 2- 1- 3- 4- 6- 9

V1
*= 1

V2
*= 15,000

(4)  The total expected

discounted cash outflow

equals $287,352 and the

total expected discounted

cash inflow equals

$380,000 at the beginning

of the project ( the

discounted rate equals

.0002 per week ).

Capital budgeting Because the updated NPV

is less than zero, it is

suggested to abandon or

defer the project.
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Table 4.  Event-driven Models (continued)

event subroutine result

After one week, the

updated expected cash

inflow equals $280,000 and

the expected cash outflow

equals $280,683. Both are

discounted to the end of the

first week excluding the

sunk cost in the first week.
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6.  Concluding Remarks

     Project management is part of capital budgeting under uncertainty in a multi-period

setting. Thus, we should allow the flexibility that can be represented by future actions.

To identify potential operating flexibility and strategic factors, project management

should cope with capital budgeting. In addition, because project management is part of

an enterprise’s operations, a complicated system of merging, importing, and sharing

resource related data across multiple project files is needed. We therefore use a UML

based case tool to integrate project management into enterprise architecture.
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Abstract

We study the numerical differentiation formulae for functions given in grids with arbitrary
number of nodes. We investigate the case of the infinite number of points in the formulae for
the calculation of the first and the second derivatives. The spectra of the corresponding weight
coefficients sequences are obtained. We examine the first derivative calculation of a function
given in odd-number points and analyze the spectra of the weight coefficients sequences in
the cases of both finite and infinite number of nodes. We derive the one-sided approximation
for the first derivative and examine its spectral properties.
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Introduction

The problem of numerical differentiation is a long-standing issue. There are plenty of published
works devoted to the generation of finite difference formulae in both one and multi dimensional
lattices (see, e.g., Ref. [1]). However, many of those methods require preliminary construction of
an interpolating polynomial, and hence are very awkward. Moreover, the majority of the previous
techniques are valid in the case of a function given in the limited number of nodes.

The finite difference formulae for the calculation of any order derivative in a one dimensional
grid with arbitrary spacing were discussed in Refs. [2, 3]. However, only recursion relations for the
weight coefficients have been derived. The explicit formulas for the derivatives calculation were
recently derived in Ref. [4] on the basis of the generalized Vandermonde determinant.

It should be noted that the low order derivatives (the first and the second ones) as well as
equidistant lattices are of the major importance in many problems of applied mathematics and
physics. The first and the second numerical derivatives in the equidistant one dimensional grid
were studied in Ref. [5]. The finite difference formulae for the central derivatives of a function given
on a lattice with arbitrary number of elements have been derived in that work. It is important
that these formulae have been obtained in the explicit form. This method enabled one to examine
the spectral properties of weight coefficients sequences as well as to analyze the accuracy of the
numerical differentiation.

In the present paper we continue to study the numerical differentiation formulae for functions
given in grids with arbitrary number of nodes. On the basis of the results of Ref. [5] in Sec. 1
we investigate the case of the infinite number of points in the formulae for the calculation of the
first and the second derivatives. The spectra of the corresponding weight coefficients sequences
are also obtained. Then, in Sec. 2 we examine the first derivative calculation of a function given in
odd-number points. We also analyze the spectra of the weight coefficients sequences in the cases
of both finite and infinite number of nodes. In Sec. 3 we derive the one-sided approximation for
the first derivative and examine its spectral properties. It is worth noticing that the derivations of
the finite difference formulae in all cases are performed for the arbitrary number of points. Finally,
in Sec. 4 we resume our results.
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1 Spectral properties of the first and the second derivatives
for infinite number of points

Let us study the function f(x) given in the equidistant points xm, f(xm) = fm, where m =
0, . . . ,±n. It was found in Ref. [5] that the first and the second derivatives are approximated as

f ′(0) ≈ 1
2h

n∑
m=1

α(1)
m (n)(fm − f−m). (1.1)

and

f ′′(0) ≈ 1
h2

n∑
m=1

α(2)
m (n)(fm − 2f(0) + f−m), (1.2)

where h is the distance between nodes. The coefficients α
(1)
m (n) and α

(2)
m (n) can be calculated

explicitly for arbitrary n (see Ref. [5]).
The spectral properties of the sequences α

(1)
m (n) and α

(2)
m (n) in Eqs. (1.1) and (1.2) in the case

of finite number of interpolation points were carefully examined in Ref. [5]. We found out that
the more points we involved in the sequence α

(1)
m (n) the more close to linear the corresponding

spectrum was. Thus the considered sequence produces more accurate first derivative of a function
in the case of great number of points. As for the sequence α

(2)
m (n), it was also shown in Ref. [5]

that its spectrum approached to parabola if n > 1. We expect that the corresponding spectra will
be exactly linear and parabolic ones if n →∞.

Let us consider the spectral characteristics of the sequences α
(1)
m (n) and α

(2)
m (n) in the case

of infinite number of interpolation points. First we remind the result for the α
(1)
m (n) in the limit

n →∞ (see Ref. [5])

α(1)
m = lim

n→∞
α(1)

m (n) = (−1)m+1 2
m

. (1.3)

The Fourier transform of a function f(x) can be presented in the form (see, e.g., Ref. [6])

c(ω) = h
∑

x

e−iωxf(x) = h
+∞∑

m=−∞
e−iωmhf(mh). (1.4)

The inverse Fourier transformation is given by the following expression:

f(x) =
∫ π/h

−π/h

dω

2π
c(ω)eiωx, x = kh,

and has the cutoff at high frequencies, |ω| ≤ π/h.
Now we can calculate the spectrum of the sequence α

(1)
m ,

β1(ω) = h
+∞∑

m=−∞
m6=0

e−iωmhα(1)
m = −4ih

∞∑
m=1

(−1)m−1 sin(mωh)
m

= −2iωh2, (1.5)

where we use Eqs. (1.3) and (1.4). Note that Eq. (1.5) is valid if 0 ≤ ω < π/h. The first derivative
of the function can be expressed via the spectra β1(ω) and c(ω),

f ′(x) =
1
2h

∫ π/h

−π/h

dω

2πh
β∗1(ω)c(ω)eiωx, x = kh. (1.6)

Using the result for the calculation of β1(ω) presented in Eq. (1.5) we readily find that

f ′(x) =
∫ π/h

−π/h

dω

2π
(iω)c(ω)eiωx. (1.7)
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Figure 1: The spectra of differentiating filters, (a) α
(1)
m and (b) α

(2)
m , in the case of infinite number

of points.

Eq. (1.7) shows that the first derivative calculation with help of the sequence α
(1)
m gives the exact

value of the derivative in the case of infinite number of interpolation points for all frequencies
except ωmax = π/h. The fact that the first derivative computation does not give correct results at
ω = ωmax also follows from Fig. 1(a). However, it can be verified directly with help of Eq. (1.3)
for the function fm = (−1)m = cos(ωmaxmh).

In Ref. [5] we showed that the use of the coefficients α
(1)
m give exact value for the first derivative

of the function y(x) = sin(ωmaxx/2). However, Eq. (1.7) [see also Fig. 1(a)] indicates that this
method will give the correct results not only for ω = ωmax/2 but also for all frequencies ω < ωmax.

The second derivative calculation in the case of infinite number of interpolation points can be
analyzed in the similar manner as we have done it for the first derivative. The explicit form of the
sequence α

(2)
m is

α(2)
m = lim

n→∞
α(2)

m (n) = (−1)m+1 2
m2

.

For the spectrum of the sequence α
(2)
m we obtain

β2(ω) = −ω2h3 +
π2

3
h. (1.8)

It should be noted that Eq. (1.8) is valid for all frequencies 0 ≤ ω ≤ π/h. The expression for the
second derivative takes the form

f ′′(x) =
1
h2

∫ π/h

−π/h

dω

2πh
[β∗2(ω)− β∗2(0)] c(ω)eiωx =

∫ π/h

−π/h

dω

2π
(−ω2)c(ω)eiωx, x = kh. (1.9)

Eq. (1.9) demonstrates that the computation of the second derivative with the use of the sequence
α

(2)
m gives the exact results in the case of infinite number of interpolation points for all frequencies

even including the maximal one. The spectrum β2(ω) is depicted in Fig. 1(b).

2 The first derivative computation of a function given in
odd-number points

In this section we discuss the calculation of the first derivative in the case of a function given
in odd-number nodes. Then we discuss the spectral properties of the derived weight coefficients
sequences in the case of both finite and infinite number of nodes.
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Figure 2: (a) The spectra of various sequences α
(1/2)
m (n) at N = 2000. (b) The example of the

use of the sequence α
(1/2)
m (n). A rapidly oscillating function corresponds to the dashed lines, its

envelope functions are shown by the dotted lines.

It follows from Fig. 1(a) that the computation of the first derivative gives unsatisfactory results
at high frequencies near ωmax. In order to introduce the numerical differentiation of such rapidly
oscillating functions we consider the modified sequence

α
(1/2)
2m+1(n) =

1

(2m + 1)π(1/2)
m (n)

, m = 0, . . . , n− 1, (2.1)

where

π(1/2)
m (n) =

n−1∏

k=0
k 6=m

(
1− (2m + 1)2

(2k + 1)2

)
,

and α
(1/2)
2m (n) = 0.

The coefficients in Eq. (2.1) can be formally derived if we consider the first derivative calculation
of a function given in the odd-number points only

f ′(0) ≈ 1
2h

n−1∑
m=0

α
(1/2)
2m+1(n)(f2m+1 − f−2m−1). (2.2)

Note that originally the function f(x) was given in 2n + 1 points.
It is worth noticing that the results for the computation of the weights with help of Eq. (2.1)

in some particular cases (namely for n = 3, 5, 7 and 9) coincide with those presented in Ref. [2] for
the centered approximations at a ’half-way’ point. However, the method for the central derivatives
calculation elaborated in our paper enables one to get the expressions for the weight coefficients
in the explicit form for any number of nodes.

We consider the spectral properties of the obtained sequence α
(1/2)
m (n). Using the technique

developed in Ref. [5] one can compute the spectrum of the sequence in question,

β1/2(r) =
N−1∑
m=0

α(1/2)
m (n) exp

(
−i

2π

N
mr

)
.

The spectra of the sequences α
(1/2)
m (n) are depicted in Fig. 2(a) for the various values of n at

N = 2000. The function y1/2(r) has the form
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Figure 3: The spectrum of the sequence α
(1/2)
m in the case of infinite number of points.

y1/2(r) =

{
2πr/N, if 0 ≤ r ≤ N/4,

π − 2πr/N, if N/4 ≤ r ≤ N/2.

It follows from this figure that for n = 1 the imaginary part of the spectrum is the function
sin(2πr/N). The linearity condition is satisfied only in the vicinity of zero and N/2. However at
n = 10 linearity condition remains valid for r . 350 and r & 650.

We examine the details of the differentiation procedure performed with help of the sequence
α

(1/2)
m (n). If a function is slowly varying, then Eq. (2.2) gives the approximate value of the first

derivative. It also results from Fig. 2(a). However, if a function is rapidly oscillating (e.g., at
ω . ωmax), we can consider its upper and lower envelope functions. Therefore the use of the
sequence α

(1/2)
m (n) will produce the first derivative of envelope functions since in Eq. (2.2) we

calculate the sum in odd-number points only. Envelope functions can be treated as ”smooth” in
this case. Fig. 2(b) schematically illustrates this process.

Now let us discuss the case of infinite number of the interpolation points. We can treat the
sequence α

(1/2)
m (n) in the similar way as it was done in Ref. [5]. Indeed, proceeding to the limit

n →∞ in Eq.(2.1) we find that

α
(1/2)
2m+1 = lim

n→∞
α

(1/2)
2m+1(n) = (−1)m 4

π(2m + 1)2
. (2.3)

In Eq. (2.3) we used the known value of infinite product,

∞∏

k=0

(
1− x2

(2k + 1)2

)
= cos

(πx

2

)
.

With help of Eq. (2.3) it is possible to obtain the spectrum of the sequence α
(1/2)
m

β1/2(ω) = −2ih×
{

ωh, if 0 ≤ ω ≤ π/2h,

(π − ωh), if π/2h ≤ ω ≤ π/h.
(2.4)

The imaginary part of the spectrum β1/2(ω) is presented in Fig. 3. As it follows from Eq. (2.4) (see
also Fig. 3) the sequence α

(1/2)
m performs the differentiation of a function in question if ω ≤ ωmax/2,

or its envelope functions if ω ≥ ωmax/2. The of case ω = ωmax/2 was also considered in details in
Ref. [5].

3 One-sided approximation for the first derivative

In this section we derive the weight coefficients for the one-sided approximation of the first deriva-
tive and then we analyze the spectral characteristics of the weight coefficients sequence. It should
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be noted that the derivation of the weight coefficients is analogous to case the of the central
derivatives which was carefully examined in Ref. [5].

Without restriction of generality we suppose that we approximate the first derivative in the
zero point. Let us consider the function f(x) given in the equidistant nodes xm = mh > 0, where
m = 0, . . . , n, and h is the constant value. We can pass the interpolating polynomial of the nth
power through these points,

Pn(x) =
n∑

k=0

ckxk.

The values of the function in the nodes xm = mh, fm = f(xm), should coincide with the values
of the interpolating polynomial in these points,

fm =
n∑

k=0

ckhkmk. (3.1)

In order to find the coefficients ck, k = 0, . . . , n, we receive the system of inhomogeneous linear
equations with the given free terms fm. It will be shown below that this system has the single
solution.

We will seek the solution of the system (3.1) in the following way:

ck =
1
hk

n∑
m=0

fma(k)
m (n),

where a
(k)
m (n) are the undetermined coefficients satisfying the condition,

n∑
m=0

a(l)
m (n)mk = δlk, l, k = 0, . . . n. (3.2)

It is worth to be noted that, if we set k = 0 and l 6=0 in Eq. (3.2), we obtain the constraint which
should be imposed on the coefficients a

(l)
m (n)

n∑
m=0

a(l)
m (n) = 0, l = 1, . . . n. (3.3)

Analogous relation between the weight coefficients was established in Ref. [2]. In deriving of
Eq. (3.3) (as well as in all subsequent similar formulae) we suppose that m0 = 1 if m = 0.

Let us resolve the system of equations (3.2) according to the Cramer’s rule

a(l)
m (n) =

∆(l)
m (n)

∆0(n)
, (3.4)

where

∆0(n) =

∣∣∣∣∣∣∣∣∣∣

1 1 1 . . . 1
0 1 2 . . . n
0 1 22 . . . n2

. . . . . . . . . . . . . . . . . . .
0 1 2n . . . nn

∣∣∣∣∣∣∣∣∣∣

= n!
∏

1≤i<j≤n

(j − i)6=0, (3.5)

and

∆(l)
m (n) =

∣∣∣∣∣∣∣∣∣∣∣∣

1 1 1 . . . 1 0 1 . . . 1
0 1 2 . . . m− 1 0 m + 1 . . . n
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
0 1 2l . . . (m− 1)l 1 (m + 1)l . . . nl

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
0 1 2n . . . (m− 1)n 0 (m + 1)n . . . nn

∣∣∣∣∣∣∣∣∣∣∣∣

. (3.6)
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In Eq. (3.5) we use the formula for the calculation of the Vandermonde determinant. From Eq. (3.5)
it follows that the determinant of the system of equations (3.2) is not equal to zero, i.e. the system
of equations (3.1) has the single solution.

The most simple expression for ∆(l)
m (n) is obtained in the case of l = 1 that corresponds to the

calculation of the first-order derivative

∆(1)
m (n) = (−1)m+1

(
n!
m

)2 ∏

1≤i<j≤n
i,j 6=m

(j − i), m = 1, . . . , n. (3.7)

From Eq. (3.4) as well as taking into account Eqs. (3.5) and (3.7) we get the expression for the
coefficients a

(1)
m (n)

a(1)
m (n) = (−1)m+1 1

m

(
n

m

)
, m = 1, . . . , n, (3.8)

where (
n

m

)
=

n!
m!(n−m)!

,

are the binomial coefficients. It is remarkable to note that the coefficient a
(1)
1 (n) = n. To simplify

numerical calculations (especially the analysis of the spectra of the derived sequences) Eq. (3.8)
should be rewritten in the form

a(1)
m (n) =

1
mpm(n)

, m = 1, . . . , n,

where

pm(n) =
n∏

k=1
k 6=m

(
1− m

k

)
.

In order to find the coefficient a
(1)
0 (n) we use Eq. (3.3) rather than compute the determinant

(3.6). Thus we receive the following expression for this coefficient,

a
(1)
0 (n) = −

n∑
m=1

a(l)
m (n) = −

n∑
m=1

(−1)m+1 1
m

(
n

m

)
= −

n∑
m=1

1
m

. (3.9)

Eqs. (3.8) and (3.9) provide the weight coefficients for the one-sided approximation of the first
derivative of the function f(x) given in n + 1 equidistant nodes,

f ′(0) ≈ 1
h

n∑
m=0

fma(1)
m (n).

The results for the computation of the weights in some particular cases (namely for n = 1, 2, . . . , 8)
coincide with those presented in Ref. [2]. However, the technique for derivatives calculation de-
veloped in the present work allows one to obtain the expressions for the weight coefficients in the
explicit form for any n.

Without derivation we mention that on the basis of Eqs. (3.4)-(3.6) one can find the coefficients
a
(n)
m (n) that correspond to the computation of the nth-order derivative

a(n)
m (n) = (−1)m+n 1

n!

(
n

m

)
. m = 0, . . . , n. (3.10)

It should be noted that Eq. (3.10) is consistent with Eq. (3.3).
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Figure 4: The imaginary parts (a) and the real parts (b) of the spectra of various sequences a
(1)
m (n)

at N = 2000.

Now we consider the spectral properties of the derived sequence a
(1)
m (n). Using the results

of the previous section (see also Ref. [5]) we readily find the expression for the spectrum of the
considered sequence,

b1(r) =
N−1∑
m=0

a(1)
m (n) exp

(
−i

2π

N
mr

)
.

The imaginary parts, =m
[
b∗1(r)

]
, of the spectra of the sequences a

(1)
m (n) for the various values of

n at N = 2000 as well as the linearly growing sequence I(r) = 2πr/N are presented in Fig. 4(a).
It follows form the this figure that the imaginary parts are close to the linear sequence only in the
vicinity of zero (r . 200) even at n = 5. It points out that the one-sided approximation of the
first derivative has worse accuracy in comparison with the central derivatives. This fact was also
mentioned in Ref. [7]. Therefore, the application of the sequence a

(1)
m (n) for the calculation of the

one-sided first derivative will give reliable results only for slowly varying functions.
The spectrum b1(r) has not only imaginary part, but also nonzero real part since a

(1)
0 (n)6=0.

The real parts, <e
[
b∗1(r)

]
, of the spectra of the sequences α

(1)
m (n) for the various values of n at

N = 2000 as well as the constant sequence R(r) = 0 are shown in Fig. 4(b). It can be seen from
this figure that the real parts of the spectra are close to zero if r . 100 at n = 1, and if r . 300 at
n = 3 and n = 5. The deviation from zero is especially great if r & 700 at n = 3, and if r & 500
at n = 5. Such a behavior of the real parts of the spectra also reveals the limited level of accuracy
of the one-sided first derivative.

4 Conclusion

In conclusion we note that in our paper we have studied the numerical differentiation formulae
for functions given on grids with arbitrary number of nodes. In Sec. 1 we have investigated the
case of the infinite number of points in the formulae for the calculation of the first and the second
derivatives. The spectra of the corresponding weight coefficients sequences have been obtained.
It has been revealed that the calculation of the first derivative with help of the derived formulae
gave reliable results for all spacial frequencies except ωmax. As for the calculation of the second
derivative we have shown that the corresponding formulae were valid for all spacial frequencies
including ωmax. In Sec. 2 we have examined the first derivative calculation of a function given in
odd-number points. We have also analyzed the spectra of the weight coefficients sequences in the
cases of both finite and infinite number of nodes. It has been found out that the obtained formulae
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perform the differentiation of the considered function if ω ≤ ωmax/2, and its envelope functions if
ω ≥ ωmax/2. In Sec. 3 we have derived the one-sided approximation for the first derivative and
examined its spectral properties. The accuracy of the one-sided first derivative has been discussed.
On the basis of the spectral properties of the weight coefficients sequences it has been shown that
the accuracy of the one-sided approximation for the first derivative was essentially lower compared
to the computation of the central derivatives. This our result is in agreement with previous works
(see, e.g. Ref. [7]). Nevertheless, the obtained one-sided first derivative formulae could be of
use in solving differential equations by means of numerical methods. It is also possible to apply
the elaborated technique of the numerical differentiation in construction of quantum field theory
models of unified interactions.
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Abstract

Let (Ω, Σ) be a measurable space with Σ a σ-algebra of subset of Ω, X
a separable Banach space, C a nonempty closed bounded convex subset of
X and T : Ω× C → C a random operator. We prove the random version
of a deterministic fixed point theorem when T is an asymptotically non-
expansive random operator and X satisfy the uniform Opial’s condition.
Furthermore, we also prove that if T is an asymptotically nonexpansive
random operator which satisfy the Maluta’s constant D(X) < 1, and T is
weakly random asymptotically regular on C. Then T has a random fixed
point.

2000 Mathematics Subject Classification: 47H10, 47H09, 47H40.
Key words and phrases: random fixed point, asymptotically nonex-

pansive random operator, uniform Opial’s condition, Maluta’s constant.

1 Introduction

Probabilistic functional analysis has come out as one of the momentous
mathematical disciplines in view of its requirements in dealing with prob-
abilistic model in applied problem. In this direction, there have appeared
various papers concerning random fixed point theorems for single-valued
and set-valued random operator; (see, for instance, Itoh [6], Plubtieng and
Kumam [16], Tan and Yuan [14], Xu [17] Yuan and Yu [20] and reference
therein).

In 1972, Goebel and Kirk [2] prove that if the space X is assumed to be
uniformly convex, then every asymptotically nonexpansive self-mapping
T of C has a fixed point. Recently, Lim and Xu [9] prove two fixed point
theorems for asymptotically nonexpansive mappings which connect with
Maluta’s constant for a Banach space. Finally, in 1995, Xu [17] have
demonstrated the existence of fixed points for asymptotically nonexpan-
sive mappings in Banach spaces with uniform Opial’s condition.
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The pupose of this paper is to establish two foxed point theorems
for asymptotically nonexpansive random operators. Firstly, we prove a
random fixed point theorem for a Banach space with uniform Opial’s
condition. Moreover, we also state the random version of a fixed point
result base on the Maluta’s constant of Banach space due to Lim and Xu
[9].

2 Preliminaries

Through this paper we will consider a measurable space (Ω, Σ) (where Σ is
a σ−algebra of subsets of Ω) and (X, d) will be a metric space. We denote
by CL(X)(resp.CB(X), KC(X)) the family of all nonempty closed (resp.
closed bounded, compact) subsets of X, and by H the Hausdorff metric
on CB(X) induced by d, i.e.,

H(A, B) = max

�
sup
a∈A

d(a, B), sup
b∈B

d(b, A)

�

for A, B ∈ CB(X), where d(x, E) = inf{d(x, y)|y ∈ E} is the distance
from x to E ⊂ X.

A set-valued operator T : Ω → 2X is call (Σ)− measurable if, for any
open subset B of X,

T−1(B) := {ω ∈ Ω : T (ω) ∩B 6= ∅}

belongs to Σ. A mapping x : Ω → X is said to be a measurable selector
of a measurable set-valued operator T : Ω → 2X if x(·) is measurable and
x(ω) ∈ T (ω) for all ω ∈ Ω. Let M be a nonempty closed subset of X.
An operator T : Ω×M → 2X is call a random operator if, for each fixed
x ∈ M , the operator T (·, x) : Ω → 2X is measurable. We will denote by
F (ω) the fixed point set of T (ω, ·), i.e.,

F (ω) := {x ∈ M : x ∈ T (ω, x)} .

Note that if we do not assume the existence of fixed point for the de-
terministic mapping T (ω, ·) : M → 2X , F (ω) may be empty. A mea-
surable operator x : Ω → M is said to be a random fixed point of a
operator T : Ω×M → 2X if x(ω) ∈ T (ω, x(ω)) for all ω ∈ Ω. Recall that
T : Ω × M → 2X is continuous if, for each fixed ω ∈ Ω, the operator
T (ω, ·) : M → 2X is continuous.

Let C be a closed bounded convex subset of a Banach space X. A
random operator T : Ω × C → C is said to be nonexpansive if, for fixed
ω ∈ Ω the map T (ω, ·) : C → C is nonexpansive. We will say that
T is asymptotically nonexpansive if there exists a sequence of function
kn : Ω → [1, +∞) such that for each fixed ω ∈ Ω, limn→∞ kn(ω) = 1 and

‖T n(ω, x)− T n(ω, y)‖ ≤ kn(ω)‖x− y‖

for all x, y ∈ C and integer n ≥ 1. A random operator T is said to
be weakly random asymptotically regular on C, if for each ω ∈ Ω, w −
limn ‖(T n(ω, x) − T n+1(ω, x))‖ = 0 for all x ∈ C. There T n(ω, x) is

2
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the value at x of the nth iterate of the map T (ω, ·), i.e., T n(ω, x) =
T (ω, T n−1(ω, x)).

We recall some definitions about the properties satisfied by a Banach
space X.

Let C be a nonempty bounded closed convex subset of a Banach space
X, and let diam(A) = sup{‖x − y‖ : x, y ∈ C} be the diameter of C.
For each x ∈ C, let r(x, C) = sup{‖x − y‖ : y ∈ C} and let r(C) =
inf{r(x, C) : x ∈ C}, the Chebyshev radius of C relative to itself.

Let X be a Banach spaces. Then recall that Maluta’s constant D(X)
of X is defined by

D(X) = sup

�
lim supn d(xn+1, co(x1, ..., xn))

diam(xn)

�

where the supremum is taken over all bounded nonconstant sequence {xn}
in X.

A Banach space X is said to satisfy Opial’s condition if for each se-
quence {xn} in X, the condition xn ⇀ x implies that

lim sup
n→∞

‖xn − x‖ < lim sup
n→∞

‖xn − y‖

for all y 6= x.
A Banach space X is said to satisfy the uniform Opial condition if for

each c > 0, there exists an r > 0 such that

1 + r ≤ lim inf
n→∞

‖x + xn‖

for every x ∈ X with ‖x‖ ≥ c. and each sequence {xn} in X such that
w − lim xn = 0 and lim infn ‖xn‖ ≥ 1. We now define Opial’s modulus of
X, denote by rX , as follows

rX(c) = inf
n

lim inf
n→∞

‖x + xn‖ − 1
o

,

where c ≥ 0 and the infimum is taken over all x ∈ X with ‖x‖ ≥ c and
sequence {xn} in X such that w − lim xn = 0 and lim inf ‖xn‖ ≥ 1. It is
easy to see that the function rX is nondecreasing and that X satisfies the
uniform Opial condition if and only if rX(c) ≥ 0 for all c > 0.

Let C be a nonempty bounded closed subset of Banach spaces X and
{xn} bounded sequence in X, we use r(C, {xn}) and A(C, {xn}) to denote
the asymptotic radius and the asymptotic center of {xn} in C, respec-
tively, i.e.

r(C, {xn}) = inf {r(x, {xn}) : x ∈ C} , where{r(x, {xn})} = lim sup
n

‖xn − x‖,
A(C, {xn}) = {x ∈ C : {r(x, {xn})} = r(C, {xn})} .

If D is a bounded subset of X, the Chebyshev radius of D relative to
C is defined by

rC(D) := inf {sup{‖x− y‖ : y ∈ D} : x ∈ C} .
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Definition 2.1. Let {xn} and C be a nonempty bounded closed subset
of Banach spaces X. Then {xn} is called regular with respect to C if
r(C, {xn}) = r(C, {xni}) for all subsequences {xni} of {xn}.

For the convenience of the reader, we will list the following results
related to the concept of measurability.

Theorem 2.2. (Wagner cf. [15]). Let (X, d) be a complete separable
metric spaces and F : Ω → CL(X) a measurable map. Then F has a
measurable selector.

Theorem 2.3. (Tan and Yuan cf. [14]). Let X be a separable metric
spaces and Y a metric spaces. If f : Ω × X → Y is a measurable in
ω ∈ Ω and continuous in x ∈ X, and if x : Ω → X is measurable, then
f(·, x(·)) : Ω → Y is measurable.

Proposition 2.4. Let C be a closed convex separable subset of a Banach
space X and (Ω, Σ) be a measurable space. Suppose f : Ω → C is a
function that is w-measurable, i.e., for each x∗ ∈ X∗, the dual space of X,
the numerically-valued function x∗f : Ω → (−∞,∞) is measurable, then
f is measurable.

Lemma 2.5. ( Domı́nguez Benavidel and Lopez Acedo cf.[4]) Suppose
C is a weakly closed nonempty separable subset of a Banach space X, F :
Ω → 2X a measurable with weakly compact values, f : Ω × C → R is a
measurable, continuous and weakly lower semicontinuous function. Then
the marginal function r : Ω → R defined by

r(ω) := inf
x∈F (x)

f(ω, x)

and the marginal map. R : Ω → X defined by

R(ω) := {x ∈ F (x) : f(ω, x) = r(ω)}

are measurable.

Lemma 2.6. ([18]). Let T be an asymptotically nonexpansive mapping
on a nonempty weakly compact convex subset of a Banach space X. Then
there are a closed convex nonempty subset K of C and ρ ≥ 0 such that:

(i) if x ∈ X, then every weak limit point of {T nx} is contained in K;

(ii) ρx(y) = ρ for all x, y ∈ K, where ρx is the functional defined by

ρx(y) = lim sup
n→∞

‖T nx− y‖, y ∈ X.

3 The results

Our purpose in this section is to prove the randomization of the corre-
sponding deterministic theorem appeared in [10] for asymptotically non-
expansive mapping.

To show next Theorem we need the following Lemma.
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Lemma 3.1. Let C be a nonempty weakly compact convex separable subset
of a Banach space X satisfying Opial’s condition and let T : Ω× C → C
be an random asymptotically nonexpansive mapping. Let {xn(ω)} be a
sequence in C which satisfies the following condition, for ω ∈ Ω,

w − lim
n→∞

T m(ω, xn(ω)) = zm(ω), ∀m ≥ 0.

Then
lim

m→∞
bm(ω) = inf{bm(ω)} : m ≥ 0,

where bm(ω) = lim supn→∞ ‖T m(ω, xn(ω))− zm(ω)‖, ∀ω ∈ Ω.

Proof. Let xn(ω) be a sequence in C for ω ∈ Ω, and for any ε > 0, there
exist N such that for each ω ∈ Ω, kn(ω) < 1 + ε wherever n ≥ N. For
m ≥ 0 and j ≥ N, by Opial’s condition, for ω ∈ Ω we have

bm+j(ω) = lim supn→∞ ‖T m+j(ω, xn(ω))− zm+j(ω)‖
≤ lim supn→∞ ‖T m+j(ω, xn(ω))− T j(ω, zm(ω))‖
≤ kj(ω) lim supn→∞ ‖T m(ω, xn(ω))− zm(ω)‖
= kj(ω)bm(ω)
≤ (1 + ε)bm(ω).

This implies that limn→∞ bm(ω) = inf{bm(ω) : m ≥ 0}.
The following is the random version of Theorem 5.1 in [10].

Theorem 3.2. Let X be a Banach space which satisfying the uniform
Opial’s condition, C is a nonempty weakly compact convex separable subset
of X, and T : Ω × C → C be a random asymptotically nonexpansive
operator. Then T has a random fixed point.

Proof. Let K, ρx and ρ be as in Lemma 2.6. Let x be any fixed element
in K and consider the measurable function x(ω) ≡ x and for each ω ∈ Ω.
Define a map G : Ω → CB(C) by

G(ω) := w − cl{T n(ω, x(ω))}, ω ∈ Ω.

(Here w − cl denote the closure under the weak topology of X.) Then
G : Ω → CB(C) is w- measurable. By Lemma 2.2, G has a w- measur-
able selector z : Ω → C. Since C is separable {z} is actually measurable
by Proposition 2.4. By the definition of G, we note that z(ω) is a weak
cluster point of {T n(ω, x(ω))} for each ω ∈ Ω. Hence, for a fix ω ∈ Ω, there
exists a subsequence {in} of positive integer {n} such that {T in(ω, x(ω))}
converging weakly to z(ω). Passing to subsequence and using the diag-
onal method, we may assume that {T in+m(ω, x(ω))} converges weakly
for every for every m ≥ 0 say w − limn→∞ T in+m(ω, x(ω)) = zm(ω). Let
bm(ω) = lim supn→∞ ‖T in+m(ω, x(ω))−zm(ω)‖. By Lemma 3.1, {bm(ω)}
converges to b(ω) = inf{bm(ω) : m ≥ 0} ≥ 0. Note that zm(ω) ∈ K for
each ω ∈ Ω, m ≥ 0, by Lemma 2.6 (i) and

‖zm(ω)− zm′(ω)‖ ≤ lim sup
n→∞

‖zm − T in+m′(ω, x(ω))‖ ≤ ρ.

Hence, diam(co{zm(ω) : m ≥ 0}) ≤ ρ, we claim that
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(1) for any ε > 0, ω ∈ Ω there exist y(ω) ∈ K, for ω ∈ Ω, m′ > 0 and
N > 0 such that ‖T n(ω, y(ω)) − zn+m′(ω)‖ ≤ ε wherever n > N ;
and

(2) ρ = 0.

To prove (1), we distinguish two cases.
case 1. limm→∞ bm(ω) = 0. In this case, without loss of generality, we

may assume that {kj(ω)} is a decreasing sequence, for any ε > 0 there is
m′ > 0 such that if m ≥ m′, then bm(ω) ≤ ε/2k1(ω). Thus for each j ≥ 1,

‖zm′+j(ω)− T j(ω, zm′(ω))‖ ≤ lim supn ‖zm′+j(ω)− T in+m′+j(ω, x(ω))‖
+ lim supn ‖T in+m′+j(ω, x(ω))− T j(ω, zm′(ω))‖

≤ bm′+j(ω) + kj(ω)bm′(ω) ≤ ε.

If we choose y(ω) = z′m(ω) and N = 1, then (1) holds in this case.
case 2. For each ω ∈ Ω limm→∞ bm(ω) = b > 0. Then, since X has the

uniform Opial’s property, for any ε > 0, there exist δ > 0 and an integer
N > 1 such that for any integer m ≥ N and z(ω) ∈ X, ω ∈ Ω,

lim sup
n→∞

‖T in+j(ω, x(ω))− z(ω)‖ ≤ b + δ ⇒ ‖z(ω)− zm(ω)‖ ≤ ε. (3.1)

We may also assume that N is chosen so large that for all n ≥ N, bm(ω) ≤p
b(b + δ); and km(ω)

p
(b + δ)/δ. Hence, for all j ≥ N, we have

lim supn ‖T in+N+j(ω, x(ω))− T j(ω, zN (ω))‖
≤ kj(ω) lim supn ‖T in+N (ω, x(ω))− zN (ω)‖
= kj(ω)bN ≤ b + δ.

If we choose m′ = N and y(ω) = zN (ω), then for any j ≥ N, be (3.1), we
have ‖T j(ω, y(ω))− zm+j(ω)‖ ≤ ε, This prove (1).

To prove (2), by Lemma 2.6, it is enough to show that if ρ > 0,
then there exist z0(ω), y(ω) ∈ K such that ρy(z0(ω)) = lim supn ‖z0(ω)−
T n(ω, y(ω))‖ < ρ. To this end,

case i. there is N ′ > 0 such that diam(co{zm(ω) : m ≥ N ′}) = ρ0 < ρ.
By (1), there are y(ω) ∈ K, m′, n ∈ N such that

‖T n(ω, y(ω))− zm+n(ω)‖ ≤ ρ− ρ0

2
∀n > N ′,

so if n > max{N, N ′}, then

‖zN (ω)− T n(ω, y(ω))‖ ≤ ‖zN (ω)− zm+n′(ω)‖+ ‖zm+n′(ω)− T n(ω, y(ω))‖
≤ ρ0+ρ

2
≤ ρ.

case 2. diam(co{zm(ω) : m ≥ N}) = ρ, for all N ∈ N. Since X satisfies
the uniform Opial condition and hence the Opial’s condition and C is
weakly compact, C has normal structure. Hence, for each ω ∈ Ω, there
exists z0(ω) ∈ co{zm(ω) : m ∈ N}, such that

ρ0 = sup
m∈N

‖z0(ω)− zm(ω)‖ < diam(co{zm(ω) : m ∈ N}) = ρ.
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By (1), there are y(ω) ∈ K, m′, N ∈ N such that ‖T n(ω, y(ω))−zn+m′(ω)‖ ≤
(ρ− ρ0)/2 wherever n ≥ N. So if n ≥ N, then

‖z0(ω)− T n(ω, y(ω))‖ ≤ ‖z0(ω)− zn+m′(ω)‖+ ‖zn+m′(ω)− T n(ω, y(ω))‖
≤ ρ0+ρ

2
≤ ρ.

This proves (2).
By (2), K = x(ω) and for each ω ∈ Ω, limn→∞ ‖T n(ω, x(ω))−x(ω)‖ =

0. Therefore, T (ω, x(ω)) = x(ω) by the continuous of T since T (ω, x(ω))
is measurable function by Lemma 2.3. Hence x(ω) being the limit of a
sequence of measurable is also measurable. So x(ω) is a random foxed
point of the operator T .

Corollary 3.3. Let C be a nonempty closed bounded convex separable
subset of a Banach spaces with uniform Opial condition and T : Ω×C → C
be a random nonexpansive operator. Then T has a random fixed point.

Proof. This follows since an random nonexpansive operator is of random
asymptotically nonexpansive operator.

Next, we are going to establish the stochasti version of theorem 4 of
Lim and Xu [9].

Theorem 3.4. Let C be a nonempty closed bounded convex separable
subset of a Banach space with D(X) < 1, and T : Ω × C → C be a
random asymptotically nonexpansive operator. Suppose in addition, that
T weakly random asymptotically regular on C. Then T has a random fixed
point.

Proof. Fix a measurable function x0 : Ω → C and defined the function
f : Ω× C → R+ by

f(ω, x) = lim sup
n

‖T n(ω, x0(ω))− x(ω)‖, x ∈ X.

It is easily see that f is measurable function in ω ∈ Ω. Since f is con-
tinuous in x ∈ X and convex, it is a weakly lower semicontinuous func-
tion. On the other hand, condition D(X) < 1 implies reflexivity and
so C is weakly compact. Hence, by Theorem 2.5 the marginal functions
r(ω) := infx∈C f(ω, x) and R(ω) := {x ∈ C : f(ω, x) = r(ω)} are mea-
surable and R(ω) is a weakly compact convex subset of C. By Theo-
rem 2.2, we can take a measurable selector x(ω) of R(ω). Define a map
G : Ω → CB(C) by

G(ω) := w − cl{T n(ω, x(ω))}, ω ∈ Ω.

(Here w − cl denote the closure under the weak topology of X.) Then
G : Ω → CB(C) is w- measurable. By Lemma 2.2, G has a w- measurable
selector x : Ω → C. Since C is separable {x} is actually measurable by
Proposition 2.4. By the definition of G, we note that x(ω) is a weak cluster
point of {T n(ω, x(ω))} for each ω ∈ Ω. Hence, for a fix ω ∈ Ω, there exists
a subsequence {T ni(ω, x(ω))} of {T n(ω, x(ω))} such that {T ni(ω, x(ω))}
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converging weakly to x(ω) as ni → ∞. We claim that x(ω) is a random
fixed point of T . According to the definition of D(X), we have for n ≥ 1

lim sup
i

‖T ni(ω, x(ω))− x(ω)‖ ≤ D(X)diam({T ni(ω, x(ω))}).

However, for any fixed i > j and by weakly lower semicontinuous of f(ω, ·),
we have

‖T ni(ω, x(ω))− T nj (ω, x(ω))‖ ≤ knj (ω)‖T ni−nj (ω, x(ω))− x(ω)‖
≤ knj (ω) lim supk ‖T ni−nj (ω, x(ω))

−T nk+(ni−nj)(ω, x(ω))‖
≤ knj (ω)kni−nj (ω) lim supk ‖x(ω)

−T nk (ω, x(ω))‖,
now, we taking upper limit i, j →∞ obtain

lim sup
i

‖T ni(ω, x(ω))− x(ω)‖ ≤ D(X) lim sup
k

‖x(ω)− T nk (ω, x(ω))‖.

Since D(X) < 1, which implies that lim supi ‖T ni(ω, x(ω))−x(ω)‖ = 0, by
T (ω, ·) is continuous and asymptotic regular we have x(ω) = T (ω, x(ω))
which turn implies that x(ω) is a random fixed point of T .

Corollary 3.5. Let C be a nonempty closed bounded convex separable
subset of a Banach space with D(X) < 1, and T : Ω × C → C be a ran-
dom nonexpansive operator. Suppose in addition, that T weakly random
asymptotically regular on C. Then T has a random fixed point.
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Somyot Plubtieng for drawing my attention to the subject and for
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Optimal relocation strategies for spatially mobile consumers
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Abstract

We develop a model of the behaviour of a dynamically optimizing economic agent who

makes consumption-saving and spatial relocation decisions. We formulate an existence result

for the model, derive the necessary conditions for optimality and study the behaviour of the

economic agent, focusing on the case of a wage distribution with a single maximum.

Keywords: consumption decisions, spatial relocation, optimal control
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1. Introduction

The emergence of the literature on “new economic geography” in the 1990s has rekindled the

interest in the spatial aspects of economics. The new generation of models makes heavy use of

the standard economics toolkit and analyzes a number of issues from a dynamic perspective or

from the perspective of optimizing agents. Interestingly, however, spatial models adopting the

perspective of dynamically optimizing consumers remain in relative minority, despite the fact that

they are standard fare in mainstream economic research. The models in [1], [2] and [3] are notable

exceptions in this respect.

The present work develops a model that studies the behaviour of a dynamically optimizing

economic agent who makes two types of interrelated choices: consumption-saving decisions and

spatial relocation (migration) decisions. Unlike the constructs in [1], [2] and [3], the consumer

in our model has a finite lifetime and a bequest incentive at the end of his life. This departure

from classical Ramsey-type models enables richer global dynamics by allowing agents to inherit

∗Faculty of Mathematics and Informatics, Sofia University, 1164 Sofia, Bulgaria, e-mail iordanov@fmi.uni-sofia.bg
†Faculty of Mathematics and Informatics, Sofia University, 1164 Sofia, Bulgaria, e-mail avassilev@fmi.uni-sofia.bg
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their ancestors’ savings in a setup akin to that of overlapping generations models. It also offers

the additional option of introducing heterogeneous agents whose economy-wide behaviour can be

obtained through an explicit aggregation rule.

A second important difference with the above papers is that our consumer saves in nominal

assets. This partly depends on our choice to center the model around the behaviour of (potentially

different) individuals as opposed to that of a representative agent. More importantly, however,

the nominal savings feature reflects our belief that pecuniary considerations play an important

role in the choice of where to work and how much to consume.

Formally, we cast the model in the form of a continuous-time optimal control problem with a

finite planning horizon. The assumptions of the model, while fairly standard in economics, create

several mathematical challenges in the present setup. First, they preclude the direct application

of the existence theorems for optimal control problems known to the authors. This requires an

alternative approach to proving the existence of solutions of the model. In particular, unlike

traditional existence proofs in the spirit of Theorem 4, §4.2 in [8], we prove an existence result

that dispenses with convexity assumptions on the set of generalized speeds for the optimal control

problem. Also, the functional forms employed in the model do not allow one to directly apply

Pontryagin’s maximum principle, since the transversality condition for one of the state variables

is not defined at the point 0. To be able to use the maximum principle, we prove that for

an optimal control-trajectory pair the terminal value of the particular state variable is strictly

positive. Finally, economic considerations point to the fact that only a subset of the possible

values for the other state variable in the model are of real interest. One way to take care of that

issue is to constrain the values of this state variable to lie in a certain set – the interval [0, 1] in our

case – for each point in time. However, instead of using an explicit state constraint, which would

complicate the use of the maximum principle, we introduce an additional correcting mechanism

by suitably defining the wage distribution function w(x) outside the interval [0, 1]. We claim

this mechanism does not influence the other characteristics of the model, while being sufficient to

ensure that the optimal state variable never leaves the set in question, and we prove that indeed

this is the case.

The rest of the paper is organized as follows. Section 2 introduces the model and the as-

sumptions we make. Section 3 proves the existence of a solution to the model under the above

assumptions. Section 4 applies Pontryagin’s maximum principle to obtain necessary conditions

for optimality. Section 5 describes some convenient transformations of the system of necessary

conditions and comments on the existence of solutions to this system. The analysis in section 6
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characterizes the asymptotic behaviour of terminal assets for different sets of model parameters.

This establishes facts that are useful for the study of relocation choices in section 7. The results in

this section are also of independent economic interest as they shed light on the impact of intra- and

intertemporal preferences on the saving decisions of an individual with a sufficiently long planning

horizon. Finally, section 7 tackles the question of relocation behaviour in the basic case of a wage

distribution having a single maximum (single-peaked wage distribution). The results obtained for

this case are intuitive, if unsurprising: in most cases a consumer with a sufficiently long lifespan

relocates toward the wage maximum. While the single-peak case offers easily predictable results,

we consider it useful as a testing ground for the model before applying it to more interesting situa-

tions. Indeed, preliminary results by the authors on the case of a double-peaked wage distribution

suggest that a host of complex situations, including multiple solutions and bifurcations, can arise.

2. The model

We employ a continuous-time model that deals with the case of a consumer who, given an

initial location in space x0 and asset level a0, supplies inelastically a unit of labour in exchange for

a location-dependent wage w(x(t)), and chooses consumption c(t) and spatial location x(t) over

time. The consumer has a finite lifetime T at the end of which a bequest in the form of assets is

left. This bequest provides utility to the consumer. More precisely, for ρ, r, η, ξ and p – positive

constants, and θ ∈ (0, 1), we look at the optimal control problem

max
c(t),z(t)∈∆

J(c(t), z(t)) :=

T∫

0

e−ρt

(
c(t)1−θ

1− θ
− ηz2(t)

)
dt + e−ρT a(T )1−θ

1− θ
(1)

subject to

ȧ(t) = ra(t) + w(x(t))− pc(t)− ξz2(t), (2)

ẋ(t) = z(t), (3)

a(0) = a0 ≥ 0,

x(0) = x0 ∈ [0, 1],

where a(t), x(t) are the state variables, assumed to be absolutely continuous, and c(t), z(t) are

the control variables. The set of admissible controls ∆ consists of all pairs of functions (c(t), z(t))

which are measurable in [0, T ] and satisfy the conditions

0 ≤ c(t) ≤ C, (4)
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|z(t)| ≤ Z, (5)

a(T ) ≥ 0. (6)

The constants C and Z are such that

Cθ > max
(
1, µ

1
θ

)(
a0 + T supx |w(x)|

p 1−e−rT

r

)
, (7)

Z >
T supx |w′(x)|erT

2ξ
, (8)

where µ := maxt,t0∈[0,T ] e
(r−ρ)(t−t0) > 0.

Remark 1. The bounds we impose on the admissible controls through equations (4) and

(5) are convenient from a technical viewpoint when proving the existence theorem in section 3.

Conditions (7) and (8) ensure that these constraints are never binding. However, considerations

of general nature – both economic and physical – make such constraints appealing.

In the above model ρ > 0 is a time discount parameter and θ ∈ (0, 1) is the utility function

parameter. The control c(t) represents physical units of consumption and the control z(t) governs

the speed of relocation in space. We assume that relocation in space brings about two type of

consequences. First, relocation causes subjective disutility associated with the fact that there

is habit formation with respect to the place one occupies. Second, changing one’s location is

associated with monetary relocation costs that have to be paid out of one’s income or stock

of assets. As a baseline case we choose to capture these phenomena by means of the speed of

movement in space ẋ(t) or, equivalently, z(t), transformed through a quadratic function. The

manner in which spatial relocation affects the consumer’s utility and wealth can vary widely,

however, therefore other functional forms are certainly admissible. The parameters η, ξ ≥ 0

multiplying this function measure the subjective disutility from changing one’s location in space

and the relocation costs in monetary terms, respectively. The parameters p > 0 and r > 0 stand

for the price of a unit of consumption and the interest rate, respectively.

The nonnegativity condition is imposed on terminal assets a(T ) both to have a well-defined

objective functional and to capture the intuitive observation that, with a known lifetime, a debtor

is unlikely to be allowed to leave behind outstanding liabilities to creditors. The condition a(T ) ≥ 0

also sheds light on the nonnegativity restriction for a0, since in an environment where no debts

are allowed at the end of one’s lifetime, no debtor position can be inherited at birth.

For the purposes of our analysis we look at the basic case where economic space is represented

by the real line. We are interested in only a subset of it, the interval [0, 1]. This is modelled by

taking the initial location x0 ∈ [0, 1] and requiring the location-dependent wage, which is positive

4
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in (0, 1), to be negative outside [0, 1] and to satisfy additional assumptions. Namely, we have

w(x) > 0, x ∈ (0, 1) and w(x) < 0, x 6∈ [0, 1], as well as w′(x) > 0, x ∈ (−∞, 0] and w′(x) < 0,

x ∈ [1,∞). Later in the paper we formally verify the intuitive claim that an optimal trajectory

for x(t) will never leave the interval [0, 1] under the above conditions. We also assume that

w(x) ∈ C2(R1) and w(x), w′(x) are bounded, i.e. supx∈R |w(x)| < +∞ and supx∈R |w′(x)| < +∞.

We impose additional requirements on w(x) to derive some of the results in section 7.

3. Existence of solutions

Next we investigate the issue of existence of a solution to the model. The proof requires two

intermediate results, shown as lemmas below.

Lemma 1. Let the functions xi, i = 1, 2, . . . , and x̄ be defined on [0, T ] and take values in the

interval [a, b]. Let xi tend uniformly to x̄ as i →∞ (denoted by xi ⇒ x̄) and w ∈ C0[a, b]. Then,

in [0, T ], as m →∞ we have

i) 1
m

∑m
i=1 xi ⇒ x̄,

ii) w(xm) ⇒ w(x̄),

iii) w( 1
m

∑m
i=1 xi) ⇒ w(x̄).

Proof. The proof directly replicates the standard proofs of counterpart results on numerical

sequences. ¥

Lemma 2 (The Banach-Saks Theorem). Let {vn}∞n=1 be a sequence of elements in a Hilbert space

H which are bounded in norm: ‖vn‖ ≤ K = const, ∀n ∈ N. Then, there exist a subsequence

{vnk
}∞k=1 and an element v ∈ H such that

∥∥∥∥
vn1 + · · ·+ vns

s
− v

∥∥∥∥ → 0 as s →∞.

Proof. See, for example, [5, pp.78-81]. ¥

Theorem 1. Under the assumptions stated in section 2, there exists a solution (c(t), z(t)) ∈ ∆ of

problem (1)-(3).

Proof. We start by noting that the set of admissible controls ∆ is nonempty. To see this,

choose controls c(t) ≡ c0 = const and z(t) ≡ 0. Then, any c0 ∈ (0, w(x0)/p] will ensure that

a(T ) ≥ 0.

5
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Next, observe that (c(t), z(t)) ∈ ∆ implies c(t), z(t) ∈ L∞[0, T ] and

0 ≤ a(T ) ≤ const = erT (a0 + T sup
x∈R

|w(x)|). (9)

(We note that (6) implies the following bounds,

p‖c(t)‖L1[0,T ], ξ‖z(t)‖2L2[0,T ] ≤ erT

(
a0 + T sup

x
|w(x)|

)
,

which do not depend on the constants C and Z.)

Through an application of Hölder’s inequality one verifies that
∫ T

0
c(t)1−θe−ρtdt ≤ const(T )‖c(t)‖1−θ

L1
.

Thus, for (c(t), z(t)) ∈ ∆, the objective functional (1) is bounded. Consequently, J0 :=

sup(c(t),z(t))∈∆ J(c(t), z(t)) < ∞. We can choose a sequence of controls {(ck(t), zk(t))} ⊂ ∆ such

that J(ck(t), zk(t)) → J0.

Let ak(t) and xk(t) be the state variables corresponding to the controls (ck(t), zk(t)). It is

easy to verify that the functions ak(t) and xk(t) form a uniformly bounded and equicontinu-

ous set. Then, by the Arzelà-Ascoli theorem (see, e.g., [8], Ch.4), there exists a subsequence

(aks(t), xks(t)) ⇒ (ā(t), x̄(t)).

Then, if cks(t) and zks(t) are the controls corresponding to (aks(t), xks(t)), by Lemma 2 we

can in turn choose subsequences cksq
(t) and zksq

(t) whose arithmetic means tend in L2[0, T ] norm

to some elements in L2[0, T ], denoted c̄(t) and z̄(t), respectively. However, we do not claim that

ā(t) and x̄(t) correspond to c̄(t) and z̄(t). For brevity we introduce the notation cq(t) := cksq
(t),

zq(t) := zksq
(t) etc., as well as c̃m(t) := 1

m

∑m
q=1 cq(t) and z̃m(t) := 1

m

∑m
q=1 zq(t).

Then, we have established that: (1) (aq(t), xq(t)) ⇒ (ā(t), x̄(t)) as q → ∞ and (2) c̃m(t) −−→
L2

c̄(t), z̃m(t) −−→
L2

z̄(t) as m →∞.

Recall that aq(t) and xq(t) correspond to cq(t) and zq(t) as solutions to the respective differ-

ential equations (2) and (3).

So far, it is not clear whether c̃m(t) and z̃m(t) are admissible. It is immediately seen that they

satisfy (4) and (5) but the corresponding a(T ) may fail to satisfy (6). However, we can show that

the controls c̄(t) and z̄(t) are admissible.

To prove the last claim, note first that according to [7, Ch.7, §2.5, Prop.4] we can choose a

subsequence of {c̃m(t), z̃m(t)} that converges a.e. to (c̄(t), z̄(t)) and, after passing to the limit, we

obtain that c̄(t) and z̄(t) satisfy (4) and (5).

It remains to show that ¯̄a(T ) = erT
[
a0 +

∫ T

0
[w(¯̄x(t))− pc̄(t)− ξz̄2(t)]e−rtdt

]
≥ 0, where

¯̄x(t) = x0 +
∫ t

0
z̄(τ)dτ .
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Consider

ãm(T ) = erT


a0 +

T∫

0

[w(x̃m(t))− pc̃m(t)− ξz̃2
m(t)]e−rtdt


 , (10)

with x̃m(t) = x0 +
∫ t

0
z̃m(τ)dτ = 1

m

∑m
q=1

(
x0 +

∫ t

0
zq(τ)dτ

)
= 1

m

∑m
q=1 xq(t). Adding and sub-

tracting 1
m

∑m
q=1 w(xq(t)), and applying Jensen’s inequality to the term z̃2

m(t), we obtain

ãm(T ) ≥erT

T∫

0

[
w(x̃m(t))− 1

m

m∑
q=1

w(xq(t))

]
e−rtdt+

1
m

m∑
q=1

erT


a0 +

T∫

0

[w(xq(t))− pcq(t)− ξz2
q (t)]e−rtdt


 ≥

erT

T∫

0

[
w(x̃m(t))− 1

m

m∑
q=1

w(xq(t))

]
e−rtdt

(11)

By Lemma 1 both integrands inside the square brackets in the last line of (11) tend uniformly to

w(x̄(t)), so that the integral tends to zero. Thus, if limm→∞ ãm(T ) exists, we have limm→∞ ãm(T ) ≥
0.

We proceed to check that limmj→∞ ãmj (T ) = ¯̄a(T ) for a suitable subsequence ãmj (T ). We

know that 1
m

∑m
q=1 xq(t) = x0+

∫ t

0
1
m

∑m
q=1 zq(τ)dτ . Since 1

m

∑m
q=1 xq(t) ⇒ x̄(t) and, additionally,

it is easy to verify by applying Hölder’s inequality that
∫ t

0
z̃m(τ)dτ → ∫ t

0
z̄(τ)dτ when z̃m(t) −−→

L2

z̄(t), we obtain x̄(t) = x0 +
∫ t

0
z̄(τ)dτ = ¯̄x(t).

As c̃m(t) −−→
L2

c̄(t) and z̃m(t) −−→
L2

z̄(t), there exist a subsequences c̃mj (t) and z̃mj (t) such

that c̃mj (t) −−→
a.e.

c̄(t) and z̃mj (t) −−→
a.e.

z̄(t). To simplify notation, we refer to the new subse-

quences as c̃j(t) and z̃j(t). Since the function z2 is bounded on [−Z, Z], by Lebesgue’s dom-

inated convergence theorem
∫ T

0
ξz̃2

j (t)e−rtdt → ∫ T

0
ξz̄2(t)e−rtdt. It can also be verified that

∫ T

0
c̃j(t)e−rtdt → ∫ T

0
c̄(t)e−rtdt. Lastly, we know that

∫ T

0
w(x̃j(t))e−rtdt → ∫ T

0
w(x̄(t))e−rtdt

as w(x̃j(t)) ⇒ w(x̄(t)). Consequently, the limit of (10) as mj →∞ exists and is equal to ¯̄a(T ), so

that ¯̄a(T ) ≥ 0. This shows that c̄(t) and z̄(t) are admissible.

By an application of Lebesgue’s dominated convergence theorem to the respective terms in (1),

we get limj→∞ J(c̃j(t), z̃j(t)) = J(c̄(t), z̄(t)).

Define ρmj (T ) := erT
∫ T

0

[
w(x̃mj (t))− 1

mj

∑mj

q=1 w(xq(t))
]
e−rtdt. Obviously, ˜̃amj

(T ) = ãmj
(T )−

ρmj
(T ) also tends to ¯̄a(T ) and ˜̃amj

(T ) ≥ 1
mj

∑mj

q=1 aq(T ), where aq(T ) corresponds to (cq(t), zq(t)).

Then, indexing by j instead of mj to simplify notation, we get

J0 ≥ J(c̄(t), z̄(t)) = lim
j→∞





T∫

0

[
c̃j(t)1−θ

1− θ
− ηz̃2

j (t)
]

e−ρtdt + e−ρT
˜̃a1−θ

j (T )
1− θ



 ≥

7
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lim
j→∞





1
j

j∑

i=1




T∫

0

[
c1−θ
i (t)
1− θ

− ηz2
i (t)

]
e−ρtdt + e−ρT a1−θ

i (T )
1− θ






 =

lim
j→∞

{
1
j

j∑

i=1

J(ci(t), zi(t))

}
= J0,

where the inequality is a consequence of the fact that the functions σ 7→ σ1−θ and z 7→ (−z2) are

concave and we can apply Jensen’s inequality. This shows that the admissible pair (c̄(t), z̄(t)) is

optimal, as required. ¥

4. Necessary conditions for optimality

In this section we turn to the derivation of a set of necessary conditions for optimality on the

basis of Pontryagin’s maximum principle. To apply the maximum principle, however, we need to

ensure that the terminal utility from assets e−ρT a(T )1−θ/(1 − θ) is well-behaved at least for the

optimal value of terminal assets. To this end, we prove the following

Theorem 2. For the optimal controls (c(t), z(t)) the terminal value of assets a(T ) is strictly

positive for any T > 0.

Proof. Let us assume that there is a time T0 > 0 for which a(T0) = 0.

Step 1. We first verify that it is impossible to have c(t) ≡ 0. Assuming that c(t) ≡ 0, together

with a(T0) = 0, yields the objective functional

J(0, z(t)) = −η

T0∫

0

z2(t)e−ρtdt ≤ 0.

If one of the following two conditions is valid:

1. a0 > 0 and x0 ∈ [0, 1];

2. a0 = 0 and x0 ∈ (0, 1),

then we can choose the admissible pair z̄(t) ≡ 0 (so that x(t) ≡ x0) and c̄(t) ≡ c0 = const > 0,

where c0 is such that

a0 +

T0∫

0

[w(x0)− pc0]e−rtdt = 0.

The last condition is equivalent to

a0 + T0w(x0)
e−rT0 − 1

−r
= pc0

e−rT0 − 1
−r

8
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and therefore c0 > 0. Then

J(c̄(t), z̄(t)) =

T0∫

0

c1−θ
0

1− θ
e−ρtdt > 0,

contradicting the optimality of (c(t), z(t)).

The case a0 = 0 and x0 = 0 or 1 is pathological in the sense that the consumer has neither

current income (w(0)=w(1)=0), nor initial wealth. Economically, it is implausible to expect that

such a consumer will manage to obtain a loan. From a purely formal point of view, however, the

consumer could get a loan and finance his relocation even in this case. Moreover, he will be able

to attain positive consumption levels.

To illustrate the above claim, suppose that x0 = 0, a0 = 0 and the consumer spends all the

income left after paying the relocation costs. Fix ε0 > 0 in such a way that w′(x) ≥ w′(0)/2 > 0

for x ∈ [0, ε0]. Let the relocation strategy be given by the control z̄(t) = ε sin π
T t, ε > 0. Then

consumption is given by c̄(t) = w(x̄(t))− ξz̄2(t), where x̄(t) is

x̄(t) = ε

t∫

0

sin
( π

T
τ
)

dτ =
εT

π

(
1− cos

πt

T

)
=

2εT

π
sin2 πt

2T
.

Then, x̄(T ) = 2Tε
π < ε0 for ε sufficiently small. Notice that

w(x̄(t)) = w(x̄(t))− w(0) = w′(x∗(t))x̄(t) ≥ w′(0)
2

x̄(t),

for some x∗(t) ∈ (0, x̄(t)). Consequently, we obtain

w(x̄(t))− ξz̄2(t) ≥ ε

[
w′(0)

2
2T

π
sin2 πt

2T
− εξ sin2 πt

T

]
= ε sin2 πt

2T

[
Tw′(0)

π
− 4εξ cos2

πt

2T

]
.

Consumption will be positive if

g(t) :=
Tw′(0)

π
− 4εξ cos2

πt

2T
> 0 for t ∈ [0, T ].

For ε small g(0) = Tw′(0)/π − 4ξε > 0. Also,

g′(t) = 4εξ
π

2T
2 cos

πt

2T
sin

πt

2T
= 2εξ

π

T
sin

πt

T
≥ 0 for t ∈ [0, T ].

Thus, g(t) ≥ g(0) > 0, as required.

Remark 2. It is easy to see that in the above example we can take z̄(t) to be any smooth

function that is positive on (0, T ), zero for t = 0, T and ˙̄z(0) > 0.

Step 2. Since c(t) 6≡ 0, there exists a set A ⊂ [0, T ], meas A > 0, such that

essinf
t∈A

c(t) > ε1 > 0.

9

109



Optimal relocation strategies...

Let us take the control pair (c̄(t), z̄(t)) with c̄(t) := c(t)− εχA(t) and z̄(t) := z(t), where χA(t)

is the indicator function of the set A and ε ∈ (0, ε1). These controls are admissible if we have

terminal assets ā(T0) > 0, ∀ε ∈ (0, ε1). To verify the last claim, we take

ā(T0) = erT0


a0 +

T0∫

0

[w(x(s))− p(c(s)− εχA(s))− ξz2(s)]e−rsds


 = erT0

∫

A

pεe−rsds = εC1,

where C1 := perT0
∫

A
e−rsds > 0.

An application of Taylor’s formula yields

c̄(t)1−θ

1− θ
=

c(t)1−θ

1− θ
+ (−εχA(t))c(t)−θ + (−εχA(t))2

−θ

2
c∗(t)−θ−1,

where c∗(t) = α(t)c̄(t) + (1 − α(t))c(t), α(t) ∈ (0, 1) or c∗(t) = c(t) − εχA(t)α(t). Note also that

for t ∈ A we have 0 < c(t)− ε1 · 1 ≤ c∗(t) ≤ c(t), so that (c(t)− ε1)−θ−1 ≥ c∗(t)−θ−1 ≥ c(t)−θ−1.

Let us compare

J(c(t), z(t)) =

T0∫

0

c(t)1−θ

1− θ
e−ρtdt− η

T0∫

0

z2(t)e−ρtdt

and

J(c̄(t), z̄(t)) =

T0∫

0

c̄(t)1−θ

1− θ
e−ρtdt− η

T0∫

0

z2(t)e−ρtdt +
ā(T0)1−θ

1− θ
e−ρT0

=J(c(t), z(t)) +


−ε

∫

A

c(t)−θe−ρtdt− θε2

2

∫

A

(c(t)− εα(t))−1−θe−ρtdt


 +

+
(εC1)1−θ

1− θ
e−ρT0 .

We will show that J(c̄(t), z̄(t)) > J(c(t), z(t)) for ε ∈ (0, ε1) sufficiently small. This will be

true if we are able to establish that

(εC1)1−θ

1− θ
e−ρT0 > ε

∫

A

c(t)−θe−ρtdt +
ε2θ

2

∫

A

(c(t)− ε1)−1−θe−ρtdt,

where the last integral provides an upper bound on
∫

A
(c(t) − εα(t))−1−θe−ρtdt. Denoting the

respective positive constants in the above inequality by B1, B2 and B3, we obtain

ε1−θB1 > εB2 + ε2B3

or

B1 > εθB2 + ε1+θB3,

which is obviously true for ε ∈ (0, ε1) sufficiently small. This contradicts the optimality of

(c(t), z(t)). Thus, a(T0) = 0 cannot be true and hence a(T0) > 0. ¥
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On the basis of Theorem 2 an optimal solution c̄(t), z̄(t) to problem (1)-(3) (possibly non-

unique) also solves the following problem, where the controls (c(t), z(t)) ∈ ∆1 ⊂ ∆:

max
c(t),z(t)∈∆1

J(c(t), z(t))

ȧ(t) = ra(t) + w(x(t))− pc(t)− ξz2(t)

ẋ(t) = z(t)

a(0) = a0 ≥ 0,

x(0) = x0 ∈ [0, 1],

a(T ) ≥ δ > 0,

with δ being an appropriate constant, strictly smaller than the optimal value of terminal assets.

To avoid burdensome notation, from now on we do not append additional symbols to the state,

costate and control variables in the model when referring to their optimal values. However, we

use alternative symbols to denote alternative sets of variables to be compared with the optimal

ones.

Taking into account that we do not impose any state constraints on the problem, Theorem

5.2.1 in [4] provides the set of necessary conditions. To derive the latter, we define the Hamiltonian

for the problem

H := H(t, a, x, ϕ, ψ, p1, p2) =

p1(ra + w(x)− pϕ− ξψ2) + p2ψ + λ0e
−ρt

(
ϕ1−θ

1− θ
− ηψ2

)
,

(12)

where λ0 ∈ {0, 1}. Then

1) The costate variables pi(t), i = 1, 2, satisfy a.e. on (0, T )

ṗ1(t) = −rp1(t), (13)

ṗ2(t) = −p1(t)w′(x(t)). (14)

2) The function (ϕ,ψ) 7→ H(t, a(t), x(t), ϕ, ψ, p1(t), p2(t)) attains its maximum with respect

to ϕ,ψ at the point (c(t), z(t)) for almost all t ∈ [0, T ], where ϕ,ψ satisfy the constraints on the

function values arising from ∆1, i.e. ϕ ∈ [0, C] and |ψ| ≤ Z:

H(t) := H(t, a(t), x(t), c(t), z(t), p1(t), p2(t)) =

max
ϕ,ψ

H(t, a(t), x(t), ϕ, ψ, p1(t), p2(t)).
(15)
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3a) Since a(t) and x(t) are fixed at t = 0, the values of pi(0) are arbitrary, i.e.

p1(0) = λ1, λ1 ∈ R, (16)

p2(0) = λ2, λ2 ∈ R. (17)

3b) Since the terminal values (a(T ), x(T )) of the state variables are at an interior point of the

target set

{(a, x) ∈ R2|a ≥ δ > 0, x ∈ R1},

the corresponding normal cone is trivial and the transversality condition at the right endpoint T

has the form

p1(T ) = λ0e
−ρT a(T )−θ, (18)

p2(T ) = 0, (19)

(cf. condition 4) in Theorem 5.2.1 and the functional form for f(x(b)) in §5.2 in [4]).

4) The variables p1(t), p2(t), λ0 are not simultaneously equal to zero.

Below we specify the form of the necessary conditions in greater detail.

According to (13) and (16) we have

p1(t) = λ1e
−rt. (20)

Remark 3. As c(t) is only an integrable function, it can be approximated in a.e. sense

by a sequence of simple (even continuous) functions, which can be considered without loss of

generality as taking values in [0, C]. Therefore, fixing a “representative” of c(t), we can think that

on [0, T ]\E, where E is an appropriate set of measure zero, c(t) takes finite values and is the limit

of a numerical sequence in [0, C]. For simplicity of formulation, however, we speak of all points

t ∈ [0, T ] in what follows.

Proposition 1. If there exists t0 ∈ [0, T ] such that c(t0) ∈ (0, C), then c(t) > 0 for almost all

t ∈ [0, T ].

Proof. If there exists t0 with the above properties, then (15) implies

∂

∂ϕ
H(t0, a(t0), x(t0), ϕ, z(t0), p1(t0), p2(t0))

∣∣
ϕ=c(t0) = 0,

i.e.

−pλ1e
−rt0 + λ0e

−ρt0c(t0)−θ = 0. (21)
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If we assume that λ0 = 0, then λ1 = 0 and, because of (20), one obtains p1(t) ≡ 0. This

implies that p2(t) ≡ const = λ2. Now (19) shows that λ2 = 0, which constitutes a contradiction

with condition 4) from the cited theorem in [4]. Therefore, λ0 = 1.

Assume that there exists t1 ∈ [0, T ] for which c(t1) = 0. Then, for all sufficiently small ϕ > 0

we have

H(t1, a(t1), x(t1), ϕ, z(t1), p1(t1), p2(t1))−H(t1, a(t1), x(t1), 0, z(t1), p1(t1), p2(t1))
ϕ− 0

≤ 0,

i.e.

−p1(t1)p + λ0e
−ρt1

ϕ−θ

1− θ
≤ 0.

Since λ0 > 0, for ϕ → 0+ the last inequality leads to a contradiction. This proves the proposition.

¥

Corollary 1. If there exists t1 ∈ [0, T ] for which c(t1) = 0, then λ0 = 0 and c(t) = 0 for almost

all t ∈ [0, T ].

Proof. The conclusion on λ0 can be obtained in the same manner as in the proof of Proposition

1 by passing to the limit as ϕ → 0+. If we assume the existence of a point t0 ∈ [0, T ] for which

c(t0) > 0, we can proceed as in the proof of the proposition and get p1(t) ≡ p2(t) ≡ 0 and λ0 = 0,

which is impossible. ¥

Proposition 2. The optimal consumption cannot be identically zero.

Proof. Assume that the controls c(t) ≡ 0 and z(t) are optimal. Then

J(0, z(t)) = −
T∫

0

ηz2(t)e−ρtdt + e−ρT a(T )1−θ

1− θ
.

Take the controls c̃(t) = ε and z̃(t) = z(t), where ε > 0 is sufficiently small. These controls are

admissible, as the respective value of terminal assets is

ã(T ) = erT



a0 +

T∫

0

[w(x(t))− pε− ξz2(t)]e−rtdt



 = a(T )− εC1,

where C1 := erT p
∫ T

0
e−rtdt > 0. It is evident that for ε sufficiently small we have ã(T ) > δ, since

a(T ) > δ. It remains to check that for ε close to zero we have

J(ε, z(t)) =

T∫

0

ε1−θ

1− θ
e−ρtdt− η

T∫

0

z2(t)e−ρtdt + e−ρT (a(T )− εC1)1−θ

1− θ
>

J(0, z(t)) = −
T∫

0

ηz2(t)e−ρtdt + e−ρT a(T )1−θ

1− θ
,
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which is equivalent to

ε1−θC2 >
e−ρT

1− θ

[
a(T )1−θ − (a(T )− εC1)1−θ

]
, C2 := const > 0.

The last expression is obviously true for all ε sufficiently small. ¥

Remark 4. So far it is clear that the optimal consumption cannot be identically zero and

that if there exists t0 such that c(t0) ∈ (0, C), then λ0 = 1. It remains to check whether we can

have c(t) = C for some t.

We first establish the following result.

Proposition 3. It is impossible for the optimal c(t) to satisfy

c(t) ≥ C0 > 0, (22)

where

C0 >
a0 + T supx |w(x)|

p 1−e−rT

r

. (23)

Proof. Notice that if condition (22) is true, then the inequality a(T ) ≥ δ is violated. Indeed,

if (22) holds, then

a(T ) =erT


a0 +

T∫

0

[
w(x(t))− pc(t)− ξz2(t)

]
e−rtdt


 ≤

erT


a0 +

T∫

0

[
sup

x
|w(x)| − pC0

]
e−rtdt


 ,

which is negative when (23) holds. ¥

Proposition 4. The number λ1 is strictly positive.

Proof. We know that for the optimal c(t) it is impossible to have c(t) ≥ C0 or c(t) ≡ 0.

Consequently, there exists t0 ∈ [0, T ] for which c(t0) ∈ (0, C0). Then

∂

∂ϕ
H(t0, a(t0), x(t0), ϕ, z(t0), p1(t0), p2(t0))

∣∣
ϕ=c(t0) = 0,

and hence (21) holds. This in turn implies that λ0 = 1, as well as

pλ1e
−rt0 = e−ρt0c(t0)−θ.

Therefore, we have λ1 > 0 and

λ1 =
e(r−ρ)t0c(t0)−θ

p
. (24)

¥
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Proposition 5. There does not exist t ∈ [0, T ] for which c(t) = C.

Proof. Assuming the contrary, by the maximum principle we obtain

H(t, a(t), x(t), ϕ, z(t), p1(t), p2(t))−H(t, a(t), x(t), C, z(t), p1(t), p2(t))
ϕ− C

≥ 0

for ϕ ∈ (0, C) and so for ϕ → C − 0 we get

−pλ1e
−rt + e−ρtC−θ ≥ 0,

which implies

Cθ ≤ e(r−ρ)t

λ1p
=

e(r−ρ)tc(t0)θ

e(r−ρ)t0
< e(r−ρ)(t−t0)Cθ

0 ≤ µCθ
0 ,

where µ := maxt,t0∈[0,T ] e
(r−ρ)(t−t0) > 0. In other words,

C ≤ µ
1
θ C0,

which is impossible. ¥

The results obtained so far allow us to to find an expression for the optimal consumption c(t).

Corollary 2. For each t ∈ [0, T ] we have c(t) ∈ (0, C). The optimal consumption rule has the

form

c(t) =
[

1
pλ1

] 1
θ

e
r−ρ

θ t =
1
p

1
θ

e
ρ−r

θ (T−t)a(T ). (25)

Before deriving an expression for the optimal relocation control z(t), we note that (14) and

(19) imply

p2(t) = λ1

T∫

t

w′(x(τ))e−rτdτ = e(r−ρ)T a(T )−θ

T∫

t

w′(x(τ))e−rτdτ. (26)

Proposition 6. For each t ∈ [0, T ] we have the strict inequality

|z(t)| < Z.

Proof. Assume, for example, that z(t1) = Z for some t1 ∈ [0, T ]. Then, after passing to the

limit in the respective difference quotient, we obtain

−p1(t1)ξ2Z + p2(t1)− 2ηZe−ρt1 ≥ 0,

so that

p2(t1) ≥ 2(ξλ1e
−rt1 + ηe−ρt1)Z.
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Similarly, the assumption that z(t2) = −Z for some t2 ∈ [0, T ] leads to

−p2(t2) ≥ 2(ξλ1e
−rt2 + ηe−ρt2)Z.

In both cases we have (i = 1 or 2)

Z ≤ ±p2(ti)
2(ξλ1e−rti + ηe−ρti)

≤ |p2(ti)|
2(ξλ1e−rti + ηe−ρti)

≤
λ1

∣∣∣
∫ T

ti
w′(x(τ))e−rτdτ

∣∣∣
2(ξλ1e−rti + ηe−ρti)

≤

supx |w′(x)| |T − ti|
2(ξe−rti + η

λ1
e−ρti)

<
T supx |w′(x)|

2ξe−rti
≤ T supx |w′(x)|

2ξ
erT ,

which is impossible by the definition of Z. ¥

Corollary 3. For t ∈ [0, T ] we have for the optimal relocation speed z(t) ∈ (−Z, Z) and then

z(t) =
p2(t)

2(ξλ1e−rt + ηe−ρt)
. (27)

5. Existence of a solution of the system of necessary condi-

tions

In order to facilitate the study of the differential equations arising from the set of necessary

conditions in section 4, it would prove convenient to rewrite the differential system. Theorem 1

guarantees the existence of a solution to the problem (1)-(3) which in turn ensures the existence

for each T > 0 of a solution to the following problem:

∣∣∣∣∣∣∣∣∣∣∣∣

ẋ(t) = y(t)
F (t) ,

ẏ(t) = −w′(x(t))λ1e
−rt,

x(0) = x0,

y(T ) = 0,

(28)

where y(t) := p2(t) and F (t) := 2(ξλ1e
−rt + ηe−ρt). It follows that there exists a solution to the

problem ∣∣∣∣∣∣∣∣∣

d
dt (F (t)ẋ(t)) + w′(x(t))λ1e

−rt = 0,

x(0) = x0,

ẋ(T ) = 0.

(29)
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The latter fact can also be established without recourse to Theorem 1. Following the procedure

described in §73 of [9], we construct the respective Green function and transform (29) in the form

x(t) = x0 +

T∫

0

K(t, τ)λ1e
−rτw′(x(τ))dτ, (30)

where

K(t, τ) =





∫ t

0
1

F (s)ds, t ∈ [0, τ ]
∫ τ

0
1

F (s)ds, t ∈ [τ, T ]

Since the function w′(x) is bounded and continuous by assumption, a solution to (30) exists.

This is a consequence of Leray-Schauder index theory (see §2.4 in [10]). Also, the solution to (29)

may not be unique, as can be seen from simple examples of eigenfunction problems that possess

nontrivial solutions.

A solution to (28) or (29) can be viewed as a particular member of the family of solutions

(x(t, α), y(t, α)) to the Cauchy problem
∣∣∣∣∣∣∣∣∣∣∣∣

ẋ(t) = y(t)
F (t) ,

ẏ(t) = −w′(x(t))λ1e
−rt,

x(0) = x0,

y(0) = α,

(31)

where α has been chosen appropriately, so that

y(T, α) = 0. (32)

The existence of a unique solution to (31) on the interval [0, T ] for initial data (x0, α) and each

T > 0 is ensured by Corollary 3.1, chapter 2, in [6].

Since (32) is equivalent to ẋ(T, α) = 0, we can integrate the differential equation in (29) over

[0, T ] to arrive at an equivalent form of (32):

α = λ1

T∫

0

w′(x(τ, α))e−rτdτ. (33)

It is straightforward to verify the following

Proposition 7. The function x(t) ≡ x0 is a solution to (29) if and only if the point x0 is a critical

point for w(x), i.e. w′(x0) = 0.

The analysis of the solutions of the system of necessary conditions, which is carried out in

section 7, provides the dynamics of the behaviour of the economic agent, implied by this model,

in the baseline case when the wage distribution has a single maximum point on the interval [0, 1].

Prior to that, the next section studies the properties of the function T 7→ a(T ) as T →∞.
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6. Dynamics of terminal assets a(T ) for different time hori-

zons

In this section we study the dependence of optimal terminal assets a(T ) on the length of the

time horizon T . Although terminal assets is the natural object of study due to the fact that it is

easily interpretable in economic terms, the discussion may equally well be framed in terms of the

behaviour of λ1, viewed as a function of the time horizon T and denoted λ1(T ). This approach is

feasible by virtue of the relationship

λ1(T ) = e(r−ρ)T a(T )−θ. (34)

Below we derive upper and lower bounds on λ1(T ), which will be needed in the analysis of section

7. We assume for simplicity that x0 ∈ (0, 1), i.e. w(x0) > 0, as well as that a0 > 0. Also, in this

section we denote by C different constants that do not depend on T . Since we do not use the

bound on the control c(t) from (4) in this section, no confusion can arise from this convention.

6.1. An upper bound on λ1(T )

The pair (c(t) ≡ c0 = const, z(t) ≡ 0) is admissible for c0 appropriately chosen. Then x(t) ≡ x0

and we set c0 := w(x0)
p . In this case terminal assets are

ã(T ) = erT


a0 +

T∫

0

[w(x(t))− pc(t)− ξz2(t)]e−rT dt


 = a0e

rT .

Consequently,

J(c0, 0) = c1(1− e−ρT ) + c2e
[r(1−θ)−ρ]T ,

where c1 and c2 are constants that depend on c0 and a0.

On the other hand, for the optimal controls (c(t), z(t)) we have

J(c(t), z(t)) =

T∫

0

[
a(T )

1
p1/θ

e
ρ−r

θ (T−t)

]1−θ
e−ρt

1− θ
dt− η

T∫

0

z2(t)e−ρtdt +
a(T )1−θ

1− θ
e−ρT ,

which takes different forms depending on whether ρ− r(1− θ) is different from zero.

Since J(c(t), z(t)) ≥ J(c0, 0), for ρ− r(1− θ) 6= 0 we obtain

a(T )1−θ

1− θ
e−ρT

[
1 +

1

p
1−θ

θ

e
ρ−r(1−θ)

θ T − 1
ρ−r(1−θ)

θ

]
≥ c1 + c2e

−(ρ−r(1−θ))T − c1e
−ρT .
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Thus,

a(T ) ≥





c̃1e
ρT + c̃2e

r(1−θ)T − c̃1

1 + 1

p
1−θ

θ

e
ρ−r(1−θ)

θ
T−1

ρ−r(1−θ)
θ





1
1−θ

, (35)

where c̃1 = (1− θ)c1, c̃2 = (1− θ)c2. Using the last expression together with (34), we can derive

upper bounds on λ1(T ).

Proposition 8. Under the assumptions of this section, we have (∀T > 0):

λ1(T ) ≤





C, if ρ− r(1− θ) > 0,

Ce−(ρ−r(1−θ))T , if ρ− r(1− θ) < 0,

C(1 + T )
θ

1−θ , if ρ− r(1− θ) = 0.

(36)

and, accordingly,

a(T ) ≥





Ce
r−ρ

θ T , if ρ− r(1− θ) > 0,

CerT , if ρ− r(1− θ) < 0,

C e
ρ

1−θ
T

(1+T )
1

1−θ
, if ρ− r(1− θ) = 0.

(37)

6.2. A lower bound on λ1(T )

We first look at a particular case of the main problem, for which

w(x) ≡ W = const. (38)

Then ṗ2 ≡ 0 which, together with the transversality condition p2(T ) = 0, yields p2(t) ≡ 0, i.e.

z(t) ≡ 0 and x(t) ≡ x0.

The optimal consumption rule is c(t) = 1
p1/θ ā(T )e

ρ−r
θ (T−t), where ā(T ) is the optimal terminal

value of assets for the problem with condition (38). We will calculate ā(T ) from

ā(T ) = erT


a0 +

T∫

0

(
W − p

θ−1
θ ā(T )e

ρ−r
θ (T−t)

)
e−rtdt


 .

Thus, we find

ā(T ) ≤





Ce
r−ρ

θ T , if ρ− r(1− θ) > 0,

CerT , if ρ− r(1− θ) < 0,

C erT

1+T , if ρ− r(1− θ) = 0.

(39)

Proposition 9. Let w(x) ≤ W, ∀x, and let a(T ) and ā(T ) be the optimal terminal asset values

for the problems with wage distributions w(x) and W , respectively (all other parameters of the two

problems being identical). Then

a(T ) ≤ ā(T ).
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Proof. Since according to (25) optimal consumption for the two problems has the form

a(T )Ψ(t) and ā(T )Ψ(t) with one and the same function Ψ(t), we obtain

[ā(T )− a(T )]


1 + erT

T∫

0

pΨ(t)e−rtdt


 = erT

T∫

0

[W − w(x(t))]e−rtdt + erT ξ

T∫

0

z2(t)e−rtdt,

where x(t) and z(t) refer to the variables in the problem with wage distribution w(x). This

completes the proof. ¥

From Proposition 9 and equations (34) and (39), we obtain

Proposition 10. Under the assumptions of this section, we have (∀T > 0):

a(T ) ≤





Ce
r−ρ

θ T , if ρ− r(1− θ) > 0,

CerT , if ρ− r(1− θ) < 0,

C erT

1+T , if ρ− r(1− θ) = 0.

(40)

and, accordingly,

λ1(T ) ≥





C, if ρ− r(1− θ) > 0,

Ce−(ρ−r(1−θ))T , if ρ− r(1− θ) < 0,

C(1 + T )θ, if ρ− r(1− θ) = 0.

(41)

Remark 5. The bounds derived above can be refined in some cases. For instance, the first

inequality in (40) implies very different behaviour of a(T ) depending on whether ρ ∈ (r(1− θ), r),

ρ = r or ρ > r.

7. Optimal relocation strategies for single-peaked wage dis-

tributions

This section studies the optimal relocation behaviour of the consumer, as described by x(t), in

the important case of single-peaked wage distributions on the interval [0, 1]. We demonstrate first

the validity of the following general claim (under the conditions stated at the end of section 2):

Proposition 11. The optimal trajectory x(t) remains in the interval [0, 1], regardless of the

particular form of the wage distribution w(x) in [0, 1].
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Proof. Notice that since ẋ(t) = p2(t)/F (t), with F (t) defined as in section 5, in view of (26)

we can write

ẋ(t) =
λ1

F (t)

T∫

t

w′(x(τ))e−rτdτ = G(t)

T∫

t

w′(x(τ))e−rτdτ,

where G(t) := λ1/F (t).

Assume first that at time t1 the point x(t) leaves the interval [0, 1] to the left (i.e. leaves the

interval at x = 0) and remains to the left of zero until t = T , so that x(t) < 0 for t ∈ (t1, T ]. Then,

for t ∈ [t1, T ], w′(x(t)) > 0 and consequently ẋ(t) > 0. This would imply that for some t∗ ∈ (t1, T ),

x(T ) − x(t1) = (T − t1)ẋ(t∗) > 0, or x(T ) > x(t1) = 0, which contradicts the assumption that

x(t) < 0 for t ∈ (t1, T ]. Thus, x(t) cannot leave the interval [0, 1] to the left and remain outside it

until the end of the planning horizon T . A similar argument shows that it is impossible for x(t)

to leave the interval [0, 1] to the right and stay there.

Let us now assume that x(t) leaves the interval [0, 1] to the left of zero at time t1 and returns

back at time t2 > t1. Again, for t ∈ (t1, t2) we have x(t) < 0 and w′(x(t)) > 0, which means

that
∫ t2

t1
w′(x(t))e−rtdt > 0. Since x(t) leaves the interval [0, 1] to the left at t1, it must be that

ẋ(t1) ≤ 0. By the same logic, at time t2 we should have ẋ(t2) ≥ 0. Then one obtains

ẋ(t1) =G(t1)

T∫

t1

w′(x(t))e−rtdt = G(t1)

t2∫

t1

w′(x(t))e−rtdt +
G(t1)
G(t2)

G(t2)

T∫

t2

w′(x(t))e−rtdt

=G(t1)

t2∫

t1

w′(x(t))e−rtdt +
G(t1)
G(t2)

ẋ(t2) > 0,

which contradicts the condition ẋ(t1) ≤ 0. Hence it is impossible for x(t) to temporarily leave the

interval [0, 1] to the left. Naturally, this argument can be applied with obvious modifications to the

hypothesis that x(t) temporarily goes to the right of x = 1. Summarizing the above conclusions,

we see that the optimal x(t) remains in the interval [0, 1]. ¥

We turn next to the main object of study for this section: the case when the wage function

has a single peak on the interval [0, 1]. The example of the quadratic function w(x) = x(1− x) in

a neighbourhood of the interval [0, 1] may facilitate visualization.

Assume that in this case the initial location x0 lies to the left of the wage peak, i.e. if

x1 := argmaxx∈[0,1] w(x), then 0 ≤ x0 < x1. For the remainder of this section we will assume that

w′(x) > 0, x ∈ [0, x1] and w′(x) < 0, x ∈ [x1, 1]. In this case, for T sufficiently small, x(T ) will

remain in a small neighbourhood of x0. However, this means that w′(x(t)) > 0 for any t ∈ [0, T ]

and therefore ṗ2(t) < 0, which implies p2(t) > 0 since p2(T ) = 0. As p2(t) > 0, we obtain ẋ(t) > 0.

In words, for sufficiently small planning horizons the consumer unambiguously relocates toward

21

121



Optimal relocation strategies...

the wage maximum.

If x(T ) ∈ (x0, x1), we have, using the notation in section 5, ẏ(t) = −w′(x(t))p1(t) < 0. Since

y(T ) = 0, it follows that y(t) > 0, t ∈ [0, T ). Then ẋ(t) = y(t)
F (t) > 0, so that x(t) is monotonically

increasing.

We note that there does not exist a solution to the system of necessary conditions for which

x(T ) = x1. For such a solution we would have y(T ) = 0 and one could compare this solution of the

stationary solution x̃(t) ≡ x1, ỹ(t) ≡ 0. Then, the uniqueness of the solution to a Cauchy problem

(for identical data at t = T ) shows that the two solutions coincide. This, however, is impossible,

since for t = 0 the values of the two solutions are different (x(0) = x0 6= x̃(0) = x1).

We would like to check whether it is possible for the terminal location x(T ) to lie to the right

of the wage peak for x0 < x1. To this end, assume that x(T ) > x1 and let t1 be the time when

point x1 is reached last, i.e. x(t1) = x1 and for t ∈ (t1, T ) we have x(t) > x1. (In other words,

t1 = sup{t ∈ [0, T ]|x(t) = x1}.) Then, by the mean value theorem, 0 < x(T )−x(t1) = (T−t1)
y(t∗)
F (t∗)

for some t∗ ∈ (t1, T ). However, since ẏ(t) > 0, t ∈ (t1, T ), and y(T ) = 0 imply y(t∗) < 0, we

obtain y(t∗)
F (t∗)

< 0, which is a contradiction. Thus, x(T ) cannot lie to the right of x1.

The systematic study of the relocation behaviour of the economic agent in this case can be

reduced to the analysis of the way in which the solutions to the Cauchy problem (31) behave for

different values of the parameter α. Those solutions that satisfy (32) are also solutions to the

system of necessary conditions (28), i.e. extremals. Through this approach we can also obtain

information on the number of solutions to the problem at hand. Of course, if only one extremal

exists, then it is the solution we seek.

We remind the reader that the number λ1 = λ1(T ) is fixed, insofar as T is fixed.

Case I: α ≤ 0. It is obvious that for small t we have y(t) < 0 since ẏ(t) < 0. For such t we

have

x(t) = x0 +

t∫

0

y(τ)
F (τ)

dτ < x0,

i.e. the agent shifts toward x = 0. It means that ẏ(t) remains negative, so that y(t) = α+
∫ t

0
ẏ(τ)dτ

also remains negative and x(t) keeps moving to the left. Thus, it is impossible for (32) to become

true, i.e. there are no extremals among the solutions of (31) for α ≤ 0.

Case II: α > 0. In this case we have y(t) > 0 in a neighbourhood of t = 0 and so x(t) moves

to the right in the direction of the point x1. However, ẏ(t) = −w′(x(t))p1(t) < 0, so that y(t)

decreases. If it turns out that y(T ) = 0 and x(T ) < x1, then the respective solution is an extremal.

The existence of such an extremal is guaranteed by Theorem 1. The latter claim can be established
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through an alternative approach, which allows us to ascertain the number of extremals.

We introduce the notation M(α) for the right-hand side of (33). Since x(t) < x1 for t ∈ [0, T ],

we get

M(α) ≤ λ1 sup
x
|w′(x)|1− e−rT

r
=: M0,

i.e. in view of (33) the relevant values of α lie in the interval (0,M0).

It is easy to see that the function

g(α) := α−M(α)

is continuous on the interval [0,M0 + 1] and satisfies the inequalities

g(0) < 0 < g(M0 + 1).

Consequently, there exists α > 0 for which g(α) = 0, i.e. which satisfies (33).

Proposition 12. For the case of a single-peaked wage distribution w(x) with w′′(x) ≤ 0 in [0, 1],

there exists a unique extremal for the system (28).

Proof. Assume that at least two different extremals exist. They solve the system (31) for

different positive values α1 6= α2, for which αi −M(αi) = 0, i = 1, 2. Then

(α2 − α1)
(

1− d

dα
M(α∗)

)
= 0, α∗ = κα1 + (1− κ)α2, κ ∈ (0, 1). (42)

The derivative

d

dα


λ1

T∫

0

w′(x(t, α))e−rtdt




∣∣∣∣∣∣
α=α∗

has the form

λ1

T∫

0

w′′(x(t, α∗))
∂x(t, α∗)

∂α
e−rtdt,

with xα(t, α) := ∂x(t,α)
∂α and yα(t, α) := ∂y(t,α)

∂α satisfying the equations of variation [6, Ch.V,

Theorem 3.1]: ∣∣∣∣∣∣∣∣∣∣∣∣

ẋα(t, α) = yα(t,α)
F (t) ,

ẏα(t, α) = −w′′(x(t, α))xα(t, α)λ1e
−rt,

xα(0, α) = 0,

yα(0, α) = 1.

Consequently, xα(t, α∗) solves the linear equation

d

dt
(F (t)ẋα(t, α∗)) + w′′(x(t, α∗))λ1e

−rtxα(t, α∗) = 0
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for initial data xα(0, α∗) = 0 and ẋα(0, α∗) = 1. Multiplying by xα(t, α∗) and integrating over

(0, t), we obtain

F (t)ẋα(t, α∗)xα(t, α∗) =

t∫

0

F (τ)ẋ2
α(τ, α∗)dτ +

T∫

0

(−w′′(x(τ, α∗)))λ1e
−rτx2

α(τ, α∗)dτ ≥ 0.

Taking into account that F (t)ẋα(t, α∗)xα(t, α∗) = d
dt (x

2
α(t, α∗))F (t)/2, we establish that the func-

tion x2
α(t, α∗) is increasing. In view of the initial conditions, in a small interval (0, ε) we have

xα(t, α∗) > 0. This inequality holds for all t ∈ (0, T ), for otherwise there would exist t̄ ∈ (ε, T ) for

which xα(t̄, α∗) = 0. The latter would lead to the contradiction 0 < x2
α(ε/2, α∗) ≤ x2

α(t̄, α∗) = 0.

Taking into account that w′′(x) ≤ 0, we obtain from (42) that α1 = α2, i.e. the two extremals

coincide. ¥

We augment the above results by investigating the dependence of the final location X(T ) :=

x(T ; T, x0) of the agent on the length of the time horizon T . Since X(T ) < x1, ∀T > 0, we have

l := supT>0 X(T ) ≤ x1.

Proposition 13. Under the assumptions of Proposition 12, we have the following classification.

If ρ ≥ r or ρ ∈ (0, r(1 − θ)], then l = x1. If ρ ∈ (r(1 − θ), r), it is possible to have l < x1 for

appropriate values of the parameters of the problem.

Proof. Assume that l < x1. For ρ ≥ r, we have e(r−ρ)t ≤ 1 and so

X(T ) = x0 +

T∫

0

∫ T

τ
λ1(T )w′(x(s))e−rsds

2(ξλ1(T )e−rτ + ηe−ρτ )
dτ ≥ x0 +

λ1(T )w′(l)
2(ξλ1(T ) + η)

T∫

0

erτ




T∫

τ

e−rsds


 dτ,

where the integral evaluates to 1
r

[
T − 1

r + e−rT

r

]
.

According to the results from section 6, the expression λ1(T )
2(ξλ1(T )+η) does not tend to zero as

T →∞, so limT→∞X(T ) = ∞, which contradicts the fact that X(T ) is bounded.

For ρ < r, we study three cases according to the behaviour of λ1(T ):

i) ρ ∈ (r(1− θ), r). In this case limT→∞ λ1(T ) = const,

ii) ρ ∈ (0, r(1− θ)). In this case limT→∞ λ1(T ) = ∞.

iii) ρ = r(1− θ). In this case C1(1 + T )θ ≤ λ1(T ).

For case i) we have

X(T ) ≤ x0 +
λ1(T )w′(x0)

2η

T∫

0

eρτ




T∫

τ

e−rsds


 dτ ≤ x0 +

λ1(T )w′(x0)
2ρ(r − ρ)η

,
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after taking into account that the integral evaluates to 1
r

[
1

r−ρ − r
(r−ρ)ρe−(r−ρ)T + e−rT

ρ

]
. It is

clear that, for instance, for large values of η this upper bound on X(T ) can be strictly smaller

than x1.

In case ii), defining A := r(1− θ)− ρ > 0, we have from section 6

C1e
AT ≤ λ1(T ) ≤ C2e

AT with Ci > 0, i = 1, 2.

Consequently, assuming that l < x1, we have

X(T ) ≥ x0 +
C1w

′(l)
2r

T∫

0

eAT e−rτ − e−rT

ζeAT e−rτ + ηe−ρτ
dτ, (43)

where ζ := ξC2 > 0. Denote the integral in (43) by I. We have

I =

T∫

0

1− erτe−rT

ζ + η e(A+rθ)τ

eAT

dτ ≥
A

A+rθ T∫

0

1− erτe−rT

ζ + η e(A+rθ)τ

eAT

dτ.

Since e−AT e(A+rθ)τ ≤ 1 for τ ∈ [0, AT/(A + rθ)], we have from the last expression

I ≥
A

A+rθ T∫

0

1− erτe−rT

ζ + η
dτ =

A

(A + rθ)(ζ + η)
T − e−rT

ζ + η
· e

A
A+rθ rT − 1

r
.

The last expression tends to infinity as T →∞, implying that X(T ) is unbounded. This contra-

diction shows that l = x1.

In case iii) the condition from section 6 is equivalent to

1
λ1(T )

≤ 1
C1(1 + T )θ

.

Assume that l < x1. Then

X(T ) ≥x0 +
w′(l)λ1(T )

2r

T∫

0

1− e−rT erτ

ξλ1(T ) + ηerθτ
dτ ≥ x0 +

w′(l)
2r

T∫

0

1− e−rT erτ

ξ + ηerθτ

C1(1+T )θ

dτ =

x0 +
w′(l)
2rη

C1(1 + T )θ

T∫

0

1− e−rT erτ

ξ C1(1+T )θ

η + erθτ
dτ.

Set B = B(T ) := ξ C1(1+T )θ

η and introduce the change of variables µ = erθτ in the last expression

to obtain

X(T ) ≥ x0 + const(1 + T )θ

erθT∫

1

1− e−rT µ
1
θ

rθµ(µ + B)
dτ.

This requires us to study the behaviour of two expressions.
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First, we have

(1 + T )θ

erθT∫

1

dµ

µ(µ + B)
= (1 + T )θ 1

B

[
ln

(
1

1 + const(1+T )θ

erθT

)
+ ln

(
1 + const(1 + T )θ

)
]

.

When T →∞, the first logarithm tends to zero and the second one tends to infinity, i.e. the whole

expression tends to infinity.

Second, note that

0 ≤ (1 + T )θe−rT

erθT∫

1

µ
1
θ

µ(µ + B)
dµ ≤ (1 + T )θ

erT

erθT∫

1

µ
1
θ

µ2
dµ =

θ

1− θ

[
(1 + T )θ

erθT
− (1 + T )θ

erT

]
.

The last expression tends to zero as T →∞.

Combining the above results, we obtain X(T ) → ∞, which contradicts the fact that X(T ) is

bounded. Thus, in this case l = x1. ¥
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Abstract: Let W be a Warsaw circle and f : W → W be a continuous
map. In this paper some dynamical properties of f are studied. Firstly, it is
shown that f is topological transitive if and only if f is chaotic in the sense of
Devaney. Secondly, It is shown that f is topological transitive if and only if f
is mixing and that f is topological transitive implies f has horseshoe.
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1 Introduction

Let N denote the set of all positive integers. Being a dynamical system we
mean a pair (X, f), where X is a compact metric space with the metric d and
f : X → X is a continuous map. We assume that fn = f ◦ fn−1, n = 1, 2, · · · ,
and f0 is the identity mapping. The sequence fn(x), n = 0, 1, 2, · · · , is called
the trajectory of a point x ∈ X and is denoted by O(x, f). A point x ∈ X
is said to be a periodic point if fn(x) = x for some n ∈ N .The least such
n is called the period of x. x is said to be a fixed point if f(x) = x. Let
Fix(f), P (f) denote respectively the set of all fixed, periodic points.

We define the limit set of a point x ∈ X to be the set ω(x) = ω(x, f) =⋂
n∈N

{fk(x) : k ≥ n}. Write ω(f) =
⋃

x∈X

ω(x, f). A point x ∈ X is said to be a

recurrent if x ∈ ω(x, f) and non-wandering if every open set containing x
contains at least two points of some trajectory. Let R(f),Ω(f) denote respec-
tively the set of all recurrent and non-wandering points. It is well known that
Fix(f) ⊂ P (f) ⊂ R(f) ⊂ ω(f) ⊂ Ω(f).

f is said to be topologically transitive if for every pair of nonempty open
sets U and V in X, there is a positive integer k such that fk(U) ∩ V 6= ∅. f

∗Project supported by NSFC(10661001), Guangxi Science Foundation(0640002), Inno-
vation Project of Guangxi Graduate Education(2006105930701M14) and by Foundation of
GuangXi University (X061022)
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is said to be totally transitive if fn is transitive for every n ∈ N . f is said
to be topologically mixing if for every pair of nonempty open sets U and V
in X, there exits N0 such that fn(U) ∩ V 6= ∅ for every n ≥ N0. It is obvious
that f is topologically mixing implies f is totally transitive, which implies f is
transitive.

f is said to be chaotic in the sense of Devaney if it satisfies the following
three conditions:

(1) f is topological transitive;
(2) the periodic points of f are dense in X and
(3) f is sensitive dependence on initial conditions(i.e. there is a positive

number δ > 0 such that for every point x ∈ X and every neighborhood U of x
there exits a point y ∈ U and n ∈ N such that d(fn(x), fn(y)) ≥ δ).

It is well known that the conditions (1) and (2) imply condition (3). Also,
for functions on intervals in R, it was shown by Vallekoop and Berglund that
transitive implies chaos(see [2] and [3]).

Proposition A[1]. A continuous map f : X → X of a compact metric
space into itself is transitive if and only if there exists a point x ∈ X such that
ω(x, f) = X.

Warsaw circle W is the union of the following five sets of the plane R2:

W0 = {(x, y) ∈ R2|x = 0,−1 ≤ y ≤ 1 }
W1 = {(x, y) ∈ R2|x = 0,−3 ≤ y ≤ −1 }
W2 = {(x, y) ∈ R2|0 ≤ x ≤ 1, y = −3 }
W3 = {(x, y) ∈ R2|x = 1,−3 ≤ y ≤ 0 }
W4 = {(x, y) ∈ R2|0 < x ≤ 1, y = sin( 2π

x ) }

Write z = (0, 1) ∈ W0. For each x ∈ W − {z}, we denote Wx(z) the arc-
connected component of W−{x} which contains z. Denote x <w y and y >w x if
x ∈ Wy(z). Denote (x, y) = {a ∈ W : x <w a <w y}, [x, y] = (x, y) ∪ {x} ∪ {y},
[x, y) = (x, y) ∪ {x}, and (x, y] = (x, y) ∪ {y} for each x, y ∈ W . The sets
[x, y], [x, y), (x, y] and (x, y) are said to be the intervals in W . Warsaw circle is
simple connected but not locally connected, and it can cut the plane. Warsaw
circle often appears as an example of circle-like an non arc-like in the theory
of continuum [4]. So, it is worthy of discussing the dynamical properties of
continuous map on Warsaw circle. Xiong. etal[5] proved the following theorem
B:

Theorem B. Let f : W → W be a continuous map. Then P (f) = R(f).
In [6], Gu discussed some equivalent conditions of the continuous map on

Warsaw circle W being equicontinuous.

In this paper, we will prove the following main Theorem:
Main Theorem. Let f : W → W be a continuous map on Warsaw , then
1. f is topological transitive if and only if f is chaotic in the sense of Devaney;
2. f is topological transitive if and only if f is mixing;
3. f has horseshoe if f is topological transitive ;
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2 Main results and proof

In this section, we denote a = (0,−1) ∈ W0.

Lemma 2.1 Let f : W → W be topological transitivity, then P (f) = W .
Proof: Let T = {x : O(x, f) = W}. Firstly, we claim that T = W .
Let {Un}n≥1 be a countable base of W . Then T = ∩n≥1 ∪m≥0 f−m(Un).

Since f is topological transitivity, it is easy to see that ∪m≥0f−m(Un) = W for
every n > 0. Hence T = W . The Claim is proved.

Secondly, by Theorem B and T ⊂ R(f), we have P (f) = R(f) = W .

According to Lemma 2.1, It is easy to get the following theorem:
Theorem 2.2 Let f : W → W be a continuous map on Warsaw circle W ,

then the following conclusions are equivalent:
(1) f is topological transitivity;
(2) f is chaotic in the sense of Devaney.

Lemma 2.3 Let f : W → W be a continuous maps on Warsaw circle W .
then f([z, b]) 6= W for each b ∈ W .

Proof Suppose that there exists some point b such that f([z, b]) = W . Let
{yn} ⊂ W4 such that lim

n→∞
yn = z. Choose xn ∈ [z, b] such that f(xn) =

yn. Without loss of generality, we assume that lim
n→∞

xn = c for some point c.

Therefore, f(c) = z. If c <w xn then f([c, xn]) ⊇ [z, yn]. Else, If c >w xn then
f([xn, c]) ⊇ [z, yn]. It follows that there exist points sn with lim

n→∞
sn = c such

that lim
n→∞

f(sn) = d for some b 6= z, which contradicts with the continuity of f .

Lemma 2.4 Let f : W → W be transitive on Warsaw circle W , then
F (f) ∩ {x : x >w b} 6= ∅ for each b >w a.

Proof Suppose that there exists some b >w a such that F (f) ∩ {x : x >w

b} = ∅.
Case 1 x <w f(x) for each x >w b. Let U1 = {x : x >w b} and U2 = (a, b).

It is obvious that U1, U2 are two nonempty open set in W and fn(U1)∩U2 = ∅
for each n ∈ N , which contradicts with the transitivity of f .

Case 2 x >w f(x) for each x >w b. There exists some point c >w b such that
f([z, b]) ⊂ [z, c) since [z, b] is compact. U1 = {x : x >w c} and U2 = (a, c). It is
obvious that U1, U2 are two nonempty open set in W and fn(U2)∩U1 = ∅,which
contradicts with the transitivity of f .

Theorem 2.5 Let f : W → W be transitive on Warsaw circle W and x ∈ W
be such that ω(x, f) = W . Then ω(x, fs) = W for every positive integer s.

Proof Fix an arbitrary integer s and set Bi = ω(f i(x), fs) for 0 ≤ i < s.

Since
s−1⋃
i=0

Bi = W , at least one Bi has non-empty interior. More over,since the

orbit of x cannot contain a periodic, f cannot collapse an interval to a point.
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Since f(Bi) = Bi+1 for 0 ≤ i < s− 1 and f(Bs−1) = B0, it follows that each Bi

has non-empty interior.
We claim that Bi = Bj if the interiors of Bi and Bj intersect. To see

this, suppose that int(Bi) ∩ int(Bj) 6= ∅. Then for some positive integer n,
fsn+i(x) ∈ int(Bi) ∩ int(Bj). It follows that Bi ⊂ Bj , since Bj is fs-invariant
and Bi = ω(fsn+i(x), fs). Since i and j can be changed in this argument we
must actually have Bi = Bj .

Let A denote the collection of all subset of W which are components of intBi

for some i ∈ {0, 1, · · · , s − 1}. Thus A is a collection of disjoint open intervals
whose union is dense in W . If A1 ∈ A then f(A1) ⊂ A2 for some A2 ∈ A,
again because f cannot collapse an interval to a point. Moreover, since the
orbit of x is dense in W ,for every A2 ∈ A there is a positive integer k such that
fk(A1) ⊂ A2. It follows that A is finite, say A = {A1, A2, · · · , Ah}, and that
the sets Ci = Ai(i = 1, 2, · · · , h) are cyclically permuted by f .

If h = 1 then Bi = W for i = 0, 1, · · · , s−1 and , in particular, ω(x, fs) = W .
If h > 1, then there exists i < h such that {x : x >w b} ⊂ Ai for some b.
Therefore, by Lemma 2.3, there exists some fixed point y such that y ∈ Ai ,
then f(Ci) = Ci. Which contradicts the fact that Ci = Ai(i = 1, 2, · · · , h) are
cyclically permuted by f .

Corollary 2.6 Let f : W → W be continuous map such that f is transitive.
Then fs is transitive for every positive integer s and f is totally transitive.

Lemma 2.7 Let f : W → W ba continuous map, then f is mixing if and
only if for all points c >w b >w a and all non degenerate intervals J ⊂ W −W0

there exists an integer N such that ∀ n ≥ N , fn(J) ⊃ [b, c].
Proof Suppose first that f is mixing and put U1 = (a, b) and U2 = {x : x >w

c}. If J ⊂ W −W0 is a non degenerate open interval in W , there exists N1 such
that ∀ n ≥ N1, fn(J)∩U1 6= ∅ because f is mixing. In the same way, there exists
N2 such that ∀ n ≥ N2, fn(J) ∩ U2 6= ∅. Therefore, for all n ≥ max{N1, N2},
fn(J) meets both U1 and U2, which implies that fn(J) ⊃ [b, c] by connectedness.
If J ⊂ W −W0 is a non interval in W , one considers Int(J) which is not empty.

Suppose that for all points c > b > a and all non degenerate intervals
J ⊂ W −W0 there exists an integer N such that ∀ n ≥ N , fn(J) ⊃ [b, c]. Let
U, V be two nonempty open sets in W . Let J,K be two non degenerate intervals
such that J ⊂ U ∩ (W −W0) and K ⊂ V ∩ (W −W0) and that there exist points
c >w b >w a such that K ⊂ [b, c]. By assumption, there exists N such that ∀
n ≥ N , fn(J) ⊃ [b, c] ⊃ K, which implies fn(U) ∩ V 6= ∅.

Theorem 2.8 Let f : W → W be a continuous map on W . Then f is
transitive if and only if it is mixing.

Proof The sufficiency is obviously.
Now we suppose that f is transitive. Let J ⊂ W −W0 be a non degenerate

interval and b, c be points with b ∈ (a, c). According to Theorem 2.1, there
exists a periodic point x ∈ J . By Theorem 2.1 again, there exist periodic points
x1 ∈ (a, b) and x2 ∈ {x : x >w c}. Let k be the common multiple of the periods
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of x, x1, x2. Put g = fk and Ki =
∞⋃

n=0
gn(f i(J)) for i = 0, 1, · · · , k−1. For each

i ≤ k − 1, the interval Ki is arc connected since for all n, gn(f i(J)) contains
f i(x). More over, g is transitive by Corollary 2.6; This implies that K0 is dense
in W . It follows that Ki is dense in W for each i ≤ k−1. Therefore, there exist
positive integers Ni such that gNi(f i(J)) ⊃ {x1, x2} for each i ≤ k − 1. Let
N = max{N0, N1, · · · , Nk−1}. Then gn(f i(J)) ⊃ {x1, x2} for each i ≤ k−1 and
n ≥ N since x1, x2 are fixed points of g. Which means that fn(J) ⊃ {x1, x2}
for every n ≥ Nk. It follows that fn(J) ⊃ [b, c] for every n ≥ Nk. Then, by
Lemma 2.7, f is mixing.

Theorem 2.9 Let f : W → W be a continuous map on W . Then f has a
horseshoe if it is transitive.

Proof According to Lemma 2.3, F (f) ∩ {x : x >w b} 6= ∅ for each b >w a.
Let x1, x2 are two fixed points of f in W4. Without loss of generality, we assume
that x1 <w x2 and (x1, x2) ∩ Fix(f) = ∅ since Fix(f) is a closed set of empty
interior by transitivity. Therefore, f(x) >w x for every x1 <w x <w x2 or
f(x) <w x for every x1 <w x <w x2.

Case 1 f(x) >w x for every x1 <w x <w x2;
Let U = {x : x >w x1}. If f(x) >w x1 for all x ∈ U , then U is invariant,

which is impossible by transitivity. We deduce that there exists x >w x1 such
that f(x) ≤w x1. Since f(x2) = x2 >w x1, there exists b >w x1 such that
f(b) = x1 by connectedness; we choose b such that f−1(x1) ∩ (x1, b) = ∅.

If for all x in (x1, b) one has f(x) 6= b, then x1 <w f(x) <w b for all x ∈
(x1, b). Thus, the interval (x1, b) is invariant, which is impossible by transitivity.
we deduce that there exists y ∈ (x1, b) such that f(y) = b. Let J1 = [x1, y] and
J2 = [y, b], then f(J1) ∩ f(J2) = J1 ∪ J2 and f has a horseshoe.

Case 2 f(x) <w x for every x1 <w x <w x2;
Let U = {x : x <w x2}. If f(x) <w x2 for all x ∈ U , then U is invariant,

which is impossible by transitivity. We deduce that there exists x <w x2 such
that f(x) ≥w x2. Since f(x1) = x1 <w x2, there exists b <w x2 such that
f(b) = x2 by connectedness; we choose b such that f−1(x2) ∩ (b, x2) = ∅.

If for all x in (b, x2) one has f(x) 6= b, then b <w f(x) <w x2 for all x ∈
(b, x2). Thus, the interval (b, x2) is invariant, which is impossible by transitivity.
we deduce that there exists y ∈ (b, x2) such that f(y) = b. Let J1 = [y, x2] and
J2 = [b, y], then f(J1) ∩ f(J2) = J1 ∪ J2 and f has a horseshoe.

Now by Theorems 2.2, 2,8 and 2.9, we can deduce the following Main The-
orem:

Main Theorem Let f : W → W be a continuous map on Warsaw, then
1. f is topological transitive if and only if f is chaotic in the sense of Devaney;
2. f is topological transitive if and only if f is mixing;
3. f has horseshoe if f is topological transitive;
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3 Conclusion

Let W be a Warsaw circle and f : W → W be a continuous map. In this
paper some dynamical properties of f are studied. Firstly, it is shown that
f is topological transitive if and only if f is chaotic in the sense of Devaney.
Secondly, we show that f is topological transitive if and only if f is mixing and
that f is topological transitive implies f has horseshoe. As the Corollary of
Theorem 2.8, we have f is transitive if and only if f is transitive by Theorem
3.2 of [7](Where f defined as the induced map on the hyperspace, see[6] and
[7]); As the Corollary of Theorem 2.9, we have that f is transitive implies the
topological entropy h(f) ≥ log 2. In more general context and directly with the
above ideas, an interesting question is the following: Is there any continuous
map f : W → W with f is transitive and h(f) = log 2?
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In this paper we shall generalize the likelihood ratio criterion [1]
in order to obtain another criterion which can be used in pattern
recognition.
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1 Introduction

Assume that we have two independent multivariate samplings X
(1)
1 , . . . , X

(1)
N1

and X
(2)
1 , . . . , X

(2)
N2

which are assumed to be normally distributedN (µ(1),Σ(1)),
N (µ(2),Σ(2)) respectively, with µ(1), µ(2),Σ(1),Σ(2) unknown parameters,
µ(1), µ(2) being d × 1 vectors and Σ(1),Σ(2) being d × d positive definite
matrices.

The N = N1 + N2 multivariate sampling values could be random char-
acteristics of N objects which must be classified into two classes.

By some means, the objects are separated into two classes corresponding
to the two normal populations N (µ(1),Σ(1)), N (µ(2),Σ(2)) as above.

The maximum likelihood estimates of parameters under respective hy-
potheses are:

1
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µ(1) ∼= X
(1) =

1
N1

N1∑
i=1

Xi
(1) (1)

µ(2) ∼= X
(2) =

1
N2

N2∑
i=1

Xi
(2) (2)

Σ(1) ∼= Σ̂(1) =
1

N1 − 1

[
N1∑
i=1

(Xi
(1) −X

(1))(Xi
(1) −X

(1))t

]
(3)

Σ(2) ∼= Σ̂(2) =
1

N2 − 1

[
N2∑
i=1

(Xi
(2) −X

(2))(Xi
(2) −X

(2))t

]
(4)

Assume that we have a new object with the random characteristic X
(a d× 1 vector) which must be included into one of the two classes.

Therefore, the problem consist in testing the composite null hypothesis

H : X, X
(1)
1 , . . . , X

(1)
N1

are drawn from N (µ(1),Σ(1)) and

X
(2)
1 , . . . , X

(2)
N2

are drawn from N (µ(2),Σ(2)),

against the composite alternative hypothesis

NH : X
(1)
1 , . . . , X

(1)
N1

are drawn from N (µ(1),Σ(1)) and

X, X
(2)
1 , . . . , X

(2)
N2

are drawn from N (µ(2),Σ(2)),

with µ(1), µ(2) and Σ(1), Σ(2) unspecified.
Under the null hypothesis, the maximum likelihood estimates of µ(1), µ(2)

and Σ(1), Σ(2) are respectively

µ̂
(1)
1 =

N1X
(1) + X

N1 + 1
, (5)

µ̂
(2)
1 = X

(2)
, (6)

Σ̂(1)
1 =

1
N1

[
N1∑

α=1

(
X(1)

α − µ̂
(1)
1

) (
X(1)

α − µ̂
(1)
1

)t
+

(
X − µ̂

(1)
1

) (
X − µ̂

(1)
1

)t
]
(7)

Σ̂(2)
1 =

1
N2 − 1

[
N2∑

α=1

(
X(2)

α − µ̂
(2)
1

) (
X(2)

α − µ̂
(2)
1

)t
]

(8)
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We can write

Σ̂(1)
1 =

1
N1

[
N1∑

α=1

(
X(1)

α −X
(1)

) (
X(1)

α −X
(1)

)t
+

N2
1

(N1 + 1)2
(
X −X

(1)
) (

X −X
(1)

)t
]

(9)
or, using (3) it results

Σ̂(1)
1 =

1
N1

[
(N1 − 1) · Σ(1) +

N2
1

(N1 + 1)2
(
X −X

(1)
) (

X −X
(1)

)t
]

(10)

Using (4) and (6) we shall have

Σ̂(2)
1 =

1
N2 − 1

· (N2 − 1) · Σ(2) = Σ(2). (11)

Under the assumptions of the alternative hypothesis, the maximum like-
lihood estimates of the parameters µ(1), µ(2) and Σ(1), Σ(2) are respectively

µ̂
(1)
2 = X

(1)
, (12)

µ̂
(2)
2 =

N2X
(2) + X

N2 + 1
, (13)

Σ̂(1)
2 =

1
N1 − 1

[
N1∑

α=1

(
X(1)

α − µ̂
(1)
2

) (
X(1)

α − µ̂
(1)
2

)t
]

, (14)

namely

Σ̂(1)
2 =

1
N1 − 1

· (N1 − 1) · Σ(1) = Σ(1) (15)

and

Σ̂(2)
2 =

1
N2

[
N2∑

α=1

(
X(2)

α − µ̂
(2)
2

) (
X(2)

α − µ̂
(2)
2

)t
+

(
X − µ̂

(2)
2

) (
X − µ̂

(2)
2

)t
]

,

(16)
namely

Σ̂(2)
2 =

1
N2

[
(N2 − 1) · Σ(2) +

N2
2

(N2 + 1)2
(
X −X

(2)
) (

X −X
(2)

)t
]

. (17)
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2 The generalized likelihood ratio criterion

Theorem 1 (I.Iatan) The decision rule used for including a new object
with the random characteristic X (a d×1 vector) into one of the two classes
is


if ln |Σ̂(1)

2 |N1/2

|Σ̂(1)
1 |(N1+1)/2

+ ln |Σ̂(2)
2 |(N2+1)/2

|Σ̂(2)
1 |N2/2

> K then X ∈ ω1,

else if ln |Σ̂(1)
2 |N1/2

|Σ̂(1)
1 |(N1+1)/2

+ ln |Σ̂(2)
2 |(N2+1)/2

|Σ̂(2)
1 |N2/2

< K then X ∈ ω2

(18)

or 
if

|Σ̂(1)
2 |N1/2

|Σ̂(1)
1 |(N1+1)/2

· |Σ̂
(2)
2 |(N2+1)/2

|Σ̂(2)
1 |N2/2

> eK then X ∈ ω1,

else if
|Σ̂(1)

2 |N1/2

|Σ̂(1)
1 |(N1+1)/2

· |Σ̂
(2)
2 |(N2+1)/2

|Σ̂(2)
1 |N2/2

< eK then X ∈ ω2,

where

K = −1
2

N1∑
α=1

(
X(1)

α − µ̂
(1)
2

)
(Σ̂(1)

2 )−1
(
X(1)

α − µ̂
(1)
2

)t
−1

2

(
X − µ̂

(2)
2

)
(Σ̂(2)

2 )−1
(
X − µ̂

(2)
2

)t
−

−1
2

N2∑
α=1

(
X(2)

α − µ̂
(2)
2

)
(Σ̂(2)

2 )−1
(
X(2)

α − µ̂
(2)
2

)t
+

1
2

N1∑
α=1

(
X(1)

α − µ̂
(1)
1

)
(Σ̂(1)

1 )−1
(
X(1)

α − µ̂
(1)
1

)t
+

+
1
2

(
X − µ̂

(1)
1

)
(Σ̂(1)

1 )−1
(
X − µ̂

(1)
1

)t
+

1
2

N2∑
α=1

(
X(2)

α − µ̂
(2)
1

)
(Σ̂(2)

1 )−1
(
X(2)

α − µ̂
(2)
1

)t
,

|Σ̂(1)
2 |

|Σ̂(1)
1 |

=
1

N1−1
N1

[
1 + N2

1
(N1+1)2

· (X −X
(1))

t
(N1 − 1)−1Σ(1)−1(X −X

(1))
]

and

|Σ̂(2)
2 |

|Σ̂(2)
1 |

=
N2 − 1

N2

[
1 +

N2
2

(N2 + 1)2
(X −X

(2))
t
(N2 − 1)−1Σ(2)−1

(X −X
(2))

]
.
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Proof :
Under the first hypothesis, the maximum value of the likelihood function

is

L1(X, X
(1)
1 , . . . , X

(1)
N1

, X
(2)
1 , . . . , X

(2)
N2

; µ̂
(1)
1 , µ̂

(2)
1 , Σ̂(1)

1 , Σ̂(2)
1 ) =

=
1

(2π)
d
2
(N1+N2+1) · |Σ̂(1)

1 |
N1+1

2 · |Σ̂(2)
1 |

N2
2

·

· exp

[
−1

2

N1∑
α=1

(
X(1)

α − µ̂
(1)
1

)
(Σ̂(1)

1 )−1
(
X(1)

α − µ̂
(1)
1

)t
− 1

2

(
X − µ̂

(1)
1

)
(Σ̂(1)

1 )−1
(
X − µ̂

(1)
1

)t
]
·

· exp

[
−1

2

N2∑
α=1

(
X(2)

α − µ̂
(2)
1

)
(Σ̂(2)

1 )−1
(
X(2)

α − µ̂
(2)
1

)t
]

,

while, under the second hypothesis, the maximum value of the likelihood
function is

L2(X, X
(1)
1 , . . . , X

(1)
N1

, X
(2)
1 , . . . , X

(2)
N2

; µ̂
(1)
2 , µ̂

(2)
2 , Σ̂(1)

2 , Σ̂(2)
2 ) =

=
1

(2π)
d
2
(N1+N2+1) · |Σ̂(1)

2 |
N1
2 · |Σ̂(2)

2 |
N2+1

2

·

· exp

[
−1

2

N1∑
α=1

(
X(1)

α − µ̂
(1)
2

)t
(Σ̂(1)

2 )−1
(
X(1)

α − µ̂
(1)
2

)]
·

· exp

[
−1

2

N2∑
α=1

(
X(2)

α − µ̂
(2)
2

)t
(Σ̂(2)

2 )−1
(
X(2)

α − µ̂
(2)
2

)
− 1

2

(
X − µ̂

(2)
2

)t
(Σ̂(2)

2 )−1
(
X − µ̂

(2)
2

)]
,

over the d- dimensional space.
We shall obtain

ln L1 = −d

2
(N1 + N2 + 1) ln(2π)− N1 + 1

2
ln |Σ̂(1)

1 | − N2

2
ln |Σ̂(2)

1 |−

−1
2

N1∑
α=1

(
X(1)

α − µ̂
(1)
1

)
(Σ̂(1)

1 )−1
(
X(1)

α − µ̂
(1)
1

)t
−1

2

(
X − µ̂

(1)
1

)
(Σ̂(1)

1 )−1
(
X − µ̂

(1)
1

)t
−

−1
2

N2∑
α=1

(
X(2)

α − µ̂
(2)
1

)
(Σ̂(2)

1 )−1
(
X(2)

α − µ̂
(2)
1

)t

and
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ln L2 = −d

2
(N1 + N2 + 1) ln(2π)− N1

2
ln |Σ̂(1)

2 | − N2 + 1
2

ln |Σ̂(2)
2 |−

−1
2

N1∑
α=1

(
X(1)

α − µ̂
(1)
2

)
(Σ̂(1)

2 )−1
(
X(1)

α − µ̂
(1)
2

)t
−1

2

(
X − µ̂

(2)
2

)
(Σ̂(2)

2 )−1
(
X − µ̂

(2)
2

)t
−

−1
2

N2∑
α=1

(
X(2)

α − µ̂
(2)
2

)
(Σ̂(2)

2 )−1
(
X(2)

α − µ̂
(2)
2

)t

The decision rule is{
if ln L1 − ln L2 > 0 then X ∈ ω1,
else if ln L1 − ln L2 < 0 then X ∈ ω2.

(19)

deriving from: {
if ln L1

L2
> 0 then X ∈ ω1,

else if ln L1
L2

< 0 then X ∈ ω2.
(20)

Using the notation

K = −1
2

N1∑
α=1

(
X(1)

α − µ̂
(1)
2

)
(Σ̂(1)

2 )−1
(
X(1)

α − µ̂
(1)
2

)t
−1

2

(
X − µ̂

(2)
2

)
(Σ̂(2)

2 )−1
(
X − µ̂

(2)
2

)t
−

−1
2

N2∑
α=1

(
X(2)

α − µ̂
(2)
2

)
(Σ̂(2)

2 )−1
(
X(2)

α − µ̂
(2)
2

)t
+

1
2

N1∑
α=1

(
X(1)

α − µ̂
(1)
1

)
(Σ̂(1)

1 )−1
(
X(1)

α − µ̂
(1)
1

)t
+

+
1
2

(
X − µ̂

(1)
1

)
(Σ̂(1)

1 )−1
(
X − µ̂

(1)
1

)t
+

1
2

N2∑
α=1

(
X(2)

α − µ̂
(2)
1

)
(Σ̂(2)

1 )−1
(
X(2)

α − µ̂
(2)
1

)t
,

the decision rule from (19) becomes


if − N1+1

2 ln |Σ̂(1)
1 | − N2

2 ln |Σ̂(2)
1 |+ N1

2 ln |Σ̂(1)
2 |+ N2+1

2 ln |Σ̂(2)
2 | > K then X ∈ ω1,

else if − N1+1
2 ln |Σ̂(1)

1 | − N2
2 ln |Σ̂(2)

1 |+ N1
2 ln |Σ̂(1)

2 |+ N2+1
2 ln |Σ̂(2)

2 | < K then X ∈ ω2.
(21)

The decision rule may be written also in the form
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
if ln |Σ̂(1)

2 |N1/2

|Σ̂(1)
1 |(N1+1)/2

+ ln |Σ̂(2)
2 |(N2+1)/2

|Σ̂(2)
1 |N2/2

> K then X ∈ ω1,

else if ln |Σ̂(1)
2 |N1/2

|Σ̂(1)
1 |(N1+1)/2

+ ln |Σ̂(2)
2 |(N2+1)/2

|Σ̂(2)
1 |N2/2

< K then X ∈ ω2

(22)

or 
if

|Σ̂(1)
2 |N1/2

|Σ̂(1)
1 |(N1+1)/2

· |Σ̂
(2)
2 |(N2+1)/2

|Σ̂(2)
1 |N2/2

> eK then X ∈ ω1,

else if
|Σ̂(1)

2 |N1/2

|Σ̂(1)
1 |(N1+1)/2

· |Σ̂
(2)
2 |(N2+1)/2

|Σ̂(2)
1 |N2/2

< eK then X ∈ ω2,

(23)

respectively,


if

|Σ̂(2)
2 |

|Σ̂(1)
1 |

·
(

|Σ̂(1)
2 |

|Σ̂(1)
1 |

)N1/2

·
(

|Σ̂(2)
2 |

|Σ̂(2)
1 |

)N2/2

> eK then X ∈ ω1,

else if
|Σ̂(2)

2 |
|Σ̂(1)

1 |
·
(

|Σ̂(1)
2 |

|Σ̂(1)
1 |

)N1/2

·
(

|Σ̂(2)
2 |

|Σ̂(2)
1 |

)N2/2

< eK then X ∈ ω2,

(24)

From (10) and (15) we obtain

|Σ̂(1)
2 |

|Σ̂(1)
1 |

=
|Σ(1)|∣∣∣ 1

N1

[
(N1 − 1) · Σ(1) + N2

1
(N1+1)2

(X −X
(1))(X −X

(1))
t
] ∣∣∣

or using [3] it results

=
|Σ(1)|

N1−1
N1

|Σ(1)|
[
1 + N1

N1+1 · (X −X
(1))

t(
N1−1

N1

)−1
Σ(1)−1 N1

N1+1 · (X −X
(1))

] ,

namely

|Σ̂(1)
2 |

|Σ̂(1)
1 |

=
1

N1−1
N1

[
1 + N2

1
(N1+1)2

· (X −X
(1))

t
(N1 − 1)−1Σ(1)−1(X −X

(1))
] .

(25)
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Analogous, using (11) and (17) we shall obtain

|Σ̂(2)
2 |

|Σ̂(2)
1 |

=

∣∣∣∣∣ 1
N2

[
(N2 − 1) · Σ(2) + N2

2
(N2+1)2

(X −X
(2))(X −X

(2))
t
] ∣∣∣∣∣

|Σ(2)|
=

=
N2 − 1

N2

[
1 +

N2
2

(N2 + 1)2
(X −X

(2))
t
(N2 − 1)−1Σ(2)−1

(X −X
(2))

]
. (26)

3 Conclusions

Our goal is to generalize the likelihood ratio criterion [1] in order to obtain
another criterion which can be used in pattern recognition.

The region of classification into the first class consists of those patterns
for which the ratio from (23) is grater than eK .
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Abstract

In this paper, we generalized Jungck’s common fixed point theorem to intuitionistic
fuzzy metric spaces. Jungck [4] proved his theorem more general than contraction
principle and Grabiec [3] proved the contraction principle in the setting of fuzzy metric
spaces.
Keywords: Complete intuitionistic fuzzy metric space; Contraction principle;

Commutativity; Fixed point.
AMS Subject Classifications: 47H10, 54H25

1 Introduction
In 1965, the concept of fuzzy sets was introduced by Zadeh [10]. sing the idea of fuzzy
sets, Kramosil and Michalek [6] defined the notion of intuitionistic fuzzy metric spaces, and
George and Veeramani [2] modified the concept of fuzzy metric spaces in order to have the
Hausdorff topology on fuzzy metric spaces. They showed also that every metric induces a
fuzzy metric.

Atanassov [1] introduced and stuided the the concept of intuitionistic fuzzy sets as a
generalization of fuzzy sets. Using the idea of intuitionistic fuzzy sets, Park [8] defined
the notion of intuitionistic fuzzy metric spaces with the help of continuous t-norm and
continuous t-conorm as a generalization of fuzzy metric space due to George and Veeramani
[2], introduce the notion of Cauchy sequences in an intuitionistic fuzzy metric space and find
a necessary and suffient condition for an intuitionistic fuzzy metric spaces to be complete.

The purpose of this paper is to generalize Jungck’s common fixed point theorem
to intuitionistic fuzzy metric spaces. Jungck [4] proved his theorem more general than
contraction principle, Grabiec [3] proved the contraction principle in the setting of fuzzy
metric spaces and Kutukcu et al. [7] proved the contraction principle in the setting of
intuitionistic fuzzy metric spaces.

2 Intuitionistic fuzzy metric spaces
Definition 2.1. A binary operation ∗ : [0, 1]× [0, 1]→ [0, 1] is a continuous t-norm if ∗ is
satisfying the following conditions:
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(a) ∗ is commutative and associative;
(b) ∗ is continuous;
(c) a ∗ 1 = a for all a ∈ [0, 1];
(d) a ∗ b ≤ c ∗ d whenever a ≤ c and b ≤ d, and a, b, c, d ∈ [0, 1].
Definition 2.2. A binary operation ♦ : [0, 1]× [0, 1]→ [0, 1] is a continuous t-conorm

if ♦ is satisfying the following conditions:
(a) ♦ is commutative and associative;
(b) ♦ is continuous;
(c) a♦0 = a for all a ∈ [0, 1];
(d) a♦b ≤ c♦d whenever a ≤ c and b ≤ d, and a, b, c, d ∈ [0, 1].
Several examples and detals for the concepts of triangular norms (t-norms) and

triangular conorms (t-conorms) were proposed by many authors (see [7,8]).
Definition 2.3 ([8]). A 5-tuple (X,M,N, ∗,♦) is said to be an intuitionistic fuzzy

metric space if X is an arbitrary set, ∗ is a continuous t-norm, ♦ is a continuous t-
conorm and M, N are fuzzy sets on X2× (0,∞) satisfying the following conditions: for all
x, y, z ∈ X and s, t > 0,

(IFM-1) M(x, y, t) +N(x, y, t) ≤ 1;
(IFM-2) M(x, y, t) > 0;
(IFM-3) M(x, y, t) = 1 if and only if x = y;
(IFM-4) M(x, y, t) =M(y, x, t);
(IFM-5) M(x, y, t) ∗M(y, z, s) ≤M(x, z, t+ s);
(IFM-6) M(x, y, .) : (0,∞)→ (0, 1] is continuous;
(IFM-7) N(x, y, t) > 0;
(IFM-8) N(x, y, t) = 0 if and only if x = y;
(IFM-9) N(x, y, t) = N(y, x, t);
(IFM-10) N(x, y, t)♦N(y, z, s) ≥ N(x, z, t+ s);
(IFM-11) N(x, y, .) : (0,∞)→ (0, 1] is continuous.
Then (M,N) is called an intuitionistic fuzzy metric on X. The functionsM(x, y, t) and

N(x, y, t) denote the degree of nearness and the degree of non-nearness between x and y
with respect to t, respectively.

Remark 2.1. Every fuzzy metric space (X,M, ∗) is an intuitionistic fuzzy metric space
of the form (X,M, 1 − M, ∗,♦) such that t-norm ∗ and t-conorm ♦ are associated, i.e.
x♦y = 1− ((1− x) ∗ (1− y)) for any x, y ∈ [0, 1].

Remark 2.2 ([8]). In intuitionistic fuzzy metric space X, M(x, y, .) is non-decreasing
and N(x, y, .) is non-increasing for all x, y ∈ X.

Definition 2.4 ([8]). Let (X,M,N, ∗,♦) be an intuitionistic fuzzy metric space. Then
(a) a sequence {xn} in X is convergent to x in X if for each t > 0, limn→∞M(xn, x, t) =

1 and limn→∞N(xn, x, t) = 0,
(b) a sequence {xn} in X is called Cauchy if for each t > 0 and p > 0, limn→∞

M(xn, xn+p, t) = 1 and limn→∞N(xn, xn+p, t) = 0.
(c) An intuitionistic fuzzy metric space in which every Cauchy sequence is convergent

is said to be complete.
Throughout this paper, (X,M,N, ∗,♦) will denote the intuitionistic fuzzy metric space

with the following conditions: for all x, y ∈ X and t > 0,
(IFM-7p) N(x, y, t) < 1;
(IFM-11p) N(x, y, .) : (0,∞)→ [0, 1) is continuous;
(IFM-12) limt→∞M(x, y, t) = 1;
(IFM-13) limt→∞N(x, y, t) = 0.
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3 Main Results
Theorem 3.1. Let (X,M,N, ∗,♦) be an intuitionistic fuzzy metric space and let f, g : X →
X be maps that satisfy the following conditions:

(a) g(X) ⊆ f(X);
(b) f is continuous;
(c) M(g(x), g(y), αt) ≥ M(f(x), f(y), t) and N(g(x), g(y), αt) ≤ N(f(x), f(y), t) for

0 < α < 1 and all x, y in X.
Then f and g have a unique common fixed point provided f and g commute.
Proof. Let x0 ∈ X. By (a), we can find x1 such that f(x1) = g(x0). By induction, we

can define a sequence xn in X such that f(xn) = g(xn−1). By induction again, we have

M(f(xn), f(xn+1), t) = M(g(xn−1), g(xn), t)
≥ M(f(xn−1), f(xn), t/α)
≥ ... ≥M(f(x0), f(x1), t/α

n)

and

N(f(xn), f(xn+1), t) = N(g(xn−1), g(xn), t)
≤ N(f(xn−1), f(xn), t/α)
≤ ... ≤ N(f(x0), f(x1), t/α

n).

So, for any positive integer p,

M(f(xn), f(xn+p), t) ≥ M(f(xn), f(xn+1), t/p)

∗(p)... ∗M(f(xn+p−1), f(xn+p), t/p)
≥ M(f(x0), f(x1), t/pα

n)

∗(p)... ∗M(f(x0), f(x1), t/pαn+p−1)
and

N(f(xn), f(xn+p), t) ≤ N(f(xn), f(xn+1), t/p)

♦(p)...♦N(f(xn+p−1), f(xn+p), t/p)
≤ N(f(x0), f(x1), t/pα

n)

♦(p)...♦N(f(x0), f(x1), t/pαn+p−1).

By (IFM-12) and (IFM-13), we get

limn→∞M(f(x0), f(x1), t/pαn) = 1 and limn→∞N(f(x0), f(x1), t/pαn) = 0.

Thus, limn→∞M(f(xn), f(xn+p), t) ≥ 1 ∗ ... ∗ 1 ≥ 1 and limn→∞N(f(xn), f(xn+p), t)
≤ 0♦...♦0 ≤ 0. Therefore {f (xn)} is a Cauchy sequence. By the completeness of X,
{f (xn)} converges to y. So g(xn−1)[= f(xn)] tends to y. It can be seen from (c) that the
continuity of f implies that of g. So g(f(xn)) → g(y). However, by the commutativity of
f and g, g(f(xn)) = f(g(xn)). So f(g(xn)) converges to f(y). Since the limits are unique,
f(y) = g(y). By the commutativity f(f(y)) = f(g(y)) and

M(g(y), g(g(y)), t) ≥ M(f(y), f(g(y)), t/α) ≥M(g(y), g(g(y)), t/α)

≥ ... ≥M(g(y), g(g(y)), t/αn)
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and

N(g(y), g(g(y)), t) ≤ N(f(y), f(g(y)), t/α) ≤ N(g(y), g(g(y)), t/α)

≤ ... ≤ N(g(y), g(g(y)), t/αn).

By (IFM-3), (IFM-8), (IFM-12) and (IFM-13), we get g(y) = g(g(y)), therefore g(y) =
g(g(y)) = f(g(y)). So g(y) is a common fixed point of f and g.

If y and z are two common fixed points of f and g, then

1 ≥ M(y, z, t) =M(g(y), g(z), t) ≥M(f(y), f(z), t/α) =M(y, z, t/α)

≥ ... ≥M(y, z, t/αn)→ 1

and

0 ≤ N(y, z, t) = N(g(y), g(z), t) ≤ N(f(y), f(z), t/α) = N(y, z, t/α)

≤ ... ≤ N(y, z, t/αn)→ 0.

So, y = z.
Remark 3.1. Jungck [4,5] has shown by means of an example that his theorem is more

general than the contraction principle and Subrahmanyam [9] has shown his theorem is
more general than Grabiec’s result in [3], so our intuitionistic fuzzy version is an extension
of their results.

Following, we give an example that illustrates Theorem 3.1;
Example. Let X = {1/n : n ∈ N} ∪ {0}. For each x, y ∈ X and t ∈ (0,∞), define

M(x, y, t) =
t

t+ |x− y| and N(x, y, t) =
|x− y|

t+ |x− y|
Clearly (X,M,N, ∗,♦) is a complete intuitionistic fuzzy metric on X, where a ∗ b = ab and
a♦b = min{1, a + b} for all a, b ∈ [0, 1]. Define g(x) = x/6 and f(x) = x/2 on X. It is
evident that g(X) ⊆ f(X). Also, for α = 1/3,

M(g(x), g(y), t/3) =
t/3

t/3 + |x− y| /6 =
2t

2t+ |x− y|
≥ M(f(x), f(y), t)

=
t

t+ |x− y| /2 =
2t

2t+ |x− y|
and

N(g(x), g(y), t/3) =
|x− y| /6

t/3 + |x− y| /6 =
|x− y|

2t+ |x− y|
≤ N(f(x), f(y), t)

=
|x− y| /2

t+ |x− y| /2 =
|x− y|

2t+ |x− y| .

Thus, all conditions of Theorem 3.1 are satisfied, and f and g have the common fixed point
0.

Problem. It is natural to ask whether Theorem 3.1 would remain true if we can weaken
the commutativity of f and g to compatibility.
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A NEW APPROACH TO q-EULER

NUMBERS AND POLYNOMIALS

L.C. Jang and T. Kim

Abstract. In the recent, several mathematician have studied the second kind ordinary
Euler numbers which were defined by

�
2

ex + e−x

�
= sechx =

∞X
n=0

En
xn

n!
.

The purpose of this paper is to construct q-expansion of the second kind Euler numbers.

From these numbers, we will derive some interesting properties and identities.

§1. Introduction

Let p be a fixed prime, and let Cp denote the p-adic completion of the algebraic
closure of Qp. For a fixed odd positive integer d with (p, d) = 1, let

X = Xd = lim←−
N

Z/dpNZ,

X1 = Zp,

X∗ = ∪
0<a<dp
(a,p)=1

(a + dpZp),

a + dpNZp = {x ∈ X|x ≡ a (mod dpn)},

where a ∈ Z lies in 0 ≤ a < dpN . The p-adic absolute value in Cp is normalized so
that |p|p = 1

p . Let q be variously considered as an indeterminate a complex number
q ∈ C, or a p-adic number q ∈ Cp. If q ∈ C, we always assume |q| < 1. If q ∈ Cp, we
always assume |q − 1|p < 1. Throughout this paper we use the notation

[x]q = [x : q] =
1− qx

1− q
= 1 + q + q2 + · · ·+ qx−1, cf. [5,6,7].

We say that f is uniformly differentiable function at a point a ∈ Zp and denote this
property by f ∈ UD(Zp), if the difference quotients

Ff (x, y) =
f(x)− f(y)

x− y

Typeset by AMS-TEX
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have a limit l = f ′(a) as (x, y) → (a, a). cf. [6].
The p-adic q-integral of a function f ∈ UD(Zp) is defined by

Iq(f) =
∫

Zp

f(x)dµq(x) = lim
N→∞

1
[pN ]q

∑
0≤x<pN

f(x)qx, cf. [6, 7].

Let us define I−1(f) in the sense of fermionic as follows:

lim
q→−1

Iq(f) = I−1(f) =
∫

Zp

f(x)dµ−1(x).

In [6,7], it was known that

I−1(f1) + I−1(f) = 2f(0),

where f1 is translation with f1(x) = f(x + 1).
The first kind ordinary Euler numbers were defined by

F (t) =
2

et + 1
= eE∗t =

∞∑
n=0

E∗n
tn

n!
, |t| < π,

where we use the technical method notation by replacing E∗n by E∗n(m ≥ 0), symbol-
ically, cf. [3,5,9,10,11]. In [5], author have constructed q-extension of E∗n as follows:(

2
et + 1

)
q

= [2]q
∞∑

n=0

(−1)nqne[n]qt =
∞∑

n=0

En,q
tn

n!
.

Recently, several mathematicians are studying Euler numbers and polynomials, cf.[1-
10].

In [10], Simsek have studied the second kind Euler numbers and polynomials. He
also studied congruences for higher-order the second kind Euler numbers.

The purpose of this paper is to construct q-extension of the second kind Euler
numbers and polynomials as follows:

(
2

ex + e−x

)
q

= (sechx)q = [2]q
∞∑

m=0

(−1)mqme[2m+1]qt =
∞∑

m=0

Em,q
tm

m!
.

By using these q-Euler numbers, we give another constructions of q-Genocchi num-
bers, which are different q-extension of the first kind Genocchi numbers.

Finally, we will investigate the relations between q-Euler numbers and q-extension
of Genocchi numbers.

§2. q- Euler numbers and polynomials
2
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For an integer k, the Euler numbers En were defined by(
2

ex + e−x

)
= sechx =

∞∑
n=0

En
xn

n!
. (1)

Note that (
2

e2x + 1
ex

)
=
∞∑

k=0

Ek
tk

k!
.

From (1), we derive

(E + 1)n + (E − 1)n =
{

2 if n = 0
0 if n 6= 0,

(2)

where we have used the symbolic notation En for En.
By (2), we easily see that

E0 = 1, E1 = 0, E2 = −1, E3 = 0, E4 = 5, · · ·

E2k+1 = 0 for k ∈ N. In particular,

E2n = −
n−1∑
k=0

(
2n

2k

)
E2k.

In [6], the p-adic integral was defined by

Iq(f) =
∫

Zp

f(x)dµq(x) = lim
N→∞

1
[pN ]q

pN−1∑
x=1

f(x)qx. (3)

Let
lim

q→−1
Iq(f) = I−1(f) =

∫
Zp

f(x)dµ−1(x).

Then we have
I−1(f1) + I−1(f) = 2f(0),

where f1(x) is a translation with f1(x) = f(x + 1). If we take f(x) = e(2x+1)t, then
we have ∫

Zp

et(2x+1)dµ−1(x) =
2

et + e−t
= secht =

∞∑
n=0

En
tn

n!
. (4)

From (4), we derive ∫
Zp

(2x + 1)ndµ−1(x) = En. (5)

3
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It was well known that the first kind Euler numbers are defined by

2
et + 1

=
∞∑

n=0

E∗n
tn

n!
, cf. [6]. (6)

From (5), we derive the following:

∫
Zp

xndµ−1(x) = E∗n, E∗0 = 1, E∗1 = −1
2
, E∗2 = 0, · · · ,

E∗2k = 0 for k ∈ N. (7)

By (1), (3), (4), (5) and (6), we easily see that

En =
n∑

l=0

(
n

l

)
2lE∗l . (8)

In (3), we note that

I−q(f) =
∫

Zp

f(x)dµ−q(x) =
[2]q
2

lim
N→∞

pN−1∑
x=0

f(x)(−1)xqx cf. [5]. (9)

By using (9), we define the q-extension of n-th Euler numbers which were defined
in (1) as follows:

En,q =
∫

Zp

[2x + 1]nq dµ−q(x). (10)

From (10), we derive

En,q = [2]q

(
1

1− q

)n n∑
l=0

(
n

l

)
(−1)lql 1

1 + q2l+1
. (11)

Let Fq(t) be the generating function of En,q by

Fq(t) =
∞∑

n=0

En,q
tn

n!
. (12)

It follows from (12) that

Fq(t) =[2]q
∞∑

n=0

(
1

1− q

)n n∑
l=0

(
n

l

)
(−1)l ql

1 + q2l+1

tn

n!

= [2]q
∞∑

m=0

(−1)mqme[2m+1]qt

= [2]q
∞∑

m=0

(−1)mqme([m]q+qm[m]q)t. (13)

4
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Note that

lim
q→1

Fq(t) =
2

et + e−t
=
∞∑

n=0

En
tn

n!
.

From (1), we can also consider the n-th q-Euler polynomials as follows:(
2

et + e−t

)
ext = (secht)ext =

∞∑
n=0

En(x)
tn

n!
. (14)

By (1) and (14), we easily see that

En(x) =
n∑

l=0

(
n

l

)
Elx

n−l. (15)

It is easy to see that∫
Zp

e(2y+1+x)tdµ−1(y) =
2

et + e−t
ext = (secht)ext

=
∞∑

n=0

En(x)
tn

n!
. (16)

Thus, we have ∫
Zp

(2y + 1 + x)ndµ−1(y) = En(x). (17)

We now give distribution relation for En(x) as follows:

En(x) = dn
d−1∑
a=0

(−1)aEn

(
2a + x + 1− d

d

)
, (18)

where d is a positive odd integer. We now consider q-extension of Euler polynomial
which were defined in (14) as follows:

En,q(x) =
∫

Zp

[2x + 1 + x]nq dµ−q(x), n ≥ 0. (19)

From (19), we derive

En,q(x) = [2]q

(
1

1− q

)n n∑
l=0

(
n

l

)
(−1)lq(x+1)l 1

1 + q2l+1
. (20)

5
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Let Fq(t, x) be the generating function of En,q(x) as follows:

Fq(t, x) =
∞∑

n=0

En,q(x)
tn

n!
. (21)

By (20) and (21), we easily see that

Fq(t, x) = [2]q
∞∑

n=0

(
(

1
1− q

)n
n∑

l=0

(
n

l

)
(−1)lq(x+1)l 1

1 + q2l+1

)
tn

n!

= [2]q
∞∑

n=0

(−1)nqne[2n+1+x]qt. (22)

Note that

lim
q→1

Fq(t, x) =
2

et + e−t
ext =

∞∑
n=0

En(x)
tn

n!
. (23)

By (21) and (23), we note that

lim
q→1

En,q(x) = En(x).

Now, we define the second kind Genocchi polynomials as follows:

G(t) =
2t

et + e−t
ext =

∞∑
n=0

Gn(x)
tn

n!
. (24)

In the case x = 0, Gn = Gn(0) will be called Genocchi numbers.
Let n be odd. Then we obtain the multiplication theorem for the second kind

Genocchi polynomials as follows:

nm−1
n−1∑
j=0

(−1)jGm

(
2j + x + 1− n

n

)
= Gm(x). (25)

This is equivalent to

n1−mGm(n(x + 1)) =
n−1∑
j=0

(−1)jGm(x +
2j + 1

n
). (26)

We now consider the q-extension of the second kind Genocchi polynomials which
were defined in (24) as follows:

6
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Gq(x, t) = tFq(x, t) = [2]qt
∞∑

n=0

(−1)nqne[2n+1+x]qt

=
∞∑

n=0

Gn,q(x)
tn

n!
. (27)

From (27), we derive

Gq(x, t) = [2]qt
∞∑

n=0

(−1)nqne[2n+1+x]qt

= [2]qt
∞∑

m=0

(
1

1− q

)n m∑
l=0

(
m

l

)
(−1)lql(x+1)

1 + q2l+1

tm

m!

= [2]q
∞∑

m=0

(
1

1− q

)m−1

m
m−1∑
l=0

(
m− 1

l

)
(−1)lql(x+1)

1 + q2l+1

tm

m!
. (28)

By (27) and (28), we easily see that

Gm,q(x) = [2]qm
(

1
1− q

)m−1 m−1∑
l=0

(
m− 1

l

)
(−1)l

1 + q2l+1
ql(x+1). (29)

Note that G0,q = 0.
From (22) and (28), we derive

Fq(t, x) = [2]q
∞∑

n=0

(−1)nqne[2n+1+x]qt =
e[x]qt

t
[2]qt

∞∑
n=0

(−1)nqneqx[2n+1]qt

=
1
t
e[x]qt

∞∑
m=0

Gm,qq
mx tm

m!
=

e[x]qt

t

∞∑
m=1

Gm,qq
mx tm

m!

= e[x]qt
∞∑

m=0

Gm+1,q

m + 1
q(m+1)x tm

m!

=

( ∞∑
l=0

[x]lq
tl

l!

)( ∞∑
m=0

q(m+1)x Gm+1,q

m + 1
tm

m!

)

=
∞∑

n=0

(
n∑

m=0

q(m+1)x Gm+1,q

m + 1
[x]n−m

q

n!
m!(n−m)!

)
tn

n!

=
∞∑

n=0

(
n∑

m=0

(
n

m

)
q(m+1)x Gm+1,q

m + 1
[x]n−m

q

)
tn

n!
. (30)

7
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Thus, we note that

En,q(x) =
n∑

m=0

(
n

m

)
q(m+1)x Gm+1,q

m + 1
[x]n−m

q . (31)

It follows from (22) that

Ek,q(x) =
(

d

dt

)k

Fq(t, x) |t=0 = [2]q
∞∑

n=0

(−1)nqn[2n + 1 + x]kq .

Thus, we obtain the following:
For k ∈ N, we have

Ek,q(x) = [2]q
∞∑

n=0

(−1)nqn[2n + 1 + x]kq . (32)

For s ∈ C, we define Hurwitz’s type q-zeta function as follows:

ζq,E(s, x) = [2]q
∞∑

n=0

(−1)nqn

[2n + 1 + x]kq
.

Note that
ζq,E(−k, x) = Ek,q(x), for k ≥ 0.

In [10], the second Euler number E
(k)
n of order k (the index k may be negative) is

defined by

(sechx)k =
∞∑

n=0

E(k)
n

xn

n!
, (33)

or equivalently (
2

ex + e−x

)k

=
∞∑

n=0

E
(k)
2n

x2n

(2n)!
. (34)

The numbers E
(1)
n = En are the second kind ordinary Euler numbers.

From (4) and (34), we derive∫
Zp

· · ·
∫

Zp︸ ︷︷ ︸
k−times

et(2(x1+x2+···+xk)+k)dµ−1(x1) · · · dµ−1(xk)

=
(

2
et + e−t

)k

=
∞∑

n=0

Ek
n

tn

n!
. (35)

8
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By using Taylor expansion in (35), we obtain∫
Zp

· · ·
∫

Zp︸ ︷︷ ︸
k−times

(2(x1 + · · ·+ xk) + k)ndµ−1(x1) · · ·µ−1(xk) = E(k)
n .

Thus, we note that

E(k)
n =

∑
n=a1+···+ak
a1,··· ,ak≥0

(
n

a1, · · · , ak

)
Ea1Ea2 · · ·Eak

, (36)

where
(

n
a1,··· ,ak

)
=

n!
a1!a2! · · · ak!

.

We now consider q-extension of the second Euler numbers of higher order as follows:

E(k)
n,q =

∫
Zp

· · ·
∫

Zp︸ ︷︷ ︸
k−times

[2x1 + · · ·+ 2xk + k]nq dµ−1(x1) · · · dµ−1(xk). (37)

From (37), we derive

E(k)
n,q = [2]kq

(
1

1− q

)n n∑
l=0

(
n

l

)
(−1)lqkl

(
1

q2l+1 + 1

)k

. (38)

Note that
lim
q→1

E(k)
n,q = E(k)

n .
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q-analogue of the p-adic twisted l-function
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Abstract : The purpose of this paper is to give a q-analogue of the p-adic twisted l-function,
which is an answer to a part of the problem in a previous publication( see J. Math. Anal. Appl.
(in press) ).

1. Introduction

Let p be a fixed odd prime number. Throughout this paper, Zp, Qp, C and Cp are respectively
denoted as the ring of p-adic rational integers, the field of p-adic rational numbers, the complex
numbers field and the completion of algebraic closure of Qp. Let vp be the normalized exponential
valuation of Cp with |p|p = p−vp(p) = 1

p .
When one talks of q-extension, q is considered in many ways such as an indeterminate, a complex

number q ∈ C, or p-adic number q ∈ Cp. If q ∈ C one normally assumes that |q| < 1. If q ∈ Cp,
we normally assume that |1− q|p < p−

1
p−1 , so that qx =exp(xlogq) for |x|q 6 1.

We use the notations as

[x]q =
1− qx

1− q
= 1 + q + q2 + · · ·+ qx−1,

[x]−q =
1− (−q)x

1 + q
= 1− q + q2 − q3 + · · ·+ (−1)x

qx−1.

Let UD (Zp) be the set of uniformly differentiable function on Zp. For f ∈ UD (Zp), Kim
originally defined the p-adic invariant q-integral on Zp as follows:

Iq (f) =
∫
Zp

f (x) dµq (x) = lim
N→∞

1
[pN ]q

pN−1∑
x=0

f (x) qx, cf. [6], [7], [10],

where N is natural number. Let

I1 (f) = lim
q→1

Iq (f) =
∫
Zp

f (x) dµ1 (x) = lim
N→∞

1
pN

pN−1∑
x=0

f (x) ,

∗Second and third authors are supported by Akdeniz University Scientific Research Project Unit.
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where N is a natural number (see [2], [3], [4], [5], [9]).
Let d be a fixed integer. For any positive integer N , we set

X = Xd = lim←−
N

(
Z/dpNZ

)
,

X∗ =
⋃

0<a<dp
(a,p)=1

(a + dpZp) ,

a + dpN =
{
x ∈ X : x ≡ a

(
moddpN

)}
,

where a ∈ Z lies in 0 6 a < dpN .
Let us define I−q (f) as

I−q (f) =
∫
Zp

f (x) dµ−q(x) = lim
N→∞

1
[pN ]−q

P N−1∑
x=0

f(x)(−q)x, see [9] .

This integral, I−q (f), can be considered as the q-deformed p-adic invariant integral on Zp in the
sense of fermionic, cf. [3], [4], [5], [6], [8].

In [6], multiple q-Euler polynomials of higher order were defined by

E(h,k)
n,q (x) =

∫
Zp

· · ·
∫
Zp

k-times

[x + x1 + · · ·+ xk]nq q
Pk

i=1 xi(h−i)dµ−q (x) · · · dµ−q (x) ,

where h ∈ Z, k ∈ N. The q-Euler polynomials of higher order at x = 0 are called q-Euler numbers
of higher order.

In [1], Carlitz originally constructed q-Bernoulli numbers and polynomials. These numbers and
polynomials are studied by many authors (see [7], [8], [10], [11]). In particular, twisted (h, q)-
Bernoulli numbers and polynomials were also studied by several authors (see [9], [10], [11]).

In [8], Kim-Rim introduced an interesting twisted q-Euler numbers and polynomials associated
with basic twisted q-l-functions and suggested the following question:

“Find a q-analogue of the p-adic twisted l-function which interpolates generalized twisted q-Euler
numbers attached to χ, En,w,χ,q.”

In this paper, we give some interesting properties related to twisted (h, q)-Euler numbers and
polynomials. The purpose of this paper is to construct p-adic twisted q-l-function which is a part
of answer for the question in [8].

2. p-adic Invariant Integral on Zp Associated with Twisted (h, q)-Euler Numbers and

Polynomials

Let h ∈ Z and q ∈ Cp with |1− q|p < p−
1

p−1 . From the invariant integral on Zp in the sense of
fermionic, we define

I−1 (f) =
∫
Zp

f (x) dµ−1 (x) , see [9],

where f ∈ UD (Zp), cf. [3]. Note that I−1 (f1) + I−1 (f) = 2f (0), where f1 (x) = f (x + 1). Let
Cpn =

{
ξ : ξpn

= 1
}

be the cyclic group of order pn and let Tp = lim
n→∞

Cpn = Cp∞ . Then Tp is

2
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p-adic locally constant space. For ξ ∈ Tp, we denote by φξ : Zp → Cp defined by φξ (x) = ξx be
the locally constant function. If we take f (x) = φξ (x) etx, then we have∫

Zp

etxφξ (x) dµ−1 (x) =
2

ξet + 1
, (see [3]). (1)

In complex case the twisted Euler numbers were defined by Kim-Rim [8]

2
ξet + 1

=
∞∑

n=0

En,ξ
tn

n!
,

where |logξ + t| < π. Thus we have∫
Zp

xnφξ (x) dµ−1 (x) = En,ξ, (n > 0) .

By using iterative method of p-adic invariant integral on Zp in the sense of fermionic, we see that

I−1 (fn) = (−1)n
I−1 (f) + 2

n−1∑
l=0

(−1)n−1−l
f (l) , (2)

where fn (x) = f (x + n). If n is odd positive integer, then we have

I−1 (fn) + I−1 (f) = 2
n−1∑
l=0

(−1)l
f (l) . (3)

Let χ be the Dirichlet’s character with conductor d (=odd)∈ N, and let f (x) = χ (x) φξ (x) etx ∈
UD (Zp). From (3), we can derive the following:∫

X

etxφξ (x) χ (x) dµ−1 (x) = 2
∑d−1

a=0 χ (a)φξ (x) eat

ξdedt + 1
. (4)

Now we define twisted generalized Euler numbers attached to χ as follows:

2
∑d−1

a=0 χ (a) φξ (x) eat

ξdedt + 1
=

∞∑
n=0

En,χ,ξ
tn

n!
.

From (1) and (4), we note that ∫
Zp

xnφξ (x) dµ−1 (x) = En,ξ,

∫
X

xnφξ (x)χ (x) dµ−1 (x) = En,χ,ξ (5)

In [6], (h, q)-Euler numbers were defined by

E(h,1)
n,q (x) =

∫
Zp

q(h−1)y [x + y]nq dµ−q (y) ,

3
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where h ∈ Z. E
(h,1)
n,q (0) = E

(h,1)
n,q will be called (h, q)-Euler number. In the special case h = 1, we

note that lim
h→1

E
(h,1)
n,q = E

(1,1)
n,q becomes q-Euler numbers, which were originally defined by Kim [6].

That is lim
h→1

E
(h,1)
n,q = E

(1,1)
n,q = En,q.

In the viewpoint of (5), we consider twisted (h, q)-Euler numbers using p-adic invariant q-integral
on Zp in the sense of fermionic as follows:

E
(h,1)
n,ξ,q (x) =

∫
Zp

q(h−1)yφξ (y) [x + y]nq dµ−q (y) , (6)

which are called twisted (h, q)-Euler polynomials. In the special case x = 0, we use notation
E

(h,1)
n,ξ,q (0) = E

(h,1)
n,ξ,q which are called (h, q)-twisted Euler numbers. Note that

E
(h,1)
n,ξ,q (x) =

[2]q
(1− q)n

n∑
j=0

(
n

j

)
(−1)j

qxj 1
1 + ξqh+j

, (7)

where (
n

j

)
=

n (n− 1) · · · (n− j + 1)
j!

.

From (7), we note that

E
(h,1)
n,ξ,q (x) = [2]q

∞∑
k=0

(−1)k
ξkqhk [x + k]nq , (8)

where h ∈ Z, n ∈ N. Equation (8) is equivalent to

E
(h,1)
n,ξ,q (x) =

[2]q
[2]qd

[d]nq

d−1∑
a=0

(−1)a
ξaqhaE

(h,1)

n,ξd,qd

(
x + a

d

)

(distribution for E
(h,1)
n,ξ,q (x)), where n, d (= odd) ∈ N.

Let χ be the Dirichlet character with conductor f (= odd) ∈ N. Then we define the generalized
twisted (h, q)-Euler numbers attached to χ as follows: For n > 0,

E
(h,1)
n,ξ,χ,q =

∫
X

χ (x) q(h−1)xξx [x]nq dµ−q (x) , (9)

where h ∈ Z. Note that E
(1,1)
n,1,χ,q = En,χ,q, see [3]. From (9), we also derive

E
(h,1)
n,ξ,χ,q = [f ]nq

[2]q
[2]qf

f−1∑
a=0

χ (a) (−1)a
ξaqhaE

(h,1)

n,ξf ,qf

(
a

f

)

= [2]q

∞∑
k=1

χ (k) (−1)k
ξkqhk [k]nq , (10)

where n, d (= odd) ∈ N.

3. Twisted (h, q)-Euler Zeta Function in C

For q ∈ C with |q| < 1, s ∈ C, we define

ζ
(h,1)
E,q,ξ (s) = [2]q

∞∑
k=1

(−1)k
ξkqhk

[k]sq
.

4
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Then we see that ζ
(h,1)
E,q,ξ (s) is analytic continuation in whole complex plane. We easily see that

ζ
(h,1)
E,q,1 (s) = ζ

(h,1)
E,q (s) , see [6].

We now also consider Hurwitz’s type twisted (h, q)-Euler zeta function as follows: For s ∈ C,
define

ζ
(h,1)
E,q,ξ (s, x) = [2]q

∞∑
k=0

(−1)a
ξkqhk

[x + k]sq
, (11)

for s ∈ C, h ∈ Z. By (8) and (11), we see that

ζ
(h,1)
E,q,ξ (−n, x) = E

(h,1)
n,ξ,q (x) ,

where n ∈ N, h ∈ Z.
Let χ be the Dirichlet’s character with conductor f (= odd) ∈ N. Then we define twisted (h, q)-

l-function which interpolates twisted generalized (h, q)-Euler numbers attached to χ as follows:
For s ∈ C, h ∈ Z, we define

l
(h,1)
q,ξ (s, χ) = [2]q

∞∑
k=1

χ (k) (−1)k
qhkξk

[k]sq
. (12)

For any positive integer n, we have

l
(h,1)
q,ξ (−n, χ) = E

(h,1)
n,ξ,χ,q, n ∈ N. (13)

From (13), we derive

l
(h,1)
q,ξ (s, χ) = [2]q

∞∑
k=1

χ (k) (−1)k
qhkξk

[k]sq

= [f ]−s
q

[2]q
[2]qf

f∑
a=1

χ (a) (−1)a
ξaqhaζ

(h,1)

E,ξf ,qf

(
s,

a

f

)
.

Let s be a complex variable and let a and F (= odd) be integer with 0 < a < F . We consider
the following twisted (h, q)-harmonic sums (or partial (h, q)-zeta function):

H
(h,1)
E,q,ξ (s, a|F ) =

∑
m≡0(modF )

m>0

(−1)m
qhmξm

[m]sq

=
∞∑

n=0

(−1)a+nF
qh(a+nF )ξa+nF

[a + nF ]sq

= (−1)a
qhaξa

∞∑
n=0

(−1)n (
qF
)hn (

ξF
)n

[F ]sq
[

a
F + n

]s
qF

= [F ]−s
q

(−1)a
qhaξa

[2]qF

ζ
(h,1)

E,ξF ,qF

(
s,

a

F

)
.

Thus we have

H
(h,1)
E,q,ξ (s, a|F ) = [F ]−s

q

(−1)a
qhaξa

[2]qF

ζ
(h,1)

E,ξF ,qF

(
s,

a

F

)
. (14)

5
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By (12), (13) and (14), we see that

l
(h,1)
q,ξ (s, χ) = [2]q

F∑
a=1

χ (a) H
(h,1)
E,q,ξ (s, a|F ) . (15)

From (14), we note that

H
(h,1)
E,q,ξ (−n, a|F ) =

[F ]nq
[2]qF

(−1)a
qhaξaE

(h,1)

n,ξF ,qF

( a

F

)
, (16)

where n is a positive integer. By (10), (15) and (16), we see that

l
(h,1)
q,ξ (−n, χ) = E

(h,1)
n,ξ,χ,q.

The Euler (h, q)-twisted harmonic sum H
(h,1)
E,q,ξ (s, a|F ) will be called partial twisted (h, q)-zeta func-

tion which interpolates twisted (h, q)-Euler polynomials at negative integers. The values l
(h,1)
q,ξ (s, χ)

are algebraic, hence regarded as lying in the extension of Qp.

4. p-adic Twisted q-l-Function

Let ω (x) be the Teichmüller character and let 〈x〉q = 〈x〉 =
[x]q
ω(x) . When F (= odd) is multiple

of p, and (a, p) = 1, we define p-adic partial (h, q)-zeta function as follows: For h ∈ Z, q ∈ Cp with
|1− q|p < p−

1
p−1 , we define

H
(h,1)
E,p,q,ξ (s, a|F ) =

(−1)a
ξaqha

[2]qF

〈a〉−s
∞∑

j=0

(
−s

j

)( [F ]q
[a]q

)j

qajE
(h,1)

j,ξF ,qF ,

where s ∈ Zp. Thus we note that

H
(h,1)
E,p,q,ξ (−n, a|F ) =

(−1)a
ξaqha

[2]qF

〈a〉n
n∑

j=0

(
n

j

)( [F ]q
[a]q

)j

qajE
(h,1)

j,ξF ,qF

=
(−1)a

ξaqha

[2]qF

[F ]nq ω−n (a)
n∑

j=0

(
n

j

)( [a]q
[F ]q

)n−j (
qF
) a

F j
E

(h,1)

j,ξF ,qF

= [F ]nq
(−1)a

ξaqha

[2]qF

ω−n (a)E
(h,1)

n,ξF ,qF

( a

F

)
= ω−n (a) H

(h,1)
E,q,ξ (−n, a|F ) .

Therefore, we obtain the following formula:

H
(h,1)
E,p,q,ξ (−n, a|F ) = ω−n (a) H

(h,1)
E,q,ξ (−n, a|F ) . (17)

Now we consider p-adic interpolating function for twisted generalized (h, q)-Euler numbers at-
tached to χ as follows:

l
(h,1)
p,q,ξ (s, χ) = [2]q

F∑
a=1

(a,p)=1

χ (a) H
(h,1)
E,p,q,ξ (s, a|F ) , (18)

6
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for s ∈ Zp. Let n be a natural number. Then we have

l
(h,1)
p,q,ξ (−n, χ) = [2]q

F∑
a=1

(a,p)=1

χ (a) H
(h,1)
E,p,q,ξ (−n, a|F )

= [2]q

F∑
a=1

(a,p)=1

χ (a) [F ]nq
(−1)a

ξaqha

[2]qF

ω−n (a) E
(h,1)

n,ξF ,qF

( a

F

)

= [F ]nq
[2]q
[2]qF

F∑
a=1

(a,p)=1

(−1)a
χω−n (a) ξaqhaE

(h,1)

n,ξF ,qF

( a

F

)

= E
(h,1)
n,ξ,χω−n,q − χω−n (p) [p]nq

[2]q
[2]qp

E
(h,1)
n,ξp,χω−n,qp .

Therefore we obtain the following theorem:

Theorem : For s ∈ Zp, we define p-adic twisted q-l-function as follows:

l
(h,1)
p,q,ξ (s, χ) = [2]q

F∑
a=1

(a,p)=1

χ (a) H
(h,1)
E,p,q,ξ (s, a|F )

= [2]q

∞∑
k=1

(k,p)=1

(−1)k
χ (k) qhkξk

[k]sq
.

Then we have

l
(h,1)
p,q,ξ (−n, χ) = E

(h,1)
n,ξ,χω−n,q − χω−n (p) [p]nq

[2]q
[2]qp

E
(h,1)
n,ξp,χω−n,qp .

Remark : From the above theorem, we note that

l
(h,1)
p,q,ξ (s, χ) =

∫
X∗

χ (x) 〈x〉−s
q(h−1)xξxdµ−q (x) , see [11-15] .
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1 Introduction

In a series of papers, Sikkema [9]–[12] and Totik [13], studied the approximation
properties of integral operators (for ρ → +∞),

Uρ(f)(x) =
1
Iρ

∫ +∞

−∞
f(x− t)βρ(t) dt, Iρ =

∫ +∞

−∞
βρ(t) dt,

where f, β: R → R satisfy some appropriate properties.
For r ≥ 1, let Dr = {z ∈ C; |z| < r} and A(Dr) = {f :Dr → C; f is

continuous on Dr, analytic on Dr, f(0) = 0, f ′(0) = 1}. For r = 1 simply we
denote Dr by D and A(Dr) by A(D).

In Section 2 of the paper we study approximation and geometric properties
of the complexified version of the above operators, given by

Lρ(f)(z) =
1
Iρ

∫ +∞

−∞
f(ze−it)βρ(t) dt, f ∈ A(Dr), ρ ≥ 1.

In Section 3 we study approximation and geometric properties for a com-
plexified version of spline operator introduced in the real case by [1].

The results of this paper continue the ideas of approximation by complex
convolution operators in the very recent papers [2]–[6].

2 Complex Sikkema Operators

For f ∈ A(Dr), r ≥ 1, let us consider the complex operators

Lρ(f)(z) =
1
Iρ

∫ +∞

−∞
f(ze−it)βρ(t) dt, ρ ≥ 1,

with Iρ =
∫ +∞
−∞ βρ(t) dt, where β: R → R satisfies the following five properties:

a) β(t) ≥ 0, ∀t ∈ R, β(0) = 1;

b) ∀δ > 0, sup{β(t); |t| ≥ δ} < 1;

c) β(t) is continuous at 0;

d) t2β(t) is Lebesgue integrable over R;

e) β is even on R, i.e. β(−t) = β(t), ∀t ∈ R.

First we present:

Theorem 2.1. If f(z) =
∞∑

k=0

akzk is analytic in D and continuous in D, then

Lρ(f) is analytic in D and continuous in D, for all ρ ≥ 1. Also, we can write

Lρ(f)(z) =
∞∑

k=0

Ak(ρ)zk, z ∈ D,

2
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where

Ak(ρ) =
ak

Iρ
·
∫ +∞

−∞
cos(kt)βρ(t) dt, k = 0, 1, 2, . . . ,

and
|Ak(ρ)| ≤ |ak|, k = 0, 1, 2, . . . .

Proof. Let z0, zn ∈ D be such that lim
n→∞

zn = z0. We have

|Lρ(f)(zn)− Lρ(f)(z0)| ≤
1
Iρ

∫ +∞

−∞
|f(zne−it)− f(z0e

−it)|βρ(t) dt

≤ 1
Iρ

∫ +∞

−∞
ω1

(
f ; |e−it| · |zn − z0|

)
D

βρ(t) dt

= ω1

(
f ; |zn − z0|

)
D

,

which proves the continuity of Lρ(f) in D.

Now, let f(z) =
∞∑

k=0

akzk, z ∈ D, be analytic in D. For fixed z ∈ D, we

get f(ze−it) =
∞∑

k=0

ake−iktzk, and since |ake−ikt| = |ak|, for all t ∈ R and the

series
∞∑

k=0

akzk is convergent, it follows that the series
∞∑

k=0

ake−iktzk is uniformly

convergent with respect to t ∈ R. This immediately implies that the series can
be integrated term by term, that is

Lρ(f)(z) =
∞∑

k=0

akzk · 1
Iρ

∫ +∞

−∞
[cos(kt)− i sin(kt)]βρ(t) dt

=
∞∑

k=0

ak

(
1
Iρ

∫ +∞

−∞
cos(kt)βρ(t) dt

)
zk.

Then, it is immediate that

|Ak| ≤ |ak| ·
1
Iρ

∫ +∞

−∞
| cos(kt)|βρ(t) dt ≤ |ak|, k = 0, 1, . . . .

Remark. In the rest of the section those particular choices of β(t) for which∫ +∞
−∞ (cos t)βρ(t) dt 6= 0 will be important.

Concerning the approximation properties, we have

Theorem 2.2. If f ∈ A(D) then

|Lρ(f)(z)− f(z)| ≤ 2
(
1 + Bρ(δ)

)
ω1(f ; δ)∂D, ∀z ∈ D, δ > 0, ρ ≥ 1,

where

Bρ(δ) =
1
Iρ

∫ +∞

−∞
|t|δ−1βρ(t) dt.

3
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Proof. By Theorem 2.1, Lρ(f) is analytic in D and continuous on D, ∀ρ ≥
1, f ∈ A(D), so from the Maximum Modulus Principle, for the estimate
|Lρ(f)(z)− f(z)| it suffices to take |z| = 1.

For f ∈ A(D) and |z| = 1, we can write

f(z) = U(cos u, sinu) + iV (cos u, sinu), ∀z = eiu ∈ ∂D.

Denoting F (u) = U(cos u, sinu), G(u) = V (cos u, sinu), u ∈ R, by [9, p. 356,
Theorem 2] we get

|Uρ(F )(u)− F (u)| ≤
(
1 + Bρ(δ)

)
ω1(F ; δ)R,

|Uρ(G)(u)−G(u)| ≤
(
1 + Bρ(δ)

)
ω1(G; δ)R, ∀u ∈ R, δ > 0, ρ ≥ 1.

But, for |z| = 1, z = eiu, we have Lρ(f)(z) = Uρ(F )(u) + iUρ(G)(u) and for

ω1(f ; δ)∂D = sup{|f(eiu)− f(eiv)|;u, v ∈ R, |u− v| ≤ δ},

it is easy to check the inequalities

ω1(F ; δ)R ≤ ω1(f ; δ)∂D, ω1(G; δ)R ≤ ω1(f ; δ)∂D, δ > 0,

since

|F (u)− F (v)| ≤ |f(eiu)− f(eiv)|, |G(u)−G(v)| ≤ |f(eiu)− f(eiv)|.

In conclusion, for |z| = 1 we get

|Lρ(f)(z)− f(z)| ≤ 2
(
1 + Bρ(δ)

)
ω1(f ; δ)∂D, ∀δ > 0, ρ ≥ 1,

which proves the theorem.

Remark. In [9]–[12], for several particular choices of β(t) and δ, various esti-
mates in approximation of real functions by Uρ were obtained. For the same
choices of β(t) and δ, we get similar estimates for approximation by Lρ.

Now, concerning the geometric properties, first we present

Theorem 2.3. Let f ∈ A(D) and Lρ(f)(z) =
∞∑

k=0

Ak(ρ)zk. Suppose that β(t)

is chosen such that A1(ρ) 6= 0, for all ρ ≥ 1. Then, for all ρ ≥ 1 we have

1
A1(ρ)

Lρ

(
S3,A1(ρ)

)
⊂ S3,

1
A1(ρ)

Lρ(SM ) ⊂ SM/|A1(ρ)|,

where M > 1 and

S3 =
{
f ∈ A(D); |f ′′(z)| ≤ 1, ∀z ∈ D

}
,

S3,A1(ρ) =
{
f ∈ A(D); |f ′′(z)| ≤ |A1(ρ)|, ∀z ∈ D

}
,

SB =
{
f ∈ A(D); |f ′(z)| < B, ∀z ∈ D

}
.

4
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Proof. Let f ∈ A(D), f(z) =
∞∑

k=0

akzk, z ∈ D. It follows a0 = 0, a1 = 1, which

by Theorem 2.1 immediately implies

1
A1(ρ)

· Lρ(f)(0) = 0,
1

A1(ρ)
L′ρ(f)(0) =

A1(ρ)
A1(ρ)

= 1,

i.e.
1

A1(ρ)
Lρ(f) ∈ A(D).

Then, by

1
A1(ρ)

L′ρ(f)(z) =
1
Iρ

∫ +∞

−∞
e−itf ′(ze−it)βρ(t) dt, z ∈ D,

and
1

A1(ρ)
L′′ρ(f)(z) =

1
Iρ

∫ +∞

−∞
e−2itf ′′(ze−it)βρ(t) dt, z ∈ D,

we get:
f ∈ S3,A1(ρ) implies |f ′′(z)| ≤ |A1(ρ)|, ∀z ∈ D, i.e.

1
|A1(ρ)|

· |L′′ρ(f)(z)| ≤ 1
|A1(ρ)|

1
Iρ

∫ +∞

−∞
|f ′′(ze−it)e−2it|βρ(t) dt ≤ 1, ∀z ∈ D

and
f ∈ SM implies |f ′(z)| < M , ∀z ∈ D, i.e.

1
|A1(ρ)|

·|L′ρ(f)(z)| ≤ 1
|A1(ρ)|

1
Iρ

∫ +∞

−∞
|f ′(ze−it)e−it|βρ(t) dt <

M

|A1(ρ)|
, ∀z ∈ D,

which proves the theorem.

Remarks. 1) It is known (see e.g. [8]) that f ∈ S3 implies that f is starlike
(and univalent) in D and that f ∈ SM implies that f is univalent in

{
z ∈ C;

|z| < 1
M

}
⊂ D (see e.g. [7, p. 111, Exercise 5.4.1]).

Since by Theorem 2.1 we have |A1(ρ)| ≤ |a1| = 1, it follows that S3,A1(ρ) ⊂
S3 and M

|A1(ρ)| ≥ M > 1, i.e. if f ∈ S3,A1(ρ) then Lρ(f) remains starlike (and
univalent) in D and if f ∈ SM then Lρ(f) is univalent in{

z ∈ C; |z| < |A1(ρ)|
M

}
⊂
{

z ∈ C; |z| < 1
M

}
.

2) Denote A = inf{|A1(ρ)|; ρ ≥ 1}. If A > 0, then by Theorem 2.3 we get
the following invariant geometric properties: if f ∈ S3,A then Lρ(f) ∈ S3 for all
ρ ≥ 1 and if f ∈ SM , M > 1, then Lρ(f) is univalent in{

z ∈ C; |z| < A

M

}
, ∀ρ ≥ 1.
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Therefore, would remain to calculate A and to check that A > 0 for various
choices of β(t), problems which are left to the reader as open questions.

The second result concerning geometric properties of Lρ(f) is the following.
Theorem 2.4. Let f ∈ A(Dr), r > 1, and suppose that β(t) is such that for

any bounded g : R → R, we have limρ→∞Uρ(g) = g, uniformly in any compact
interval of R.

(i) If f is starlike in D (that is, Re
(

zf ′(z)
f(z)

)
> 0, for all z ∈ D), then there

exists ρ0 > 0 (depending on f), such that for all ρ ≥ ρ0, Lρ(f)(z) are starlike
in D.

If f is starlike only in D, then for any disk of radius 0 < λ < 1 denoted by
Dλ , there exists ρ0 (depending on f and Dλ), such that for all ρ ≥ ρ0, Lρ(f)(z)

are starlike in Dλ (that is, Re
(

zL′
ρ(f)(z)

Lρ(f)(z)

)
> 0, for all z ∈ Dλ).

(ii) If f is convex in D (that is, Re
(

zf ′′(z)
f ′(z)

)
+ 1 > 0, for all z ∈ D), then

there exists ρ0 (depending on f), such that for all ρ ≥ ρ0, Lρ(f)(z) are convex
in D.

If f is convex only in D, then for any disk of radius 0 < λ < 1 denoted by
Dλ, there exists ρ0 (depending on f and Dλ), such that for all ρ ≥ ρ0, Lρ(f)(z)

are convex in Dλ (that is, Re
(

zL′′
ρ (f)(z)

L′
ρ(f)(z)

)
+ 1 > 0, for all z ∈ Dλ).

Proof. First let us make some general useful considerations. By hypoth-
esis, it follows that for ρ → ∞, we have Lρ(f)(z) → f(z), uniformly in any
compact disk included in Dr, that is in D too. Indeed, this is immediate
from the relationship Lρ(f)(z) = Uρ(Fλ)(u) + iUρ(Gλ)(u), where Fλ(u) =
U(λcos(u), λsin(u)), Gλ(u) = V (λcos(u), λsin(u)), f(z) = U(x, y) + iV (x, y),
|z| = λ ∈ [0, r), z = λeiu = x + iy, u ∈ [0, 2π].

By the well-known Weierstrass’ result, this implies that L′ρ(f)(z) → f ′(z)
and L′′ρ(f)(z) → f ′′(z), uniformly in any compact disk in Dr and therefore in
D too, when ρ →∞.

Then, denoting by A1(ρ) the coefficient of z in the Taylor series in Theo-
rem 2.1 representing the analytic function Lρ(f)(z), since A1(ρ) = L′ρ(0) and
limρ→∞L′ρ(0) = f ′(0) = 1, it follows that limρ→∞A1(ρ) = 1 and for all ρ ≥ ρ0

we have A1(ρ) > 0.
Let us denote Pρ(f)(z) = Lρ(f)(z)

A1(ρ) , for all ρ ≥ ρ0.

By f(0) = f ′(0) − 1 = 0 we get Pρ(f)(0) = f(0)
A1(ρ) = 0 and P ′

ρ(f)(0) =
L′

ρ(f)(0)

A1(ρ) = 1. Also, we obviously have Pρ(f)(z) → f(z), P ′
ρ(f)(z) → f ′(z) and

P ′′
ρ (f)(z) → f ′′(z), uniformly in D.

(i) By hypothesis we get |f(z)| > 0 for all z ∈ D with z 6= 0, which from the
univalence of f in D, implies that we can write f(z) = zg(z), with g(z) 6= 0, for
all z ∈ D, where g is analytic in D and continuous in D.

Write Pρ(f)(z) in the form Pρ(f)(z) = zQρ(f)(z).
Let |z| = 1. We have

|f(z)− Pρ(f)(z)| = |z| · |g(z)−Qρ(f)(z)| = |g(z)−Qρ(f)(z)|,

6
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which by the uniform convergence in D of Pρ(f) to f and by the Maximum
Modulus Principle, implies the uniform convergence in D of Qρ(f)(z) to g(z),
as ρ →∞.

Since g is continuous in D and |g(z)| > 0 for all z ∈ D, there exist ρ0 and
a > 0 depending on g, such that |Qρ(f)(z)| > a > 0, for all z ∈ D and all
ρ ≥ ρ0.

Also, for all |z| = 1, we have

|f ′(z)− P ′
ρ(f)(z)| = |z[g′(z)−Q′

ρ(f)(z)] + [g(z)−Qρ(f)(z)]| ≥

| |z| · |g′(z)−Q′
ρ(f)(z)| − |g(z)−Qρ(f)(z)| | =

| |g′(z)−Q′
ρ(f)(z)| − |g(z)−Qρ(f)(z)| |,

which from the Maximum Modulus Principle, the uniform convergence of P ′
ρ(f)

to f ′ and of Qρ(f) to g, evidently implies the uniform convergence of Q′
ρ(f) to

g′, as ρ →∞.
Then, for |z| = 1, we get

zP ′
ρ(f)(z)
Pρ(f)

=
z[zQ′

ρ(f)(z) + Qρ(f)(z)]
zQρ(f)(z)

=

=
zQ′

ρ(f)(z) + Qρ(f)(z)
Qρ(f)(z)

→ zg′(z) + g(z)
g(z)

=
f ′(z)
g(z)

=
zf ′(z)
f(z)

,

which again from the Maximum Modulus Principle, implies

zP ′
ρ(f)(z)
Pρ(f)

→ zf ′(z)
f(z)

, uniformly in D.

Since Re
(

zf ′(z)
f(z)

)
is continuous in D, there exists α ∈ (0, 1), such that

Re

(
zf ′(z)
f(z)

)
≥ α, for all z ∈ D.

Therefore

Re

[
zP ′

ρ(f)(z)
Pρ(f)(z)

]
→ Re

[
zf ′(z)
f(z)

]
≥ α > 0,

uniformly in D, i.e. for any 0 < β < α, there is ρ0 such that for all ρ ≥ ρ0 we
have

Re

[
zP ′

ρ(f)(z)
Pρ(f)(z)

]
> β > 0, for all z ∈ D.

Since Pρ(f)(z) differs from Lρ(f)(z) only by a constant, this proves the first
part in (i).

For the second part, the proof is identical with the first part, with the only
difference that instead of D, we reason for Dλ.
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(ii) For the first part, by hypothesis there is α ∈ (0, 1), such that

Re

[
zf ′′(z)
f ′(z)

]
+ 1 ≥ α > 0,

uniformly in D. It is not difficult to show that this is equivalent with the fact
that for any β ∈ (0, α), the function zf ′(z) is starlike of order β in D1 (see e.g.
[7], p. 77), which implies f ′(z) 6= 0, for all z ∈ D, i.e. |f ′(z)| > 0, for all z ∈ D.
Also, by the same type of reasonings as those from the above point (i), we get

Re

[
zP ′′

ρ (f)(z)
P ′

ρ(f)(z)

]
+ 1 → Re

[
zf ′′(z)
f ′(z)

]
+ 1 ≥ α > 0,

uniformly in D. As a conclusion, for any 0 < β < α, there is ρ0 > 0 depending
on f , such that for all ρ ≥ ρ0 we have

Re

[
zP ′′

ρ (f)(z)
P ′

ρ(f)(z)

]
+ 1 > β > 0, for all z ∈ D.

The proof of second part in (ii) is similar, which proves the theorem.

3 Complex Spline Operator

In the paper [1], for a real-valued function f , of real variable, the following
B-splines were constructed

Pn,(δ1,...,δn)(f)(x)

=
∫ x+xc+s

x+xc

f(u)M(u− x;xc, xc + δ1, . . . , xc + s) du, x ∈ R, n ∈ N,

where s = δ1 + δ2 + · · ·+ δn,

xc = −

n∑
k=1

(n + 1− k)δk

(n + 1)
, δi ≥ 0, ∀i = 1, . . . , n, s > 0,

M(t;x0, . . . , xn) = n[x0, . . . , xn](• − t)n−1
+ ,

(v − t)n−1
+ = (v − t)n−1 if v ≥ t, (v − t)n−1

+ = 0 if v < t, and [x0, . . . , xn]F
denotes the divided difference of F on the knots x0, . . . , xn (if x0 = xn then by
definition [x0, . . . , xn]F = F (n)(x0)

n! ).
By [1, Proposition 3.1], it follows that f ∈ Cr implies Pn,(δ1,...,δn)(f) ∈ Cr,

where Cr denotes the class of r-th differentiable functions with continuous f (r).
Changing the variable u− x = v, we can write

Pn,(δ1,...,δn)(f)(x) =
∫ xc+s

xc

f(v + x)M(v;xc, xc + δ1, . . . , xc + s) dv.
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In this section we study the complexified version given by

Pn,(δ1,...,δn)(f)(z) =
∫ xc+s

xc

f(zeiu)M(u;xc, xc + δ1, . . . , xc + s) du,

for f ∈ A(D).
The first result is the following.

Theorem 3.1. If f(z) =
∞∑

k=0

akzk is analytic in D and continuous in D, then

Pn,(δ1,...,δn) is analytic in D and continuous in D. Also, we can write

Pn,(δ1,...,δn)(f)(z) =
∞∑

k=0

Bk,nzk, z ∈ D,

where

Bk,n = ak ·
∫ xc+s

xc

[cos(ku) + i sin(ku)]M(u;xc, xc + δ1, . . . , xc + s) du,

|Bk,n| ≤ |ak|, k = 0, 1, . . . .

Proof. The reasonings for the formulas of Bk,n are similar to those for Ak(ρ)
in the proof of Theorem 2.1. Then, by∫ xc+s

xc

M(u;xc, xc + δ1, . . . , xc + s) du = 1,

we easily get

|Bk,n| ≤ |ak|
∫ xc+s

xc

| cos(ku) + i sin(ku)| ·M(u;xc, xc + δ1, . . . , xc + s) du = |ak|,

k = 0, 1, . . . .

Concerning the approximation properties, we have

Theorem 3.2. If f ∈ A(D) then

∣∣P
n,
(

s
2 ,0,...,0, s

2

)(f)(z)− f(z)
∣∣ ≤ 3ω2

(
f ;

s√
2(n + 1)(n + 2)

)
∂D

, z ∈ D,

and ∣∣P
n,
(

s
n , s

n ,..., s
n

)(f)(z)− f(z)
∣∣ ≤ 3ω2

(
f ;

s√
12n

)
∂D

, z ∈ D,

where

ω2(f ; δ)∂D = sup
{
|f(ei(x+u))− 2f(eiu) + f(ei(x−u))|;x ∈ R, |u| ≤ δ

}
.
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Proof. By Theorem 3.1, if f ∈ A(D) then Pn,(δ1,...,δn)(f) is analytic in D and
continuous in D, so from the Maximum Modulus Principle, for the estimate
|Pn,(δ1,...,δn)(f)(z) − f(z)| it suffices to take |z| = 1. For f ∈ A(D) and |z| = 1
we can write

f(z) = U(cos u, sinu) + iV (cos u, sinu), ∀z = eiu ∈ ∂D.

Denoting F (u) = U(cos u, sinu), G(u) = V (cos u, sinu), u ∈ R, by [1, relations
(35) and (36)] we get

∣∣P
n,
(

s
2 ,0,...,0, s

2

)(F )(u)− F (u)
∣∣ ≤ 3

2
ω2

(
F ;

s√
2(n + 1)(n + 2)

)
R
, u ∈ R,

∣∣P
n,
(

s
2 ,0,...,0, s

2

)(G)(u)−G(u)
∣∣ ≤ 3

2
ω2

(
G;

s√
2(n + 1)(n + 2)

)
R
, u ∈ R,

∣∣P
n,
(

s
n ,..., s

n

)(F )(u)− F (u)
∣∣ ≤ 3

2
ω2

(
F ;

s√
12n

)
R
, u ∈ R,

∣∣P
n,
(

s
n , s

n ,..., s
n

)(G)(u)−G(u)
∣∣ ≤ 3

2
ω2

(
G;

s√
12n

)
R
, u ∈ R.

But for |z| = 1, z = eiu, we have

Pn,(δ1,...,δn)(f)(z) = Pn,(δ1,...,δn)(F )(u) + iPn,(δ1,...,δn)(G)(u)

and by the obvious inequalities

|F (x + u)− 2F (u) + F (x− u)| ≤ |f(ei(x+u))− 2f(eiu) + f(ei(x−u))|
|G(x + u)− 2G(u) + G(x− u)| ≤ |f(ei(x+u))− 2f(eiu) + f(ei(x−u))|,

it follows
ω2(F ; δ)R ≤ ω2(f ; δ)∂D, ω2(G; δ)R ≤ ω2(f ; δ)∂D.

Therefore, we immediately conclude: for z = eiu ∈ ∂D∣∣P
n,
(

s
2 ,0,...,0, s

2

)(f)(z)− f(z)
∣∣

≤
∣∣P

n,
(

s
2 ,0,...,0, s

2

)(F )(u)− F (u)
∣∣+ ∣∣P

n,
(

s
2 ,0,...,0, s

2

)(G)(u)−G(u)
∣∣

≤ 3ω2

(
f ;

s√
2(n + 1)(n + 2)

)
∂D

.

Similarly, we get∣∣P
n,
(

s
n , s

n ,..., s
n

)(f)(z)− f(z)
∣∣ ≤ 3ω2

(
f ;

s√
12n

)
∂D

, z ∈ ∂D,

which proves the theorem.

Now, concerning the geometric properties, we present

10
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Theorem 3.3. Let f ∈ A(D) and

Pn,(δ1,...,δn)(f)(z) =
∞∑

k=0

Bk,nzk, z ∈ D.

Suppose δk, k = 1, n are chosen such that B1,n 6= 0, for all n ∈ N. Then we
have

1
B1,n

Pn,(δ1,...,δn)

(
S3,B1,n

)
⊂ S3

and
1

B1,n
Pn,(δ1,...,δn)(SM ) ⊂ SM/|B1,n|,

where S3 and SM are those defined in Theorem 2.3.

Proof. The proof is identical with the proof of Theorem 2.3.

Remarks. 1) Denote B = inf{|B1,n|; n ∈ N}, with δ1, δ2, . . . , δn fixed. If
B > 0 then by Theorem 3.3 we get the following geometric properties:

if f ∈ S3,B then Pn,(δ1,...,δn)(f) ∈ S3, for all n ∈ N
and

if f ∈ SM , M > 1, then Pn,(δ1,...,δn)(f) is univalent in
{
z ∈ C; |z| < B

M

}
, for

all n ∈ N.
Therefore, would remain to calculate B, to check B > 0, problems which are

left to the reader as open questions.
2) Reasoning as in the proof of Theorem 2.4, it follows that for sufficiently

large n (depending on f), the complexified splines Pn,(s/2,0,...,0,s/2)(f)(z) and
Pn,(s/n,s/n,...,s/n)(f)(z) preserve the starlikeness and the convexity of f(z).
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Abstract
In this paper, we study the problem of best approximation in in-

tuitionistic fuzzy metric spaces. For this, we introduce the concept
of strong intuitionistic fuzzy metric space, t-best approximation and
the study the existence of t-best approximation in intuitionistic fuzzy
metric spaces. We give the notion of t-approximately compact set in
an intuitionistic fuzzy metric space to study the existence of t-best ap-
proximations. We give the concept of t-boundedly compact set and
also study some properties of t-approximately compact sets.
Keywords. Intuitionistic fuzzy metric space; best approximation;

compact sets.
M.S.C. (2000). 54A40; 54E35; 54E40; 54E45.

1. Introduction

In 1965, the concept of fuzzy set was introduced by Zadeh [17]. Many
authors have introduced the concept of fuzzy metric space in different
ways [2-4, 6, 7, 9, 10]. George and Veeramani [4, 5] modified the
concept of fuzzy metric space introduced by Kramosil and Michalek
[10] and defined a Hausdorff topology on this fuzzy metric space. They
also showed that every metric induces a fuzzy metric. Veeramani [16]
introduced the concept of t-best approximation in fuzzy metric spaces..
Park [12] using the idea of intuitionistic fuzzy sets, defined the notion

of intuitionistic fuzzy metric spaces with the help of continuous t-norm
and continuous t-conorm as a generalization of fuzzy metric space due
to George and Veeramani and introduced the notion of Cauchy se-
quences in an intuitionistic fuzzy metric space and proved the Baire’s
theorem and finding a necessary and sufficent condition for an intu-
itionistic fuzzy metric space to be complete and shown that every sep-
arable intuitionistic fuzzy metric space is second countable and that
every subspace of an intuitionistic fuzzy metric space is separable and
proved the Uniform limit theorem for intuitionistic fuzzy metric spaces.
Alaca et al. [1] defined the completions of intuitionistic fuzzy metric
spaces. A complete intuitionistic fuzzy metric space Y is said to be
an intuitionistic fuzzy completion of a given intuitionistic fuzzy metric
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space X if X is isometric to a dense subspace of Y . They gave an
example of an intuitionistic fuzzy metric space that does not admit
any intuitionistic fuzzy metric completion. Many authors studied the
concept of intuitionistic fuzzy metric space and its applications [8, 13].
The purpose of this paper to introduce the concept of strong intu-

itionistic fuzzy metric space, t-best approximation and the study the
existence of t-best approximation in intuitionistic fuzzy metric spaces.
We give the notion of t-approximately compact set in an intuitionis-
tic fuzzy metric space to study the existence of t-best approximations.
We give the concept of t-boundedly compact set and also study some
properties of t-approximately compact sets. As every metric induces an
intuitionistic fuzzy metric the results obtained in this paper are more
general than the corresponding results of the metric spaces.

2. Intuitionistic fuzzy metric spaces

Definition 1 ([14]). A binary operation ∗ : [0, 1] × [0, 1] −→ [0, 1] is
continuous t-norm if ∗ is satisfying the following conditions:

(i) ∗ is commutative and associative;
(ii) ∗ is continuous;
(iii) a ∗ 1 = a for all a ∈ [0, 1];
(iv) a ∗ b ≤ c ∗ d whenever a ≤ c and b ≤ d, and a, b, c, d ∈ [0, 1].

Definition 2 ([14]). A binary operation ♦ : [0, 1] × [0, 1] −→ [0, 1] is
continuous t-conorm if ♦ is satisfying the following conditions:

(i) ♦ is commutative and associative;
(ii) ♦ is continuous;
(iii) a♦0 = a for all a ∈ [0, 1];
(iv) a♦b ≤ c♦d whenever a ≤ c and b ≤ d, and a, b, c, d ∈ [0, 1].

Definition 3 ([12]). A 5-tuple (X,M,N, ∗,♦) is said to be an intu-
itionistic fuzzy metric space if X is an arbitrary set, ∗ is a continu-
ous t-norm, ♦ is a continuous t-conorm and M, N are fuzzy sets on
X2 × (0,∞) satisfying the following conditions: for all x, y, z ∈ X, s,
t > 0,

(IFM-1) M(x, y, t) +N(x, y, t) ≤ 1;
(IFM-2) M(x, y, t) > 0;
(IFM-3) M(x, y, t) = 1 if and only if x = y;
(IFM-4) M(x, y, t) =M(y, x, t);
(IFM-5) M(x, y, t) ∗M(y, z, s) ≤M(x, z, t+ s);
(IFM-6) M(x, y, .) : (0,∞)→ [0, 1] is continuous;
(IFM-7) N(x, y, t) > 0;
(IFM-8) N(x, y, t) = 0 if and only if x = y;
(IFM-9) N(x, y, t) = N(y, x, t);
(IFM-10) N(x, y, t)♦N(y, z, s) ≥ N(x, z, t+ s);
(IFM-11) N(x, y, .) : (0,∞)→ [0, 1] is continuous.
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Then (M,N) is called an intuitionistic fuzzy metric on X. The
functionsM(x, y, t) andN(x, y, t) denote the degree of nearness and the
degree of non-nearness between x and y with respect to t, respectively.

Remark 1. Every fuzzy metric space (X,M, ∗) is an intuitionistic
fuzzy metric space of the form (X,M, 1 − M, ∗,♦) such that t-norm
∗ and t-conorm ♦ are assosiated [11], i.e. x♦y = 1− ((1−x) ∗ (1− y))
for any x, y ∈ [0, 1].
Remark 2. In intuitionistic fuzzy metric space X, M(x, y, .) is non-
decreasing and N(x, y, .) is non-increasing for all x, y ∈ X.

Example 1 (Induced intuitionistic fuzzy metric [12]). Let (X, d) be
a metric space. Denote a ∗ b = ab and a♦b = min{1, a + b} for all
a, b ∈ [0, 1] and let Md and Nd be fuzzy sets on X2 × (0,∞) defined as
follows:

Md(x, y, t) =
htn

htn +md(x, y)
, Nd(x, y, t) =

md(x, y)

htn +md(x, y)

for all h,m, n ∈ R+. Then (X,Md, Nd, ∗,♦) is an intuitionistic fuzzy
metric space.

Remark 3. Note the above example holds even with the t-norm a∗ b =
min{a, b} and the t-conorm a♦b = max{a, b} and hence (M,N) is an
intuitionistic fuzzy metric with respect to any continuous t-norm and
continuous t-conorm. In the above example by taking h = m = n = 1,
we get

Md(x, y, t) =
t

t+ d(x, y)
, Nd(x, y, t) =

d(x, y)

t+ d(x, y)

We call this intuitionistic fuzzy metric induced by a metric d the stan-
dard intuitionistic fuzzy metric.

Example 2. Let X = N. Define a ∗ b = max{0, a+ b− 1} and a♦b =
a+b−ab for all a, b ∈ [0, 1] and letM and N be fuzzy sets onX2×(0,∞)
as follows:

M(x, y, t) =

½
x
y

if x ≤ y,
y
x
if y ≤ x,

, N(x, y, t) =
½ y−x

y
if x ≤ y,

x−y
x

if y ≤ x,

for all x, y ∈ X and t > 0. Then (X,M,N, ∗,♦) is an intuitionistic
fuzzy metric space.

Remark 4. Note that, in the above example, t-norm ∗ and t-conorm
♦ are not associated. And there exists no metric d on X satisfying

M(x, y, t) =
t

t+ d(x, y)
, N(x, y, t) =

d(x, y)

t+ d(x, y)
,

where M(x, y, t) and N(x, y, t) are as defined in above example. Also
note the above functions (M,N) is not an intuitionistic fuzzy metric

ON FUZZY METRIC SPACES

191



with the t-norm and t-conorm defined as a ∗ b = min{a, b} and a♦b =
max{a, b}.
Definition 4 ([12]). Let (X,M,N, ∗,♦) be an intuitionistic fuzzy met-
ric space and let r ∈ (0, 1), t > 0 and x ∈ X. The set

B(M,N)(x, r, t) = {y ∈ X :M(x, y, t) > 1− r, N(x, y, t) < r}
is called the open ball with center x and radius r with respect to t.

Theorem 1 ([12]). Every open ball B(M,N)(x, r, t) is an open set.

Remark 5. Let (X,M,N, ∗,♦) be an intuitionistic fuzzy metric space.
Define

τ (M,N) = {A ⊂ X : for each x ∈ X, there exist t > 0, r ∈ (0, 1) such
that B(M,N)(x, r, t) ⊂ A}. Then τ (M,N) is a topology on X.

Remark 6. (i) Since {B(M,N)(x,
1
n
, 1
n
) : n = 1, 2, ...} is a local base at

x, the topology τ (M,N) is first countable.

(ii) Every intuitionistic fuzzy metric space is Hausdorff.
(iii) Let (X,M,N, ∗,♦) be an intuitionistic fuzzy metric space and

τ (M,N) be the topology on X induced by the fuzzy metric. Then for
a sequence (xn)n in X, xn −→ x if and only if M(xn, x, t) −→ 1 and
N(xn, x, t) −→ 0 as n −→∞.

3. Best approximation

Definition 5. An intuitionistic fuzzy metric space (X,M,N, ∗,♦) is
said to be a strong intuitionistic fuzzy metric space if for x in X, t > 0,
y −→M(y, x, t) and y −→ N(y, x, t) are continuous map on X.

Remark 7. Every standard intuitionistic fuzzy metric induced by a
metric is also a strong intuitionistic fuzzy metric. We call this metric
as the standard strong intuitionistic fuzzy metric induced by the metric.

Example 3. Let X = R, the set of all real numbers. Then M and N
defined as

M(x, y, t) = e−
|x−y|
t and N(x, y, t) = e−

|x−y|
t

³
e
|x−y|
t − 1

´
for all x, y ∈ R and t > 0. Then (M,N) is a strong intuitionistic fuzzy
metric, where a∗b = min{a, b} and a♦b = max{a, b} for all a, b ∈ [0, 1].
Definition 6. Let A be a nonempty subset of an intuitionistic fuzzy
metric space (X,M,N, ∗,♦). For x ∈ X, t > 0, let

M(A, x, t) = sup{M(y, x, t) : y ∈ A} and N(A, x, t) = inf{N(y, x, t) : y ∈ A}.
An element y0 ∈ A is said to be t-best approximation to x from A if

M(y0, x, t) =M(A, x, t) and N(y0, x, t) = N(A, x, t).
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Example 4. Let X = N. Let a ∗ b = ab and a♦b = min{1, a + b} for
all a, b ∈ [0, 1]. Let M and N be fuzzy sets on X2 × (0,∞) defined as
follows:

M(x, y, t) =

½ x+t
y+t

if x ≤ y,
y+t
x+t

if y ≤ x,
and N(x, y, t) =

½ y−x
y+t

if x ≤ y,
x−y
x+t

if y ≤ x.

Then it is easy to prove that (X,M,N, ∗,♦) is an intuitionistic fuzzy
metric space. Also it is interesting to note that (M,N) is not an
intuitionistic fuzzy metric with the t-norm and t-conorm defined as
a ∗ b = min{a, b} and a♦b = max{a, b}.
Let A = {2, 4, 6, ...}. Then

M(A, 3, t) = max

½
2 + t

3 + t
,
3 + t

4 + t

¾
=
3 + t

4 + t
=M(3, 4, t),

N(A, 3, t) = min

½
1

3 + t
,
1

4 + t

¾
=

1

4 + t
= N(3, 4, t).

Hence for each t > 0, 4 is a t-best approximation to 3 from A. As
M(3, 4, t) > M(2, 3, t) and N(3, 4, t) < N(2, 3, t), 2 is not a t-best
approximation to 3.
In fact for each odd number k ∈ X, k + 1 ∈ A is unique t-best

approximation for each t > 0.

Remark 8. Let (X, d) be a metric space and (Md, Nd) be the induced
standard intuitionistic fuzzy metric. Then y0 ∈ A is a best approx-
imation to x ∈ X in the metric space if and only if y0 is a t-best
approximation to x in the induced intuitionistic fuzzy metric space
(X,Md, Nd, ∗,♦), for each t > 0.
Definition 7. Let (X,M,N, ∗,♦) is intuitionistic fuzzy metric space.
A nonempty subset A of X is said to be t- approximatively compact
if for each x ∈ X and each sequence (yn)n in X with M(yn, x, t) −→
M(A, x, t) and N(yn, x, t) −→ N(A, x, t) there exists a subsequence
(ynk)k of (yn)n converging to an element y in A.

Remark 9. (i) If A is approximatively compact in a metric space (X, d)
then for each t > 0, A is t-approximatively compact in the induced
intuitionistic fuzzy metric space.

(ii) If A is a compact subset of an intuitionistic fuzzy metric space
(X,M,N, ∗,♦) then A is t-approximatively compact for each t > 0.
Obviously the converse is not true.

Lemma 1. Let A be a nonempty subset of an intuitionistic fuzzy metric
space X. Then x ∈ A, the closure of A, if and only if M(A, x, t) = 1
and N(A, x, t) = 0, for all t > 0.
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Proof. Suppose x ∈ A. Since X is first countable then there exists a
sequence (xn)n in A such that xn −→ x as n −→∞. This implies that

M(xn, x, t) −→ 1 and N(xn, x, t) −→ 0

as n −→ ∞ and for all t > 0. Fix a t > 0. Then for each ε > 0 there
exists a n0 ∈ N such that M(xn, x, t) > 1 − ε and N(xn, x, t) < ε for
all n ≥ n0. Since

M(A, x, t) ≥M(xn, x, t) > 1− ε and N(A, x, t) ≤ N(xn, x, t) < ε

then
1 ≥M(A, x, t) > 1− ε and 0 ≤ N(A, x, t) < ε

for all n ≥ n0. Hence for each ε > 0,

M(A, x, t) = 1 and N(A, x, t) = 0

for all t > 0.
Conversely suppose that M(A, x, t) = 1 and N(A, x, t) = 0 for all

t > 0. It is easy to see that B(M,N)(x,
1
n
, 1
n
) ⊆ B(M,N)(x, r, t) whenever

1
n
< r, t. Also {B(M,N)(x, r, t) : 0 < r < 1, t > 0 } is also lacal base at

x ∈ X. Since M(A, x, 1
n
) = 1 and N(A, x, 1

n
) = 0 for each n ∈ N, then

there exists a sequence (xn)n in A such that

M(xn, x, t) > 1− 1
n
and N(xn, x, t) <

1

n
.

This implies xn ∈ B(M,N)(x,
1
n
, 1
n
) ⊆ B(M,N)(x, r, t). Hence xn ∈ B(M,N)(x, r, t)

which implies B(M,N)(x, r, t) ∩ A 6= ∅. Thus, x ∈ A for all n ∈ N and
t > 0 which completes the proof. ¤
Theorem 2. For t > 0, let A be a nonempty t-approximatively com-
pact subset of a strong intuitionistic fuzzy metric space (X,M,N, ∗,♦).
Then for each x in X there exists y0 in A such that

M(A, x, t) =M(y0, x, t) and N(A, x, t) = N(y0, x, t).

That is y0 is a t-best approximation to x from A.

Proof. Since M(A, x, t) = sup{M(y, x, t) : y ∈ A} and N(A, x, t) =
inf{N(y, x, t) : y ∈ A}, then there exists a sequence (yn)n in A such
that

M(yn, x, t) −→M(A, x, t) and N(yn, x, t) −→ N(A, x, t)

for all x ∈ X. On the other hand A is a t-approximatively compact
set implies that there exists a subsequence (ynk)k of (yn)n and some y0
in A such that ynk −→ y0. Since (X,M,N, ∗,♦) is a strong intuition-
istic fuzzy metric space then y −→ M(y, x, t) and y −→ N(y, x, t) are
continuous functions which implies that

M(ynk , x, t) −→M(y0, x, t) and N(ynk , x, t) −→ N(y0, x, t).

But

M(yn, x, t) −→M(A, x, t) and N(yn, x, t) −→ N(A, x, t)
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then

M(ynk , x, t) −→M(A, x, t) and N(ynk , x, t) −→ N(A, x, t).

Hence M(A, x, t) = M(y0, x, t) and N(A, x, t) = N(y0, x, t) which im-
plies y0 is a t- best approximation to x from A. ¤
Theorem 3. Suppose, for some t > 0, A is a t-approximatively com-
pact subset of a strong intuitionistic fuzzy metric space (X,M,N, ∗,♦).
Then A is closed in X.

Proof. Let x ∈ A. Then from Lemma 1M(A, x, t) = 1 andN(A, x, t) =
0. Now A is t-approximatively compact implies, by Theorem 2, there
exists y ∈ A such thatM(y, x, t) =M(A, x, t) andN(y, x, t) = N(A, x, t).
Then M(y, x, t) = 1 and N(y, x, t) = 0 which implies x = y ∈ A.
Therefore A is closed in X. ¤
Remark 10. If A is a t-approximatively compact set then for each x
in X

P t
A(x) = {y ∈ A :M(A, x, t) =M(y, x, t) and N(A, x, t) = N(y, x, t)}

is a compact set.

Definition 8. Let (X,M,N, ∗,♦) be an intuitionistic fuzzy metric space.
Then we define a closed ball with centre x ∈ X, and radius r, 0 < r < 1,
t > 0 as

B(M,N)[x, r, t] = {y ∈ X :M(x, y, t) ≥ 1− r, N(x, y, t) ≤ r}.
Lemma 2. Every closed ball B(M,N)[x, r, t] is a closed set.

Proof. Let y ∈ B(M,N)[x, r, t]. Since X is first countable, then there
exist a sequence (yn)n in B(M,N)[x, r, t] such that yn → y. Therefore
M(yn, y, t) −→ 1 and N(yn, y, t) −→ 0 for all t. For a given ε > 0,

M(x, y, t+ ε) ≥M(x, yn, t) ∗M(yn, y, ε)
and

N(x, y, t+ ε) ≤ N(x, yn, t)♦N(yn, y, ε).
Hence

M(x, y, t+ ε) ≥ lim
n
M(x, yn, t) ∗ lim

n
M(yn, y, ε)

≥ (1− r) ∗ 1 = 1− r

and

N(x, y, t+ ε) ≤ lim
n
N(x, yn, t)♦lim

n
N(yn, y, ε)

≤ r♦0 = r.

(If M(x, yn, t) and N(x, yn, t) are bounded, (yn)n has a subsequence,
which we again denote by (yn)n for which limnM(x, yn, t) and limnN(x, yn, t)
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are exist.) In particular for n ∈ N, take ε = 1
n
. Then M(x, y, t+ 1

n
) ≥

1− r and N(x, y, t+ 1
n
) ≤ r. Hence from (IFM-6) and (IFM-11),

M(x, y, t) = lim
n
M

µ
x, y, t+

1

n

¶
≥ 1− r

and

N(x, y, t) = lim
n
N

µ
x, y, t+

1

n

¶
≤ r.

Thus y ∈ B(M,N)[x, r, t] which completes the proof. ¤

Definition 9. Let (X,M,N, ∗,♦) be an intuitionistic fuzzy metric space.
For t > 0, a nonempty closed subset A of X is said to be t-boundedly
compact if for each x in X, 0 < r < 1, B(M,N)[x, r, t] ∩A is a compact
subset of X.

Remark 11. Let (X, d) be a metric space and (Md, Nd) be the standard
intuitionistic fuzzy metric induced by d. Then, for x ∈ X, 0 < r < 1,
t > 0, B[x, r] = {y ∈ X : d(x, y) ≤ r} = B(Md,Nd)[x, 1− t

t+r
, t] = {y ∈

X :Md(x, y, t) ≥ t
t+r

and Nd(x, y, t) ≤ r
t+r
}. Hence a nonempty closed

set A is boundedly compact in the metric space (X, d) if and only if A
is t-boundedly compact in the induced intuitionistic fuzzy metric space
(X,Md, Nd, ∗,♦) for some t > 0.
Theorem 4. If A is nonempty t-boundedly compact subset of an intu-
itionistic fuzzy metric space (X,M,N, ∗,♦) then A is a t-approximatively
compact set.

Proof. For x ∈ X, let (xn)n be a sequence in A such that

M(xn, x, t) −→M(A, x, t) and N(xn, x, t) −→ N(A, x, t).

Since M(A, x, t) > 0 and N(A, x, t) < 1 there exists n0 ∈ N such that

M(A, x, t)−M(xn, x, t) <
M(A, x, t)

2
and

N(xn, x, t)−N(A, x, t) <
1−N(A, x, t)

2

for all n ≥ n0. Hence

M(xn, x, t) >
M(A, x, t)

2
= 1−r and N(xn, x, t) <

1 +N(A, x, t)

2
= r,

where r = 1 − M(A,x,t)
2

= 1+N(A,x,t)
2

(0 < r < 1). Hence xn ∈
B(M,N)[x, r, t]∩A. SinceA is a t-boundedly compact set impliesB(M,N)[x, r, t]∩
A is a compact set. Hence (xn)n has a convergent subsequence (xnk)k
which converges to an element in A. Therefore A is t-approximatively
compact. ¤
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Remark 12. In a metric space an approximatively compact set need
not be compact [15]. Hence from Remark 11 it is clear that a t-
approximatively compact set need not be a t-boundedly compact set in
an intuitionistic fuzzy metric space.
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1 Introduction

Let D denote the unit disk in the complex plane C and ∂D its boundary. Denote
by H(D) the class of all analytic functions on D. An f ∈ H(D) is said to belong
to the α-Bloch space, denoted by Bα, if

B(f) = sup
z∈D

(1− |z|2)α|f ′(z)| < ∞.

The space Bα becomes a Banach space with the norm ‖f‖Bα = |f(0)| + B(f).
Let Bα

0 denote the subspace of Bα consisting of those f ∈ Bα for which

(1− |z|2)α|f ′(z)| → 0

as |z| → 1. This space is called the little α-Bloch space. For α = 1, we obtain
the well known classical Bloch space, simply denoted by B. For 0 < α < 1, Bα

can be identified with the analytic Lipschitz space Λ1−α (see, for example, [5,
Theorem 5.1]).
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Let Λ1 denote the space of all f ∈ H(D)
⋂

C(D) such that

‖f‖Λ1 = sup
|f(ei(θ+h)) + f(ei(θ−h))− 2f(eiθ)|

h
< ∞, (1)

where the supremum is taken over all eiθ ∈ ∂D and h > 0. By a theorem of
Zygmund (see [5, Theorem 5.3]) and the Closed Graph Theorem we have the
that f ∈ Λ1 if and only if

sup
z∈D

(1− |z|2)|f ′′(z)| < ∞.

Moreover, the following asymptotic relation holds:

‖f‖Λ1 ³ sup
z∈D

(1− |z|2)|f ′′(z)|. (2)

Therefore, Λ1 is called the Zygmund class. Since the quantities in (2) are semi
norms (they do not distinguish between functions differing by a linear poly-
nomial), it is natural to add them the quantity |f(0)| + |f ′(0)|, to obtain two
equivalent norms on the Zygmund class of functions. Zygmund class with such
defined norm will be called Zygmud space. This norm will be again denoted by
‖ · ‖Λ1 .

By (2) we have

|f ′(z)− f ′(0)| ≤ C‖f‖Λ1 log
1

1− |z| . (3)

Also, we have

|f(z)− f(0)− zf ′(0)| =
∣∣∣∣
∫ z

0

∫ 1

0

f ′′(tζ)ζdtdζ

∣∣∣∣

≤ ‖f‖Λ1

∣∣∣∣
∫ z

0

∫ 1

0

|ζ|dt

1− t|ζ| |dζ|
∣∣∣∣

≤ ‖f‖Λ1

∣∣∣∣
∫ |z|

0

ln
1

(1− s)
ds

∣∣∣∣

= ‖f‖Λ1

(
|z|+ (|z| − 1) ln

1
1− |z|

)
,

for every z ∈ D. From this and since the quantity

sup
x∈[0,1)

(
x + (x− 1) ln

1
1− x

)

is bounded, it follows that

‖f‖∞ ≤ C‖f‖Λ1 , (4)

for every f ∈ Λ1, and for some positive constant C independent of f.
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Suppose that g : D → C is a holomorphic map, f ∈ H(D). The integral
operator, called a Volterra type operator,

Jgf(z) =
∫ z

0

fdg =
∫ 1

0

f(tz)zg′(tz)dt =
∫ z

0

f(ξ)g′(ξ)dξ, z ∈ D (5)

was introduced by Pommerenke in [12].
The companion operator Ig with symbol g are defined by

Igf(z) =
∫ z

0

f ′(ξ)g(ξ)dξ,

for z ∈ D and f ∈ H(D). The importance of the operators Jg and Ig comes
from the fact that

Jgf + Igf = Mgf − f(0)g(0),

where Mg is the multiplication operator

(Mgf)(z) = g(z)f(z), f ∈ H(D), z ∈ D.

In addition, Jg can be viewed as a generalization of the Cesàro operator.
In [12] Pommerenke showed that Jg is a bounded operator on the Hardy

space H2 if and only if g ∈ BMOA. The boundedness and compactness of Jg and
Ig and their n-dimensional extensions, between various spaces of holomorphic
functions have been studied recently (see, for example, [1, 2, 6, 7, 8, 9, 13, 14, 15]
and the related references therein).

Here we study the boundedness and compactness of integral operators Jg

and Ig from the Zygmund space into the Bloch space and little Bloch space.
Throughout the paper, constants are denoted by C, they are positive and

may differ from one occurrence to the other. The notation a ¹ b means that
there is a positive constant C such that a ≤ Cb. If both a ¹ b and b ¹ a hold,
then one says that a ³ b.

2 Main Results

In order to investigate the compactness of operators Jg and Ig, which map a
space into B0, we need the following lemma, which was proved in [10] (see, also,
[11]).

Lemma 1. A closed set K in B0 is compact if and only if it is bounded and
satisfies

lim
|z|→1

sup
f∈K

(1− |z|2)|f ′(z)| = 0.

The following lemma can be proved in a standard way (see, for example, [4,
Theorem 3.11]).

Lemma 2. The operator Jg (or Ig) : Λ1 → B is compact if and only if Jg (or Ig)
is bounded and for any bounded sequence (fk)k∈N in Λ1 which converges to

VOLTERRA TYPE OPERATORS

201



zero uniformly on compact subsets of D as k → ∞, we have ‖Jgfk‖B →
0 (or ‖Igfk‖B → 0) as k →∞.

Now we are in a position to formulate and prove the main results of this
section.

2.1 Boundedness of the operators Jg; Ig : Λ1 → B (orB0)

In this subsection we study the boundedness of the operators Jg; Ig : Λ1 →
B (orB0).

Theorem 1. Suppose that g is an analytic function on D. Then

(a) Ig : Λ1 → B is bounded if and only if

sup
z∈D

(1− |z|2)|g(z)| log
1

1− |z|2 < ∞. (6)

(b) Ig : Λ1 → B0 is bounded if and only if

lim
|z|→1

(1− |z|2)|g(z)| log
1

1− |z|2 = 0. (7)

Proof. (a) Suppose that f ∈ Λ1 and (6) holds. Then by (3) we have

‖Igf‖B = sup
z∈D

(1− |z|2)|(Igf)′(z)| = sup
z∈D

(1− |z|2)|f ′(z)||g(z)|

≤ C‖f‖Λ1 sup
z∈D

(1− |z|2)|g(z)| log
1

1− |z|2 ,

which implies that the operator Ig : Λ1 → B is bounded.
Conversely, assume that Ig : Λ1 → B is bounded. Let

h(z) = (z − 1)

[(
1 + log

1
1− z

)2

+ 1

]

and

fa(z) =
h(āz)

ā

(
log

1
1− |a|2

)−1

(8)

for a ∈ D. Then, we have

f ′a(z) =
(

log
1

1− āz

)2 (
log

1
1− |a|2

)−1

(9)

and

f ′′a (z) =
2ā

1− āz

(
log

1
1− āz

)(
log

1
1− |a|2

)−1

.
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Thus for 1/
√

2 < |a| < 1, we have

|f ′′a (z)| ≤ 2
1− |z|

(
log

1
1− |a| + C

) (
log

1
1− |a|2

)−1

≤ C

1− |z| (10)

and consequently
M1 = sup

1/
√

2<|a|<1

‖fa‖Λ1 < ∞.

From (9) and the following well known estimate (see, for example, [16])

(1− |a|2)2
|1− āz|4 ³ 1

(1− |z|2)2 ³
1

(1− |a|2)2 ³
1

|D(a, r)| ,

when z ∈ D(a, r) and where |D(a, r)| denotes the area of the Bergman disk
D(a, r), we have that

(
log

1
1− |a|2

)2

|g(a)|2 = |f ′a(a)g(a)|2

≤ C

(1− |a|2)2
∫

D(a,r)

|f ′a(z)|2|g(z)|2dA(z)

=
C

(1− |a|2)2
∫

D(a,r)

|f ′a(z)|2|g(z)|2(1− |z|2)2 1
(1− |z|2)2 dA(z)

≤ C

∫

D(a,r)

dA(z)
(1− |z|2)4 sup

z∈D(a,r)

(1− |z|2)2|f ′a(z)|2|g(z)|2

≤ C

(1− |a|2)2 ‖Igfa‖2B,

which implies that

(1− |a|2)|g(a)| log
1

1− |a|2 ≤ C‖Igfa‖B ≤ CM1‖Ig‖Λ1→B (11)

for every 1/
√

2 < |a| < 1.
On the other hand, we have that

sup
|a|≤1/

√
2

(1− |a|2)|g(a)| log
1

1− |a|2

≤ 4
3

ln 2 max
|a|=1/

√
2
|g(a)|

≤ sup
1/
√

2≤|a|<1

(1− |a|2)|g(a)| log
1

1− |a|2 . (12)

From (11) and (12) we obtain (6).

(b) First assume that condition (7) does not hold. If it were, then it would
exist ε0 > 0 and a sequence (zk)k∈N ∈ D, such that limk→∞ |zk| = 1 and

(1− |zk|2)|g(zk)| log
1

1− |zk|2 ≥ ε0 > 0
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for sufficiently large k. We may assume also

1− |zk−1|
2

> 1− |zk|, k ∈ N.

Then, for every non-negative integer s there is at most one zk such that 1− 1
2s ≤

|zk| < 1− 1
2s+1 . Hence, there is m0 ∈ N such that for any Carleson window

Q = {reiθ | 0 < 1− r < l(Q), |θ − θ0| < l(Q)}
and s ∈ N, there is at most m0 elements in

{zk ∈ Q | 2−(s+1)l(Q) < 1− |zk| < 2−sl(Q)}.
Therefore, (zk)k∈N is an interpolating sequence for B, in sense of [3].

By [3] we have that there is an h ∈ B such that

h(zk) = log
1

1− |zk|2 , k ∈ N.

Let f(z) =
∫ z

0
h(ξ)dξ. Then from the definition of Bloch functions and Zygmund

functions, we see that f ∈ Λ1. We obtain

(1− |zk|2)|(Igf)′(zk)| = (1− |zk|2)|f ′(zk)||g(zk)|
= (1− |zk|2)|h(zk)||g(zk)|
= (1− |zk|2)|g(zk)| log

1
1− |zk|2 ≥ ε0.

Thus, Igf 6∈ B0, which is a contradiction.
Conversely, suppose that (7) holds. Then by (a) we see that Ig : Λ1 → B is

bounded. Since, for any f ∈ Λ1, in view of (3), we have

(1− |z|2)|(Igf)′(z)| ≤ C‖f‖Λ1(1− |z|2)|g(z)| log
1

1− |z|2 ,

by (7), it follows that Igf ∈ B0. Since B0 is closed subset of B, we obtain
IgΛ1 ⊂ B0. Therefore Ig : Λ1 → B0 is bounded.

Theorem 2. Suppose that g is an analytic function on D. Then,

(a) Jg : Λ1 → B is bounded if and only if g ∈ B.

(b) Jg : Λ1 → B0 is bounded if and only if g ∈ B0.

Proof. (a) By (4), we have that

‖Jgf‖B = sup
z∈D

(1− |z|2)|(Jgf)′(z)| = sup
z∈D

(1− |z|2)|f(z)||g′(z)|

≤ C sup
z∈D

(1− |z|2)|g′(z)|‖f‖Λ1 .
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Therefore g ∈ B implies that Jg is a bounded operator from Λ1 to B.
Conversely, suppose Jg is a bounded operator from Λ1 to B. Taking the

function f = 1, we obtain g ∈ B.

(b) If we assume that Jg : Λ1 → B0 is bounded, then by taking f = 1 we
obtain g ∈ B0.

Conversely, suppose that g ∈ B0. Then from (a) we see that Jg is a bounded
operator from Λ1 to B. Since g ∈ B0, for any f ∈ Λ1 we have that

lim
|z|→1

(1− |z|2)|(Jgf)′(z)| = lim
|z|→1

(1− |z|2)|g′(z)| |f(z)|

≤ ‖f‖Λ1 lim
|z|→1

(1− |z|2)|g′(z)| = 0,

i.e. Jgf ∈ B0. Since B0 is closed subset of B, we obtain JgΛ1 ⊂ B0. Therefore
Jg : Λ1 → B0 is bounded. This finishes the proof of the theorem.

2.2 Compactness of the operators Jg; Ig : Λ1 → B (orB0)

Now, we investigate the compactness of the operators Jg; Ig : Λ1 → B (orB0).

Theorem 3. Assume that g is an analytic function on D. Then the following
statements are equivalent:

(a) Ig : Λ1 → B is compact;

(b) Ig : Λ1 → B0 is compact;

(c)

lim
|z|→1

(1− |z|2)|g(z)| log
1

1− |z|2 = 0. (13)

Proof. (c) ⇒ (b). From Lemma 1, we know that Ig : Λ1 → B0 is compact
if and only if

lim
|z|→1

sup
‖f‖Λ1≤1

(1− |z|2)|(Igf)′(z)| = 0. (14)

We have

(1− |z|2)|(Igf)′(z)| ≤ C‖f‖Λ1(1− |z|2)|g(z)| log
1

1− |z|2 . (15)

Taking the supremum in (15) over the the unit ball of the space Λ1, then letting
|z| → 1, we obtain that (14) holds, as desired.

(b) ⇒ (a) is clear.
(a) ⇒ (c) Now we assume that the operator Ig : Λ1 → B is compact. Let

(zk)k∈N be a sequence in D such that |zk| → 1 as k →∞. Set

fk(z) =
(1− z̄kz)

z̄k

[(
1 + log

1
1− z̄kz

)2

+ 1
](

log
1

1− |zk|2
)−1

, (16)
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k ∈ N. Then in view of (10), we have that supk∈N ‖fk‖Λ1 ≤ C and that fk

converges to 0 uniformly on compact subsets of D as k →∞. Since Ig : Λ1 → B
is compact, we have

‖Igfk‖B → 0 as k →∞
by Lemma 2. Thus

(1− |zk|2)|g(zk)| log
1

1− |zk|2 ≤ sup
z∈D

(1− |z|2)|g(z)||f ′k(z)|

= sup
z∈D

(1− |z|2)|(Igfk)′(z)|

= ‖Igfk‖B → 0

as k →∞. Since (zk)k∈N is an arbitrary sequence such that |zk| → 1 as k →∞,
(13) follows.

Theorem 4. Assume that g is an analytic function on D. Then,

(a) Jg : Λ1 → B0 is compact if and only if g ∈ B0.

(b) Jg : Λ1 → B is compact if and only if g ∈ B.

Proof. (a) From Lemma 1, we know that Jg : Λ1 → B0 is compact if and
only if

lim
|z|→1

sup
‖f‖Λ1≤1

(1− |z|2)|(Jgf)′(z)| = 0. (17)

By (4) we have that

(1− |z|2)|(Jgf)′(z)| ≤ C(1− |z|2)|g′(z)|‖f‖Λ1 . (18)

Taking the supremum in (18) over the unit ball of the space Λ1, then letting
|z| → 1, we obtain that condition (17) holds, from which the compactness of
Jg : Λ1 → B0 follows.

Conversely, suppose that Jg : Λ1 → B0 is compact. Then it is clear that
Jg : Λ1 → B0 is bounded. From this and Theorem 2 we see that g ∈ B0.

(b) Suppose that Jg : Λ1 → B is compact. Then it is clear that Jg is bounded,
and by Theorem 2 we have that g ∈ B.

Conversely, assume g ∈ B. Let (fk)k∈N be a bounded sequence in Λ1 and
convergent to zero uniformly on compact subsets of D as k → ∞. Now note
that fk ∈ Λ1 ⊂ A(D), k ∈ N, where A(D) is the disk algebra, consisting of all
functions in H(D) that are continuous up to the boundary of the unit disk. It
can be easily proved that limk→∞ supz∈D |fk(z)| = 0. Hence, we have that

‖Jgfk‖B = sup
z∈D

(1− |z|2)|g′(z)||fk(z)| ≤ ‖g‖B sup
z∈D

|fk(z)| → 0, (19)

as k →∞. Therefore, Jg : Λ1 → B is compact.
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Localizing Entropies via an Open Cover†

Kesong Yan ∗1 , Fanping Zeng 1,2 and Qi Wang 3

1 Department of Mathematics and Computer Science, Liuzhou Teachers College,
Liuzhou, Guangxi, 545004, People’s Republic of China

2 Institute of Mathematics, Guangxi University, Nanning,
Guangxi, 530004, People’s Republic of China

3 Department of Information and Computing Science, Guangxi University of Technology

Liuzhou, Guangxi, 545006, People’s Republic of China

Abstract. For a given topological dynamical system (X, T ), we introduce and study some entropies of open
covers. The main result as follows: (1)the inequality

hp(T,U) 6 hm(T,U) 6 htop(T,U) 6 hm(T,U) + hb(T ),

relating pointwise pre-image entropies of open covers hp(T,U), hm(T,U), branch pre-image entropy hb(T )

and the topological entropy of open covers htop(T,U). (2) pseudo-entropy of open covers equals topological

entropy of open covers. (3)pseudo-point-entropies of open covers equal topological entropy of open covers.

Keywords. Topological entropy, Pointwise preimage entropy, Pseudo-orbits

AMS subject classification:: 54C70, 54E40.

1 Introduction

Entropies are fundamental to our current understanding of dynamical systems. The
topological entropy htop(T ) for a continuous map T of a compact metric space X into itself
is a measure of its dynamical complexity, which was first defined by Adler, Konheim and
McAndrew [1], and later given several equivalent definitions by Bowen and others [2,3].
The topological entropy measures the maximal exponential growth rate of orbits for an
arbitrary topological dynamical systems.

When the mapping T under consideration is a homeomorphism it is well known that T
and the inverse mapping T−1 have the same topological entropy. However, when the map
is not invertible, different ways of extending the procedure into the past lead to several new
entropy-like invariants for non-invertible maps.

Recently, the pre-image relation entropy hr(T ) of a compact metric space has been
introduced by Langevin and Walczak [5], which was shown to be a new tool for studying
the topology and dynamics of compact metric spaces. Later, several important pre-image
entropy invariants, such as pointwise pre-image entropy, pointwise branch entropy, par-
tial pre-image entropy and bundle-like pre-image entropy, etc., have been introduced and
their relationships with topological entropy have been established(see [6-11]). In particular
M.Hurley [7] established a beautiful inequality relating pointwise, branch and topological
entropy. In section 2 of this paper, we study the localization of Hurley’s inequalities, which
is a direct generalization.

A pseudo-orbit is an important concept in the theory of dynamical systems. In reality, it
is difficult to find a real orbit in the system. Usually a pseudo-orbit can be used to approx-
imate the real orbit, and so it is a useful tool to study the dynamics of dynamical systems.

0†This work was supported by the National Natural Science Foundation of China (10661001).
0*E-mail addresses: ykshhz@163.com (K. Yan), fpzeng@gxu.edu.cn (F. Zeng)
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2 K. Yan , F. Zeng and Q.Wang

In an earlier paper with M.Barge and R.Swanson [12], they have given one of the equiva-
lent definitions of topological entropy involves counting segments of pseudo-orbits instead
of orbit segments. In section 3, we shall define and study pseudo-entropy of an open cover
and show that it equals topological entropy of the open cover. In [7], M.Huley considered
pseudo-orbits for inverse and shown that point entropy with pseudo-orbits equals topolog-
ical entropy. In section 4, we shall consider the localization of pseudo-point-entropies.

2 The localization of Hurley’s inequalities

Let (X, T ) be a topological dynamical system. This means that X is a compact metric
space, that d denotes the metric, and T : X → X is a continuous map from X to itself. A
open cover of X is a family of open sets of X, whose union is X. Denote the set of open
covers by Co

X . Given two open covers U ,V ∈ Co
X , let U ∨ V = {U ∩ V : U ∈ U , V ∈ V}. If

M,N ∈ N(where N denote the set of all positive integers) with M 6 N and U ∈ CX , we

use the notation UN
M =

N∨
n=M

T−nU .

Given U ∈ Co
X and K ⊂ X, put

N(U|K) = min{card(F) : F ⊂ U ,
⋃

F∈F
F ⊃ K}.

We write N(U|X) simply by N(U). Then the topological entropy of U with respect to T is
defined as

htop(T,U) = lim
n→∞

1
n

log N(Un−1
0 ) = inf

n>1

1
n

log N(Un−1
0 ),

and the pointwise preimage entropies of U with respect to T is defined as

hp(T,U) = sup
x∈X

lim sup
n→∞

1
n

log N(Un−1
0 |T−n(x)),

hm(T,U) = lim sup
n→∞

1
n

log sup
x∈X

N(Un−1
0 |T−n(x)).

We have the trivial inequalities hp(T,U) 6 hm(T,U) 6 htop(T,U). Moreover, it is not hard
to see that hp(T,U) = hm(T,U) = 0 when T is a homeomorphism.

Given x ∈ X let Tn(x) denote the tree of inverse images of x up to order n, which is
defined by

Tn(x) = {[z0, z1, · · · , zn] : z0 = x, T (zj) = zj−1,∀1 6 j 6 n}.

The root point of the tree Tn(x) is x. Each ordered set [z0, z1, · · · , zn] contained in Tn(x)
is called a branch of Tn(x). Let Tn =

⋃
x∈X

Tn(x). We define a metrics on Tn as follows. Let

A = [a0, a1, · · · , an], B = [b0, b1, · · · , bn] ∈ Tn, the branch distance is defined as

dn(A,B) = max
06j6n

d(aj , bj).

Let On = {Tn(x) : x ∈ X}. For each two elements Tn(x) and Tn(y) of On, denote by
dH(Tn(x), Tn(y)) the usual Hausdorff metric between them based upon metric dn. A subset
Zn of On is said to be dH -(n, ε)-separated if for any two distinct trees Tn(x), Tn(y) ∈ Zn,
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we have dH(Tn(x), Tn(y)) > ε. Let t(n, ε) denote the maximal cardinality of any dH -(n, ε)-
separated subset of On. Define the entropy by

hb(T ) = lim
ε→0

lim sup
n→∞

1
n

log t(n, ε),

which is called the branch preimage entropy of T .
In [7], M.Huley established a beautiful inequality relating pointwise, branch and topo-

logical entropy. Now we consider the localization of Hurley’s inequalities.

Theorem 2.1 Let (X, T ) be a topological dynamical system. For each U ∈ Co
X , we have

hp(T,U) 6 hm(T,U) 6 htop(T,U) 6 hm(T,U) + hb(T ).

Proof. Obviously, hp(T,U) 6 hm(T,U) 6 htop(T,U). We show that htop(T,U) 6 hm(T,U)+
hb(T ). Let ε > 0 be a Lebesgue number of U . Let Y denote a maximal dH -(n, ε/3)-separated
set of On and let Z denote the set of all root points of trees in Y. For each z ∈ Z let M(z,U)
be a subcover of Un−1

0 with respect to T−n(z) and the cardinality of it is N(Un−1
0 |T−n(z)).

Set
M =

⋃
z∈Z

M(z,U).

Claim. M is an open cover of X.
In fact, let x ∈ X and let w = fn(x). Since Y is a maximal dH -(n, ε/3)-separated set of

On, there is a tree Tn(y) ∈ Y such that dH(Tn(w), Tn(y)) 6 ε/3. Now consider the branch
B1 of Tn(w) whose end is x, i.e.

B1 = [w = fn(x), fn−1(x), · · · , f(x), x].

Hence there exists a branch B2 = [y0 = y, y1, · · · , yn] of Tn(y) such that dn(B1, B2) 6 ε/3.
This means that d(T j(yn), T j(x)) 6 ε/3 for each 0 6 j 6 n. By the definition of ε, there
exists A ∈ M(y,U) such that x ∈ A. It means M is an open cover of X. This completes the
proof of the claim.

Using the claim, we get
N(Un−1

0 ) 6 |M |,

where |M | denotes the cardinality of M. Hence

N(Un−1
0 ) 6 |M | 6 |Z| · sup

x∈X
N(Un−1

0 |T−n(x))

= t(n, ε/3) · sup
x∈X

N(Un−1
0 |T−n(x)).

Therefore,

htop(T,U) 6 hm(T,U) + lim sup
n→∞

1
n

log t(n, ε/3)

6 hm(T,U) + hb(T ).

This completes the proof. �
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By Theorem 2.1, we can direct obtain Hurley’s inequalities.

Theorem 2.2 (Hurley’s inequalities[7]) For any topological dynamical system (X, T ),

hm(T ) 6 htop(T ) 6 hm(T ) + hb(T ).

3 The localization of pseudo-entropy

Topological entropy has been characterized by Swanson (see [11]) and Misiurewicz (see
[13]) in terms of growth rates of pseudo-orbit. In this section, we consider the localization
of pseudo-entropy.

Let (X, T ) be a topological dynamical system. Let Xn denote the n-fold Cartesian
product of X(n ∈ N). For α > 0, an α-pseudo-orbit for T of length n is a point x =
(x0, x1, · · · , xn−1) ∈ Xn with the property that d(T (xj−1), xj) < α for all 1 6 j 6 n − 1.
Let Ψn(α) ⊂ Xn denote all α-pseudo-orbit of length n. Given U ∈ Co

X and α > 0. Let

Un = {[U0, U1, · · · , Un−1] : Uj ∈ U , 0 6 j 6 n− 1},

where

[U0, U1, · · · , Un−1] = {(u0, u1, · · · , un−1) ∈ Xn : uj ∈ Uj , 0 6 j 6 n− 1}.

Obviously, Un is an open cover of Xn. Set N(U , n, α) = N(Un|Ψn(α)). It is easy to see that
N(U , n + m,α) 6 N(U , n, α) ·N(U ,m, α). Now we put

hΨ(T,U , α) = lim
n→∞

1
n

log N(U , n, α) = inf
n>1

1
n

log N(U , n, α),

and define the pseudo-entropy of U with respect to T as

hΨ(T,U) = lim
α→0

hΨ(T,U , α) = inf
α>0

hΨ(T,U , α).

Theorem 3.1 Let (X, T ) be a topological dynamical system and U ∈ Co
X . Then

htop(T,U) = hΨ(T,U).

Proof. It is obviously that htop(T,U) 6 hΨ(T,U). Now we show the reverse inequality.
It follows from the definition of the pseudo-orbit entropy of a cover that, for each α > 0

and n ∈ N,

hΨ(T,U , α) 6
1
n

log N(U , n, α).

Since N(U , n, α) decreases as α → 0 and equals N(Un−1
0 ), we get

inf
0<α61

hΨ(T,U , α) 6 inf
0<α61

1
n

log N(U , n, α) =
1
n

log N(Un−1
0 ).

Letting n →∞, we have hΨ(T,U) 6 htop(T,U). This complete the proof of theorem. �

Remark 3.2: We define the pseudo-entropy of T as hΨ(T ) = sup
U∈Co

X

hΨ(T,U). In [12],

Pseudo-entropy was defined using separating set. Using the standard techniques of topo-
logical entropy(see [4], for example), we can get that open covers and separate set define
same pseudo-entropy. Therefore, we can give a simpler proof of Theorem 1 in [12] by
Theorem 3.1.
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4 The localization of pseudo-point-entropies

In [7], Hurley showed that point entropy with pseudo-orbit equals topological entropy.
In this section, we localize the point entropy with pseudo-orbit via an open cover. To make
this precise, consider the following definitions.

Given x ∈ X. Let Ψn(α, x) ⊂ Xn+1 denote the collection of all α-pseudo-orbits of length
n + 1 that end at x. That is an element of Ψn(α, x) is an α-pseudo-orbit (y0, y1, · · · , yn)
with yn = x. Set

N(U , n, α, x) = N(Un+1|Ψn(α, x)),

and let Ñ(U , n, α) denote the quantity max
x∈X

N(U , n, α, x). Clearly,

N(U , n, α, x) 6 Ñ(U , n, α) 6 N(U , n, α)

for each x ∈ X, α > 0 and U ∈ Co
X . Define the entropies

hp,Ψ(T,U) = sup
x∈X

lim
α→0

lim sup
n→∞

1
n

log N(U , n, α, x)

= sup
x∈X

inf
α>0

lim sup
n→∞

1
n

log N(U , n, α, x),

and
hm,Ψ(T,U) = lim

α→0
lim sup

n→∞

1
n

log Ñ(U , n, α)

= inf
α>0

lim sup
n→∞

1
n

log Ñ(U , n, α),

which are called pseudo-point-entropies of U with respect to T .

Theorem 4.1 Let (X, T ) be a topological dynamical system and U ∈ Co
X . Then

htop(T,U) = hm,Ψ(T,U).

Proof. Let ε > 0 is a Lebesgue number of U and 0 < α 6 ε/6.

Claim: There is a constant K = K(α) such that for each n ∈ N,

N(U , n, α) 6 KÑ(U , n, α).

In fact, selecting a finite α-dense subset of X, {x1, x2, · · · , xK}. For each xi let M(xi,U , α)
be a subcover of Un+1 with respect to Ψn(α, xi) and the cardinality of it is N(U , n, α, xi).
Set

M =
K⋃

i=1

M(xi,U , α).

Now we slow that M is an open cover of Ψn+1(α).
Let y = (y0, y1, · · · , yn) ∈ Ψn+1(α) and select one of the points xi satisfying d(T (yn−1), xi) <

α. Thus
z = (z0, z1, · · · , zn) = (y0, y1, · · · , yn−1, xi)
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is an α-pseudo-orbit ending at xi. Since d(T (yn−1), yn) < α and d(T (yn−1), xi) < α, we
have

d(yn, xi) 6 d(T (yn−1), yn) + d(T (yn−1), xi) < 2α 6 ε/3.

By the definition of ε, there is a A ∈ M(xi,U , α) such that y ∈ A.

Therefore, we have

N(U , n, α) 6 N(U , n + 1, α) 6 KÑ(U , n, α).

This complete the proof of the claim.
By the claim,

Ñ(U , n, α) 6 N(U , n, α) 6 KÑ(U , n, α).

It implies that

lim sup
n→∞

1
n

log Ñ(U , n, α) = lim
n→∞

1
n

log N(U , n, α).

Using Theorem 3.1, we have

htop(T,U) = lim
α→0

lim
n→∞

1
n

log N(U , n, α)

= lim
α→0

lim sup
n→∞

1
n

log Ñ(U , n, α)

= hm,Ψ(T,U).

This complete the proof. �

Theorem 4.2 Let (X, T ) be a topological dynamical system and U ∈ Co
X . Then

htop(T,U) = hp,Ψ(T,U).

Proof. It follows from the definition and Theorem 4.1 that,

hp,Ψ(T,U) 6 hm,Ψ(T,U) = htop(T,U).

Now we consider the reverse inequality.
Let α > 0. There exists yi(α) ∈ X and ni = ni(α) going to infinity with

lim sup
n→∞

1
n

log Ñ(U , n, α) = lim
i→∞

1
ni

log N(U , ni, α, yi(α)).

We may assume without loss of generality that yi(α) converges to a limit y(α). If 0 < β 6
ε/3, where ε > 0 is a Lebesgue number of U , then for all large i,

N(U , ni, α + β, y(α)) > N(U , ni, α, yi(α)).

Choosing a sequence αj → 0 such that y(αj) converges to some point y ∈ X. Hence
when d(y(αj), y) 6 β, for each n ∈ N have

N(U , n, αj + 2β, y) > N(U , n, αj + β, y(αj)).
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For a fix j with d(y(αj), y) 6 β, we can see that

N(U , ni, αj + 2β, y) > N(U , ni, αj , yi(αj))

for each large i. Hence we have,

lim sup
n→∞

1
n

log N(U , n, αj + 2β, y) > lim sup
n→∞

1
n

log Ñ(U , n, αj).

Letting j →∞, we can get,

lim sup
n→∞

1
n

log N(U , n, 3β, y) > inf
α>0

lim sup
n→∞

1
n

log Ñ(U , n, α).

Therefore,

hp,Ψ(T,U) > inf
β>0

lim sup
n→∞

1
n

log N(U , n, β, y)

> inf
α>0

lim sup
n→∞

1
n

log Ñ(U , n, α).

= hm,Ψ(T,U) = htop(T,U).

This complete the proof. �

Remark 4.3 We define the pseudo-point-entropies of T by hp,Ψ(T ) = sup
U∈Co

X

hp,Ψ(T,U)

and hm,Ψ(T ) = sup
U∈Co

X

hm,Ψ(T,U). There is a fact that use open covers and separated set can

define same pseudo-point-entropies. Therefore, Theorem 4.1 and Theorem 4.2 are general-
izations of [7, Proposition 4.2 and Theorem 4.3].

References

[1] R.L.Adler, A.G.Konheim and M.H.Mcandrew, Topological entropy, Trans. Amer. Math. Soc.,
114(1965),309-319.

[2] R. Bowen, Entropy for group endomorphisms and homogeneous spaces, Trans. Amer. Math. Soc.
153(1971), 401-414.

[3] E.I.Dinaburg, The relation between topological entropy and metric entropy, Soviet Math. Dokl.
11(1970), 13-16.

[4] Peter Walters. An introduction to ergodic theory. Graduate Texts in Mathematics,no.79, Spinger,
New York and Berlin,1982.

[5] R.Langevin and P.Walczak, Entropie d’une dynamique. C. R. Acad. Sci. Paris Ser. I, 312(1991),141-
144.

[6] R.Langevin and F.Przytycki, Entropie de l’image inverse d’une application, Bull. Soc. Math. France.
120(1991),237-250.

[7] Mike Hurley, On topological entropy of maps, Ergodic Theory and Dynamical Systems,1995,557-568.

[8] Z.Nitecki and F.Przytycki, Preimage entropy for mappings, Int.J. of Bifurcation and Chaos, 9(9)(1999),
1815-1843.

215



8 K. Yan , F. Zeng and Q.Wang

[9] Doris Fiebig,Ulf Fiebig and Zbigniew Nitecki, Entropy and preimage sets, Ergodic Theory and Dy-
namical Systems, 23(2003),1785-1806.

[10] Zeng Fanping. Partial entropy, Bundle-like entropy and Topological entropy. Dynamical Systems,
Proceedings of the International Conference in Honor of Professor Liao Shantao, World Scientific
Publishing Co. , 1999, 329-333.

[11] F.Zeng, K.Yan and G.Zhang, Pre-image pressure and invariant measure. Ergod. Th. and Dynam.
Sys., 27(2007), 1037-1052.

[12] M.Barge and R.Swanson, Pseudo-orbits and topological entropy, Proc. Amer. Math. Soc. 109(1990),
559-566.

[13] M.Misiurewicz, Remark on the definition of topological entropy, pp. 65-67 of Dynamical Systems and
Partial Differential Equations. L. Lara-Carrero and J.Lewowicz, eds. Equinoccio:Caracas, 1986.

216



 
Instructions to Contributors 

Journal of Concrete and Applicable Mathematics 
  A quartely international publication of Eudoxus Press, LLC, of TN.  

 Editor in Chief: George Anastassiou 
Department of Mathematical Sciences  

University of Memphis 
Memphis, TN 38152-3240, U.S.A. 

 
       

 
      1. Manuscripts hard copies in triplicate, and in English, should be submitted to the 
Editor-in-Chief: 
 
      Prof.George A. Anastassiou  
      Department of Mathematical Sciences  
      The University of Memphis  
      Memphis,TN 38152, USA.  
      Tel.001. 901.678.3144  
      e-mail:ganastss@memphis.edu. 
 
Authors may want to recommend an associate editor the most related to the 
submission to possibly handle it. 
Also authors may want to submit a list of six possible referees, to be used in case we 
cannot find related referees by ourselves. 
2. Manuscripts should be typed using any of TEX,LaTEX,AMS-TEX,or AMS-LaTEX 
and according to EUDOXUS PRESS, LLC. LATEX STYLE FILE. (VISIT 
www.msci.memphis.edu/~ganastss/jcaam /  to save a copy of the style file.)They should 
be carefully prepared in all respects. Submitted copies should be brightly printed (not 
dot-matrix), double spaced, in ten point type size, on one side high quality paper 
8(1/2)x11 inch. Manuscripts should have generous margins on all sides and should not 
exceed 24 pages. 
3. Submission is a representation that the manuscript has not been published 
previously in this or any other similar form and is not currently under consideration 
for publication elsewhere. A statement transferring from the authors(or their 
employers,if they hold the copyright) to Eudoxus Press, LLC, will be required before 
the manuscript can be accepted for publication.The Editor-in-Chief will supply the 
necessary forms for this transfer.Such a written transfer of copyright,which previously 
was assumed to be implicit in the act of submitting a manuscript,is necessary under the 
U.S.Copyright Law in order for the publisher to carry through the dissemination of 
research results and reviews as widely and effective as possible. 
4. The paper starts with the title of the article, author's name(s) (no titles or degrees), 
author's affiliation(s) and e-mail addresses. The affiliation should comprise the 
department, institution (usually university or company), city, state (and/or nation) and 
mail code. 
  The following items, 5 and 6, should be on page no. 1 of the paper. 

217



5. An abstract is to be provided, preferably no longer than 150 words. 
6. A list of 5 key words is to be provided directly below the abstract. Key words should 
express the precise content of the manuscript, as they are used for indexing purposes. 
The main body of the paper should begin on page no. 1, if possible. 
7. All sections should be numbered with Arabic numerals (such as: 1. 
INTRODUCTION) .  
Subsections should be identified with section and subsection numbers (such as 6.1. 
Second-Value Subheading). 
If applicable, an independent single-number system (one for each category) should be 
used to label all theorems, lemmas, propositions, corrolaries, definitions, remarks, 
examples, etc. The label (such as Lemma 7) should be typed with paragraph 
indentation, followed by a period and the lemma itself. 
8. Mathematical notation must be typeset. Equations should be numbered 
consecutively with Arabic numerals in parentheses placed flush right,and should be 
thusly referred to in the text [such as Eqs.(2) and (5)]. The running title must be placed 
at the top of even numbered pages and the first author's name, et al., must be placed at 
the top of the odd numbed pages. 
9. Illustrations (photographs, drawings, diagrams, and charts) are to be numbered in 
one consecutive series of Arabic numerals. The captions for illustrations should be 
typed double space. All illustrations, charts, tables, etc., must be embedded in the body 
of the manuscript in proper, final, print position. In particular, manuscript, source, 
and PDF file version must be at camera ready stage for publication or they cannot be 
considered. 
Tables are to be numbered (with Roman numerals) and referred to by number in the 
text. Center the title above the table, and type explanatory footnotes (indicated by 
superscript lowercase letters) below the table.  
10. List references alphabetically at the end of the paper and number them 
consecutively. Each must be cited in the text by the appropriate Arabic numeral in 
square brackets on the baseline.  
      References should include (in the following order):  
     initials of first and middle name, last name of author(s)  
      title of article,  
      name of publication, volume number, inclusive pages, and year of publication.  
    Authors should follow these examples: 
       Journal Article  
    1. H.H.Gonska,Degree of simultaneous approximation of bivariate functions by Gordon operators, 
(journal name in italics) J. Approx. Theory, 62,170-191(1990).  
          Book  
    2. G.G.Lorentz, (title of book in italics) Bernstein Polynomials (2nd ed.), Chelsea,New York,1986.  
         Contribution to a Book  
    3. M.K.Khan, Approximation properties of beta operators,in(title of book in italics) Progress in 
Approximation Theory (P.Nevai and A.Pinkus,eds.), Academic Press, New York,1991,pp.483-495. 
11. All acknowledgements (including those for a grant and financial support) should 
occur in one paragraph that directly precedes the References section. 
12. Footnotes should be avoided. When their use is absolutely necessary, footnotes 
should be numbered consecutively using Arabic numerals and should be typed at the 
bottom of the page to which they refer. Place a line above the footnote, so that it is set 

218



off from the text. Use the appropriate superscript numeral for citation in the text. 
13. After each revision is made please again submit three hard copies of the revised 
manuscript, including in the final one. And after a manuscript has been accepted for 
publication and with all revisions incorporated, manuscripts, including the 
TEX/LaTex source file and the PDF file, are to be submitted to the Editor's Office on a 
personal-computer disk, 3.5 inch size. Label the disk with clearly written identifying 
information and properly ship, such as: 
  Your name, title of article, kind of computer used, kind of software and version number, disk format 
and files names of article, as well as abbreviated journal name. 
  Package the disk in a disk mailer or protective cardboard. Make sure contents of disks are identical 
with the ones of final hard copies submitted!  
  Note: The Editor's Office cannot accept the disk without the accompanying matching hard copies of 
manuscript. No e-mail final submissions are allowed! The disk submission must be used. 
14. Effective 1 Jan. 2007 the journal's page charges are $10.00 per PDF file page. Upon 
acceptance of the paper an invoice will be sent to the contact author. The fee payment 
will be due one month from the invoice date. The article will proceed to publication 
only after the fee is paid. The charges are to be sent, by money order or certified check, 
in US dollars, payable to Eudoxus Press, LLC, to the address shown in the Scope and 
Prices section. 
   No galleys will be sent and the contact author will receive one(1) electronic copy of 
the journal issue in which the article appears. 
15. This journal will consider for publication only papers that contain proofs for their 
listed results. 

 
       
   

 

 
   
   

 

219



 
 
TABLE OF CONTENTS, JOURNAL OF CONCRETE AND APPLICABLE 
MATHEMATICS, VOL.6,NO.2,2008 
 
THE MIXING PROPERTIES ON MAPS OF THE WARSAW CIRCLE, 
G.ZHANG,L.PANG,B.QIN,K.YAN,………………………………………..139 
 
ON THE GENERALIZED TEST LIKELIHOOD RATIO FOR MULTIVARIATE 
NORMAL DISTRIBUTION APPLIED TO CLASSIFICATION,I.IATAN,..145 
 
A COMMON FIXED POINT THEOREM THROUGH COMMUTATIVITY, 
S.KUTUKCU,C.YILDIZ,…………………………………………………….153 
 
A NEW APPROACH TO Q-EULER NUMBERS AND POLYNOMIALS, 
L.C.JANG,T.KIM,…………………………………………………………….159 
 
Q-ANALOGUE OF THE P-ADIC TWISTED L-FUNCTION,L-C.JANG,V.KURT, 
Y.SIMSEK,S.H.RIM,………………………………………………………….169 
 
GEOMETRIC AND APPROXIMATION PROPERTIES OF SOME COMPLEX 
SIKKEMA AND SPLINE OPERATORS IN THE UNIT DISK, 
G.ANASTASSIOU,S.GAL,……………………………………………………177 
 
ON BEST APPROXIMATION IN INTUITIONISTIC FUZZY METRIC SPACES, 
H.EFE,C.ALACA,……………………………………………………………...189 
 
VOLTERRA TYPE OPERATORS FROM ZYGMUND SPACE INTO BLOCH 
SPACES,S.LI,S.STEVIC,………………………………………………………199 
 
LOCALIZING ENTROPIES VIA AN OPEN COVER,K.YAN,F.ZENG, 
Q.WANG,……………………………………………………………………….209 
 
 
 
 



 
 
 
 
 

VOLUME 6,NUMBER 3        JULY 2008  
 
ISSN:1548-5390 PRINT,1559-176X ONLINE 
 
 

         

                                                        JOURNAL 
 

                                                      OF CONCRETE  
 
                    AND APPLICABLE 
 
                      MATHEMATICS 
      
 
 
                                             EUDOXUS PRESS,LLC                       



           SCOPE AND PRICES OF THE JOURNAL  
     Journal of Concrete and Applicable Mathematics  
 
   A quartely international publication of Eudoxus Press,LLC  
 
 Editor in Chief: George Anastassiou  
Department of Mathematical Sciences,  
University of Memphis  
Memphis, TN 38152, U.S.A.  
ganastss@memphis.edu  
 
The main purpose of the "Journal of Concrete and Applicable 
Mathematics" is to publish high quality original research articles from 
all subareas of Non-Pure and/or Applicable Mathematics and its many 
real life applications, as well connections to other areas of 
Mathematical Sciences, as long as they are presented in a Concrete way. 
It welcomes also related research survey articles and book reviews.A 
sample list of connected mathematical areas with this publication 
includes and is not restricted to: Applied Analysis, Applied Functional 
Analysis, Probability theory, Stochastic Processes, Approximation 
Theory, O.D.E, P.D.E, Wavelet, Neural Networks,Difference Equations, 
Summability, Fractals, Special Functions, Splines, Asymptotic Analysis, 
Fractional Analysis, Inequalities, Moment Theory, Numerical Functional 
Analysis,Tomography, Asymptotic Expansions, Fourier Analysis, Applied 
Harmonic Analysis, Integral Equations, Signal Analysis, Numerical 
Analysis, Optimization, Operations Research, Linear Programming, 
Fuzzyness, Mathematical Finance, Stochastic Analysis, Game Theory, 
Math.Physics aspects, Applied Real and Complex Analysis, Computational 
Number Theory, Graph Theory, Combinatorics,  
Computer Science Math.related topics,combinations of the above, etc. In 
general any kind of Concretely presented Mathematics which is 
Applicable fits to the scope of this journal.  
Working Concretely and in Applicable Mathematics has become a main 
trend in many recent years,so we can understand better and deeper and 
solve the important problems of our real and scientific world.  
"Journal of Concrete and Applicable Mathematics" is a peer- reviewed 
International Quarterly Journal.  
We are calling for papers for possible publication. The contributor 
should send three copies of the contribution to the editor in-Chief 
typed in TEX, LATEX double spaced. [ See: Instructions to Contributors]  
 
Journal of Concrete and Applicable Mathematics(JCAAM)  
ISSN:1548-5390 PRINT, 1559-176X ONLINE. 
is published in January,April,July and October of each year by  
EUDOXUS PRESS,LLC, 
1424 Beaver Trail Drive,Cordova,TN38016,USA,  
Tel.001-901-751-3553  
anastassioug@yahoo.com  
http://www.EudoxusPress.com.  
Visit also www.msci.memphis.edu/~ganastss/jcaam. 
Webmaster:Ray Clapsadle 
 
Annual Subscription Current Prices:For USA and Canada,Institutional:Print 
$250,Electronic $220,Print and Electronic $310.Individual:Print $77,Electronic $60,Print 



&Electronic $110.For any other part of the world add $25 more to the above prices for 
Print.  
Single article PDF file for individual $8.Single issue in PDF form for individual $25.  
The journal carries page charges $10 per page of the pdf file of an article,payable upon  
acceptance of the article within one month and before publication.  
No credit card payments.Only certified check,money order or international check in US 
dollars are acceptable.  
Combination orders of any two from JoCAAA,JCAAM,JAFA receive 25% discount,all 
three receive 30% discount.  
 
Copyright©2008 by Eudoxus Press,LLC all rights reserved.JCAAM is printed in USA.  
 
JCAAM is reviewed and abstracted by AMS Mathematical Reviews,MATHSCI,and 
Zentralblaat MATH.  
 
It is strictly prohibited the reproduction and transmission of any part of JCAAM and in 
any form and by any means without the written permission of the publisher.It is only 
allowed to educators to Xerox articles for educational purposes.The publisher assumes no 
responsibility for the content of published papers.  
JCAAM IS A JOURNAL OF RAPID PUBLICATION  
 



Editorial Board  
Associate Editors  

 
 
Editor in -Chief: 
George Anastassiou 
Department of Mathematical Sciences 
The University Of Memphis 
Memphis,TN 38152,USA 
tel.901-678-3144,fax 901-678-2480 
e-mail ganastss@memphis.edu 
www.msci.memphis.edu/~anastasg/anlyjour.htm
Areas:Approximation Theory, 
Probability,Moments,Wavelet, 
Neural Networks,Inequalities,Fuzzyness. 
 
Associate Editors: 
 
1) Ravi Agarwal 
Florida Institute of Technology 
Applied Mathematics Program 
150 W.University Blvd. 
Melbourne,FL 32901,USA 
agarwal@fit.edu 
Differential Equations,Difference 
Equations, 
Inequalities 
 
2) Drumi D.Bainov 
Medical University of Sofia 
P.O.Box 45,1504 Sofia,Bulgaria 
drumibainov@yahoo.com 
Differential Equations,Optimal Control, 
Numerical Analysis,Approximation Theory 
 
3) Carlo Bardaro 
Dipartimento di Matematica & Informatica 
Universita' di Perugia 
Via Vanvitelli 1 
06123 Perugia,ITALY 
tel.+390755855034,  +390755853822, 
fax +390755855024        
bardaro@unipg.it  ,  
bardaro@dipmat.unipg.it 
Functional Analysis and Approximation Th., 
Summability,Signal Analysis,Integral 
Equations,            
Measure Th.,Real Analysis 
 
4) Francoise Bastin 
Institute of Mathematics 
University of Liege 
4000 Liege 

 
 
 
20) Ram N.Mohapatra 
Department of Mathematics 
University of Central Florida 
Orlando,FL 32816-1364 
tel.407-823-5080 
ramm@pegasus.cc.ucf.edu 
Real and Complex analysis,Approximation Th., 
Fourier Analysis, Fuzzy Sets and Systems 
 
21) Rainer Nagel 
Arbeitsbereich Funktionalanalysis 
Mathematisches Institut 
Auf der Morgenstelle 10 
D-72076 Tuebingen 
Germany 
tel.49-7071-2973242 
fax 49-7071-294322 
rana@fa.uni-tuebingen.de 
evolution equations,semigroups,spectral th., 
positivity 
 
22) Panos M.Pardalos 
Center for Appl. Optimization 
University of Florida 
303 Weil Hall 
P.O.Box 116595 
Gainesville,FL 32611-6595 
tel.352-392-9011 
pardalos@ufl.edu 
Optimization,Operations Research 
 
23) Svetlozar T.Rachev 
Dept.of Statistics and Applied Probability 
Program 
University of California,Santa Barbara 
CA 93106-3110,USA 
tel.805-893-4869 
rachev@pstat.ucsb.edu 
    AND 
Chair of Econometrics and Statistics 
School of Economics and Business Engineering 
University of Karlsruhe 
Kollegium am Schloss,Bau II,20.12,R210 
Postfach 6980,D-76128,Karlsruhe,Germany 
tel.011-49-721-608-7535 
rachev@lsoe.uni-karlsruhe.de 
Mathematical and Empirical Finance, 
Applied Probability, Statistics and Econometrics



BELGIUM 
f.bastin@ulg.ac.be 
Functional Analysis,Wavelets 
 
5) Paul L.Butzer 
RWTH Aachen 
Lehrstuhl A fur Mathematik 
D-52056 Aachen 
Germany 
tel.0049/241/80-94627 office, 
0049/241/72833 home, 
fax 0049/241/80-92212 
Butzer@rwth-aachen.de 
Approximation Th.,Sampling Th.,Signals, 
Semigroups of Operators,Fourier Analysis 
 
6) Yeol Je Cho 
Department of Mathematics Education 
College of Education 
Gyeongsang National University 
Chinju 660-701 
KOREA 
tel.055-751-5673 Office, 
055-755-3644 home, 
fax 055-751-6117 
yjcho@nongae.gsnu.ac.kr 
Nonlinear operator Th.,Inequalities, 
Geometry of Banach Spaces 
 
7) Sever S.Dragomir 
School of Communications and Informatics 
Victoria University of Technology 
PO Box 14428 
Melbourne City M.C 
Victoria 8001,Australia 
tel 61 3 9688 4437,fax 61 3 9688 4050 
sever.dragomir@vu.edu.au, 
sever@sci.vu.edu.au 
Math.Analysis,Inequalities,Approximation 
Th., 
Numerical Analysis, Geometry of Banach 
Spaces, 
Information Th. and Coding 
 
8) Angelo Favini 
Universitΰ di Bologna 
Dipartimento di Matematica 
Piazza di Porta San Donato 5 
40126 Bologna, ITALY 
tel.++39 051 2094451 
fax.++39 051 2094490 
favini@dm.unibo.it 
Partial Differential Equations, Control 
Theory, 
Differential Equations in Banach Spaces 
 

 
24) John Michael Rassias 
University of Athens 
Pedagogical Department 
Section of Mathematics and Infomatics 
20, Hippocratous Str., Athens, 106 80, Greece 
 
Address for Correspondence 
4, Agamemnonos Str. 
Aghia Paraskevi, Athens,  Attikis 15342 Greece 
jrassias@primedu.uoa.gr 
jrassias@tellas.gr 
Approximation Theory,Functional Equations,  
Inequalities, PDE 
 
25) Paolo Emilio Ricci 
Universita' degli Studi di Roma "La Sapienza" 
Dipartimento di Matematica-Istituto 
"G.Castelnuovo" 
P.le A.Moro,2-00185 Roma,ITALY 
tel.++39 0649913201,fax ++39 0644701007 
riccip@uniroma1.it,Paoloemilio.Ricci@uniroma1.it
Orthogonal Polynomials and Special functions, 
Numerical Analysis, Transforms,Operational 
Calculus, 
Differential and Difference equations 
 
26) Cecil C.Rousseau 
Department of Mathematical Sciences 
The University of Memphis 
Memphis,TN 38152,USA 
tel.901-678-2490,fax 901-678-2480 
ccrousse@memphis.edu 
Combinatorics,Graph Th., 
Asymptotic Approximations, 
Applications to Physics 
 
27) Tomasz Rychlik 
Institute of Mathematics 
Polish Academy of Sciences 
Chopina 12,87100 Torun, Poland 
T.Rychlik@impan.gov.pl 
Mathematical Statistics,Probabilistic 
Inequalities 
 
28) Bl. Sendov 
Institute of Mathematics and Informatics 
Bulgarian Academy of Sciences 
Sofia 1090,Bulgaria 
bsendov@bas.bg 
Approximation Th.,Geometry of Polynomials, 
Image Compression 
 
29) Igor Shevchuk 
Faculty of Mathematics and Mechanics 
National Taras Shevchenko 



9) A.M.Fink 
Department of Mathematics 
Iowa State University 
Ames,IA 50011-0001,USA 
tel.515-294-8150 
fink@math.iastate.edu 
Inequalities,Ordinary Differential 
Equations 
 
10) Sorin Gal 
Department of Mathematics 
University of Oradea 
Str.Armatei Romane 5 
3700 Oradea,Romania 
galso@uoradea.ro 
Approximation Th.,Fuzzyness,Complex 
Analysis        
 
11) Jerome A.Goldstein 
Department of Mathematical Sciences 
The University of Memphis, 
Memphis,TN 38152,USA 
tel.901-678-2484 
jgoldste@memphis.edu 
Partial Differential Equations, 
Semigroups of Operators 
 
12) Heiner H.Gonska 
Department of Mathematics 
University of Duisburg 
Duisburg,D-47048 
Germany 
tel.0049-203-379-3542 office 
gonska@informatik.uni-duisburg.de 
Approximation Th.,Computer Aided  
Geometric Design 
 
13) Dmitry Khavinson 
Department of Mathematical Sciences 
University of Arkansas 
Fayetteville,AR 72701,USA 
tel.(479)575-6331,fax(479)575-8630 
dmitry@uark.edu 
Potential Th.,Complex Analysis,Holomorphic 
PDE, 
Approximation Th.,Function Th. 
 
14) Virginia S.Kiryakova 
Institute of Mathematics and Informatics 
Bulgarian Academy of Sciences 
Sofia 1090,Bulgaria 
virginia@diogenes.bg 
Special Functions,Integral Transforms, 
Fractional Calculus 
 
15) Hans-Bernd Knoop 

University of Kyiv 
252017 Kyiv 
UKRAINE 
shevchuk@univ.kiev.ua 
Approximation Theory 
 
30) H.M.Srivastava 
Department of Mathematics and Statistics 
University of Victoria 
Victoria,British Columbia V8W 3P4 
Canada 
tel.250-721-7455 office,250-477-6960 home, 
fax 250-721-8962 
harimsri@math.uvic.ca 
Real and Complex Analysis,Fractional Calculus 
and Appl., 
Integral Equations and Transforms,Higher 
Transcendental 
Functions and Appl.,q-Series and q-Polynomials, 
Analytic Number Th. 
 
31) Stevo Stevic 
Mathematical Institute of the Serbian Acad. of 
Science 
Knez Mihailova 35/I  
11000 Beograd, Serbia 
sstevic@ptt.yu; sstevo@matf.bg.ac.yu 
Complex Variables, Difference Equations, 
Approximation Th., Inequalities 
 
32) Ferenc Szidarovszky 
Dept.Systems and Industrial Engineering 
The University of Arizona 
Engineering Building,111 
PO.Box 210020 
Tucson,AZ 85721-0020,USA 
szidar@sie.arizona.edu 
Numerical Methods,Game Th.,Dynamic Systems, 
Multicriteria Decision making, 
Conflict Resolution,Applications 
in Economics and Natural Resources 
Management 
 
33) Gancho Tachev 
Dept.of Mathematics 
Univ.of Architecture,Civil Eng. and Geodesy 
1 Hr.Smirnenski blvd 
BG-1421 Sofia,Bulgaria 
gtt_fte@uacg.bg 
Approximation Theory 
 
34) Manfred Tasche 
Department of Mathematics 
University of Rostock 
D-18051 Rostock 
Germany 



Institute of Mathematics 
Gerhard Mercator University 
D-47048 Duisburg 
Germany 
tel.0049-203-379-2676 
knoop@math.uni-duisburg.de 
Approximation Theory,Interpolation 
 
16) Jerry Koliha 
Dept. of Mathematics & Statistics 
University of Melbourne 
VIC 3010,Melbourne 
Australia 
koliha@unimelb.edu.au 
Inequalities,Operator Theory, 
Matrix Analysis,Generalized Inverses 
 
17) Mustafa Kulenovic 
Department of Mathematics 
University of Rhode Island 
Kingston,RI 02881,USA 
kulenm@math.uri.edu 
Differential and Difference Equations 
 
18) Gerassimos Ladas 
Department of Mathematics 
University of Rhode Island 
Kingston,RI 02881,USA 
gladas@math.uri.edu 
Differential and Difference Equations 
 
19) Rupert Lasser 
Institut fur Biomathematik & Biomertie,GSF 
-National Research Center for environment 
and health 
Ingolstaedter landstr.1 
D-85764 Neuherberg,Germany 
lasser@gsf.de 
Orthogonal Polynomials,Fourier Analysis, 
Mathematical Biology 
 

manfred.tasche@mathematik.uni-rostock.de 
Approximation Th.,Wavelet,Fourier Analysis, 
Numerical Methods,Signal Processing, 
Image Processing,Harmonic Analysis 
 
35) Chris P.Tsokos 
Department of Mathematics 
University of South Florida 
4202 E.Fowler Ave.,PHY 114 
Tampa,FL 33620-5700,USA 
profcpt@math.usf.edu,profcpt@chuma1.cas.usf.edu 
Stochastic Systems,Biomathematics, 
Environmental Systems,Reliability Th. 
 
36) Lutz Volkmann 
Lehrstuhl II fuer Mathematik 
RWTH-Aachen 
Templergraben 55 
D-52062 Aachen 
Germany 
volkm@math2.rwth-aachen.de 
Complex Analysis,Combinatorics,Graph Theory 
 
 
 
 

 
   
  



 



Stability of Lyness’ Equation with Period-Two

Coefficient via KAM theory

M. R. S. Kulenović∗
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Abstract

By using the KAM theory we investigate the stability of period-two solution of
Lyness’ equation with period-two coefficient:

xn+1 =
an + xn

xn−1
, n = 0, 1, . . .

where

an =
{

α, for n = 2k
β, for n = 2k + 1, k = 0, 1, , . . .
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1 Introduction

Consider the following difference equation

xn+1 =
an + xn

xn−1

, n = 0, 1, . . . (1)

where

an =
{

α, for n = 2k
β, for n = 2k + 1, k = 0, 1, . . .

and α, β > 0, x−1, x0 > 0. This equation is reduced to the following two equations:

x2k+1 =
α+ x2k

x2k−1

,

x2k+2 =
β + x2k+1

x2k
, k = 0, 1, . . . .

By setting
uk = x2k−1, vk = x2k

we obtain the following system of difference equations

uk+1 =
α+ vk

uk
,

vk+1 =
α+ βuk + vk

ukvk
, k = 0, 1, . . . (2)

where the parameters α and β and the initial conditions u0 and v0 are in (0,∞). We
assume that α �= β.

Several authors have studied Lyness’ equation

xn+1 =
a+ xn

xn−1

, n = 0, 1, . . . (3)

and obtained numerous results concerning the stability of the equilibrium, non-existence
of solutions that converge to the equilibrium, invariants, etc., see [1], [8], [9], [11], [12],
and [15]. See also [10] for the application of the KAM theory to Lyness’ equation (3).
See [2]-[4] and [5] for the results on the feasible periods for solutions of (3) and the
existence of non-periodic solutions of (3).

Here we will extend the result on the stability of the equilibrium, which was proven
in [10] and [11] for Eq.(3) to the case of Eq.(1). The stability of the equilibrium of Eq.(3)
has been proved in [7] for period-two coefficient and in [13] for period-three coefficient.
These proofs were based on the construction of the corresponding Lyapunov functions
associated with the invariants of the equation. Here our method is based on the KAM
theory (Kolmogorov-Arnold-Moser), which brings the considered equation to certain
normal form which, in addition to investigation of stability of an equilibrium, can be
used to find different periodic solutions, chaotic solutions etc.

First, we present the basic results that will be used in the sequel.

2
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Theorem 1.1 (Birkhoff Normal Form) Let F : R2 → R2 be an area-preserving
Cn map (n-times continuously differentiable) with a fixed point at the origin whose
complex-conjugate eigenvalues λ and λ are on the unit disk (elliptic fixed point).

Suppose there exists an integer l such that

4 ≤ l ≤ n+ 1,

and suppose that the eigenvalues satisfy

λk �= 1 for k = 3, 4, . . . , l.

Let r = [ l
2
] be the integer part of l

2
.

Then there exists a smooth function g(z, z) that vanishes with its derivatives up to
order r − 1 at z = 0, and there exists a real polynomial

α(w) = α1w + α2w
2 + · · · + αrw

r

such that the map F can be reduced to the normal form by suitable change of complex
coordinates

z → F(z, z) = λ zeiα(zz) + g(z, z).

In other words the corresponding system of difference equations

xn+1 = F(xn)

can be reduced to the form
[

rn+1

sn+1

]

=
[

cosω − sinω
sinω cosω

] [

rn
sn

]

+
[

Ol

Ol

]

(4)

where

ω =
M
∑

k=0

γk(r2n + s2n)k, M =
[

l

2

]

− 1. (5)

Here Ol denotes a convergent power series in rn and sn with terms of order greater
than or equal to l which vanishes at the origin and [x] denotes the least integer greater
than or equal to x.

Using Theorem 1.1 we can state the main stability result for an elliptic fixed point,
known as the the KAM Theorem (or Kolmogorov-Arnold-Moser Theorem), see [6], [12],
and [14].

Theorem 1.2 (KAM Theorem) Let F : R2 → R2 be an area-preserving map with
an elliptic fixed point at the origin satisfying the conditions of Theorem 1.1. If the
polynomial α(|z|2) is not identically zero, then the origin is a stable equilibrium point.
In other words if for some k ∈ {1, . . . ,M} we have γk �= 0 in (5), then the origin is a
stable equilibrium point.

3
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2 Equilibrium Solution and Linearized Stability Analysis

An equilibrium solution (p, q) of system (2) satisfies the system of equations

p =
α+ q

p
, q =

βp+ α+ q

pq
, (6)

which implies
p2 = α+ q,
q2 = β + p.

}

(7)

This implies that there exists a unique positive equilibrium E = (p, q) which satisfies

pq =
βp+ α+ q

q
=
βp

q
+
α

q
+ 1 > 1. (8)

Clearly, p �= q if α �= β. Straightforward calculation shows that (p, q) is the unique
period-two solution of Eq.(1).

Theorem 2.1 The equilibrium E = (p, q) of system (2) is nonhyperbolic point of el-
liptic type.

Proof. System (2) can be written in the form

un+1 = f (un, vn) , vn+1 = g (un, vn) n = 0, 1, 2, . . . ,

where
f (u, v) =

α+ v

u
, g (u, v) =

α+ βu+ v

uv
.

The Jacobian matrix of the associated map T (u, v) =
(

α+v
u , α+βu+v

uv

)

evaluated at the
equilibrium point E = (p, q) has the form:

JT (E) =





−1 1

p

−1

q −1 + 1

p q



 .

The characteristic equation of the Jacobian matrix is

λ2 −
(

1
p q

− 2
)

λ+ 1 = 0.

The eigenvalues of the Jacobian matrix are

λ1,2 =

1

p q − 2 ±
√

(

1

p q − 2
)

2 − 4

2
=

1

p q − 2 ± i

√

4 −
(

1

p q − 2
)

2

2
,

where
(

1

p q − 2
)

2 − 4 < 0, which holds in view of (8).
This implies

|λ1,2| =

(

1

p q − 2
)2

+
[

4 −
(

1

p q − 2
)2
]

4
= 1.

Consequently, the equilibrium E = (p, q) is nonhyperbolic point of elliptic type. �

4
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3 The KAM theory applied to equation (2)

In this section we will apply the KAM theory to establish the stability of the equilibrium
(p, q) of system (2). We assume that α �= β.

Taking logarithms in (2) and using the substitution:

Un = ln
un

p
,

Vn = ln
vn

q
,

we obtain the following system:

Un+1 = ln
(

α+ qeVn
)− Un − 2 ln p, (9)

Vn+1 = ln
(

βpeUn + α+ qeVn
)− Un − Vn − ln p− 2 ln q.

Now we define the map T as:

T :
(

U
V

)

→
(

ln
(

α+ qeV
)− U − 2 ln p

ln
(

βpeU + α+ qeV
)− U − V − ln p− 2 ln q

)

. (10)

Jacobian matrix of this map has the form:

JT =

(

−1 qeV

α+qeV

−1 + βpeU

βpeU+α+qeV −1 + qeV

βpeU+α+qeV

)

.

The determinant of Jacobian matrix has the form:

det JT = −1
(

−1 +
qeV

βpeU + α+ qeV

)

− qeV

α+ qeV

(

−1 +
βpeU

βpeU + α+ qeV

)

= 1 − qeV

βpeU + α+ qeV
+

qeV

α+ qeV
− βqpeUeV

(α+ qeV ) (βpeU + α+ qeV )
= 1.

System (9) has the equilibrium (0, 0).
The characteristic equation of the linearized system of system (9) at the equilibrium

point (0, 0)
det (JT (0, 0) − λI) = 0

takes the form:
∣

∣

∣

∣

∣

−1 − λ q
α+q

−1 + βp
βp+α+q −1 + q

βp+α+q − λ

∣

∣

∣

∣

∣

= 0,

that is,

λ2 −
(

1
pq

− 2
)

λ+ 1 = 0.

5
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The roots of this equation are:

λ =

1

pq − 2 + i

√

∣

∣

∣

∣

(

1

pq − 2
)

2 − 4
∣

∣

∣

∣

2
=

1
2pq

[

(1 − 2pq) + i
√

4pq − 1
]

,

λ =

1

pq − 2 − i

√

∣

∣

∣

∣

(

1

pq − 2
)

2 − 4
∣

∣

∣

∣

2
=

1
2pq

[

(1 − 2pq) − i
√

4pq − 1
]

,

and so |λ| = 1. Straightforward calculations show that λ3 �= 1 and λ4 �= 1 and so l = 4.

3.1 The first transformation

In order to obtain the Birkhoff normal form of system (9) we will expand the right
hand sides of the equations of system (9) at the equilibrium point (0, 0) up to the order
l − 1 = 3:

Un+1 = −Un + q
p2Vn + (p2−q)q

2p4 V 2
n + (p2−q)q(p2−2q)

6p6 V 3
n +O4

Vn+1 = − p
q2Un +

(

1

pq − 1
)

Vn

+1

2

[

(q2−p)p
q4 U2

n − 2(q2−p)
pq3 UnVn + pq−1

p2q2 V
2
n

]

+1

6







(q2−p)p(2p−q2)
q6 U3

n − 3(q2−p)(2p−q2)
pq5 U2

nVn

+3(q2−p)(2−pq)

p2q4 UnV
2
n + (pq−1)(pq−2)

p3q3 V 3
n






+O4.































































(11)

The first transformation is given as:
[

Un+1

Vn+1

]

= P ·
[

xn

yn

]

(12)

where P is a 2 × 2 matrix such that

diag
(

λ, λ
)

= P−1J0P

and J0 is the Jacobian matrix of map T of (10) evaluated at (0, 0). In other words,
matrix P consists of the eigenvectors of matrix J0 that correspond to the eigenvalues
λ and λ. Taking into account that J0 has the form

J0 =





−1 q
p2

− p
q2 −1 + 1

pq



 ,

6
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matrix P is given by

P =





1 1

p2

q (1 + λ) p2

q

(

1 + λ
)



 .

The substitution ( 12) takes the form:

Un = xn + yn,

Vn =
p2

q

(

(1 + λ) xn +
(

1 + λ
)

yn

)

=
p2

q
(sxn + syn) =

p2

q
(sxn + tyn) .

After simplification system (11) becomes:

xn+1 + yn+1 = − (xn + yn) + (sxn + tyn) + (p2−q)
2q (sxn + tyn)2

+(p2−q)(p2−2q)
6q2 (sxn + tyn)3 +O4,

p2

q (sxn+1 + tyn+1) = − p
q2 (xn + yn) +

(

1

pq − 1
)

p2

q (sxn + tyn)

+
p(q2−p)

2q4 (xn + yn)2 − p(q2−p)
q4 (xn + yn) (sxn + tyn)

+p2
(pq−1)

2q4 (sxn + tyn)2 + (q2−p)p(2p−q2)
6q6 (xn + yn)3

−p(q2−p)(2p−q2)
2q6 (xn + yn)2 (sxn + tyn)

+
p2(q2−p)(2−pq)

2q6 (xn + yn) (sxn + tyn)2

+p3
(pq−1)(pq−2)

6q6 (sxn + tyn)3 +O4.







































































































(13)

Combining the equations of (13) we obtain

(t− s) yn+1 = s (xn + yn) − s (sxn + tyn) − s
(p2−q)

2q (sxn + tyn)2

− s
(p2−q)(p2−2q)

6q2 (sxn + tyn)3 − 1

pq (xn + yn)

+
(

1

pq − 1
)

(sxn + tyn) + (q2−p)
2pq3 (xn + yn)2

− (q2−p)
pq3 (xn + yn) (sxn + tyn) + (pq−1)

2q3 (sxn + tyn)2

+ (q2−p)(2p−q2)
6pq5 (xn + yn)3

− (q2−p)(2p−q2)
2pq5 (xn + yn)2 (sxn + tyn)

+ (q2−p)(2−pq)

2q5 (xn + yn) (sxn + tyn)2

+ p(pq−1)(pq−2)

6q5 (sxn + tyn)3 +O4.















































































(14)

The term that multiplies xn has the form:

s− s2 − 1
pq

+ s

(

1
pq

− 1
)

= −s2 − 1
pq

+ s
1
pq

= −λ2 − 2λ− 1 +
1
pq
λ = 0,
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and the term that multiplies yn becomes:

s− st− 1
pq

+
(

1
pq

− 1
)

t = (1 + λ) − (1 + λ)
(

1 + λ
)− 1

pq
+
(

1
pq

− 1
)

(

1 + λ
)

= λ
2 − 1 = λ

2 − λλ = λ
(

λ− λ
)

.

Now, (14) is simplified as:

yn+1 = λyn − s

(

p2 − q
)

2q
1

t− s
(sxn + tyn)2 − s

(

p2 − q
) (

p2 − 2q
)

6q2
1

t− s
(sxn + tyn)3

+

(

q2 − p
)

2pq3
1

t− s
(xn + yn)2 −

(

q2 − p
)

pq3
1

t− s
(xn + yn) (sxn + tyn)

+
(pq − 1)

2q3
1

t− s
(sxn + tyn)2 +

(

q2 − p
) (

2p − q2
)

6pq5
1

t− s
(xn + yn)3

−
(

q2 − p
) (

2p− q2
)

2pq5
1

t− s
(xn + yn)2 (sxn + tyn)

+

(

q2 − p
)

(2 − pq)
2q5

1
t− s

(xn + yn) (sxn + tyn)2

+
p (pq − 1) (pq − 2)

6q5
1

t− s
(sxn + tyn)3 +O4. (15)

Using (15) in (13) we obtain:

xn+1 = −λyn + s

(

p2 − q
)

2q
1

t− s
(sxn + tyn)2

+s

(

p2 − q
) (

p2 − 2q
)

6q2
1

t− s
(sxn + tyn)3

−
(

q2 − p
)

2pq3
1

t− s
(xn + yn)2 +

(

q2 − p
)

pq3
1

t− s
(xn + yn) (sxn + tyn)

−(pq − 1)
2q3

1
t− s

(sxn + tyn)2

−
(

q2 − p
) (

2p − q2
)

6pq5
1

t− s
(xn + yn)3

+

(

q2 − p
) (

2p − q2
)

2pq5
1

t− s
(xn + yn)2 (sxn + tyn)

−
(

q2 − p
)

(2 − pq)
2q5

1
t− s

(xn + yn) (sxn + tyn)2

−p (pq − 1) (pq − 2)
6q5

1
t− s

(sxn + tyn)3

− (xn + yn) + (sxn + tyn) +

(

p2 − q
)

2q
(sxn + tyn)2

+

(

p2 − q
) (

p2 − 2q
)

6q2
(sxn + tyn)3 +O4.

8
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In view of
s = 1 + λ i t = 1 + λ,

we obtain that
−λyn − xn − yn + sxn + tyn = λxn.

Now we have

xn+1 = λxn + s
(p2−q)

2q

1
t− s

(

s2x2

n + 2sxntyn + t2y2

n

)

+s(p2−q)(p2−2q)
6q2

1
t− s

(

s3x3

n + 3s2x2

ntyn + 3sxnt
2y2

n + t3y3

n

)

−(q2−p)
2pq3

1
t− s

(

x2

n + 2xnyn + y2

n

)

+(q2−p)
pq3

1
t− s

(

sx2

n + xntyn + ynsxn + ty2

n

)

− (pq−1)

2q3

1
t− s

(

s2x2

n + 2sxntyn + t2y2

n

)

−(q2−p)(2p−q2)
6pq5

1
t− s

(

x3

n + 3x2

nyn + 3xny
2

n + y3

n

)

+(q2−p)(2p−q2)
2pq5

1
t− s

(

x3

ns+ x2

ntyn + 2x2

nyns+ 2xny
2

nt+ y2

nsxn + y3

nt
)

−(q2−p)(2−pq)

2q5

1
t− s

(

s2x3

n + 2sx2

ntyn + xnt
2y2

n + yns
2x2

n + 2sxnty
2

n + t2y3

n

)

−p(pq−1)(pq−2)

6q5

1
t− s

(

s3x3

n + 3s2x2

ntyn + 3sxnt
2y2

n + t3y3

n

)

+(p2−q)
2q

(

s2x2

n + 2sxntyn + t2y2

n

)

+(p2−q)(p2−2q)
6q2

(

s3x3

n + 3s2x2

ntyn + 3sxnt
2y2

n + t3y3

n

)

+O4.

Thus we have

xn+1 = λxn + σ
(

ax2

n + bxnyn + cy2

n + dx3

n + ex2

nyn + fxny
2

n + gy3

n

)

+O4, (16)

where σa, σb, σc, and σe can be simplified as follows:

σa = p2−q
2q

1
t− s

s3 − q2−p
2pq3

1
t− s

+ q2−p
pq3

1
t− s

s− pq−1

2q3

1
t− s

s2 + p2−q
2q s2

=
1
2

1
t− s

[

p2−q
q s3 − q2−p

pq3 + 2s q2−p
pq3 − pq−1

q3 s2 + p2−q
q s2 (t− s)

]

=
1
2

1
t− s

[

− q2−p
pq3 + 2s q2−p

pq3 − pq−1

q3 s2 + p2−q
q ts2

]

=
1
2

1
t− s

[

− q2−p
pq3 + 2 (λ+ 1)

q2 − p

pq3
− pq − 1

pq4
λ+

p2 − q

pq2
(λ+ 1)

]

= 1

2pq4

1
t− s

[−q (q2 − p
)

+ 2 (λ+ 1) q
(

q2 − p
)− (pq − 1)λ+ q2

(

p2 − q
)

(λ+ 1)
]

= 1

2pq4

1
t− s

[(

q3 − 3qp+ 1 + q2p2
)

λ+
(−pq + p2q2

)]

= 1

4p2q5
1

λ−λ

[

(−q3 + 3qp− 1 − q2p2
)

(

1 − 2pq + i
√

4pq − 1
)

+ 2p2q2 (1 − pq)
]

,

9
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that is
σa = (−q3

+2q4p+5pq−5p2q2−1)+i(−q3
+3qp−1−q2p2)√4pq−1

4p2q5(λ−λ) . (17)

Similarly

σb =
1

2p2q3
1

λ− λ

[

(

2pq2 − p2 − q
)

+ i
(

p2 − q
)
√

4pq − 1
]

(18)

and
σc = (2p2q4−p3q2−5pq3

+4p2q−p+q2)−i(−3pq3
+2p2q−p+q2

+p3q2)√4pq−1

4p3q5(λ−λ) . (19)

In a similar way we obtain

σe = 1

4p2q5

(10p2q2−q3−6pq−p3−2q4p+2−2p4q)+i(−4pq+q3
+2+p3)√4pq−1

λ−λ

= 1

4pq4

(10p2q2−q3−6pq−p3−2q4p+2−2p4q)+i(−4pq+q3
+2+p3)√4pq−1

i
√

4pq−1

which implies

Re (σe) =
1

4pq4
(−4pq + p3 + q3 + 2

)

(20)

In the above calculation we made use of:

t− s = λ− λ = − 1

pq

[

i
√

4pq − 1
]

,

st = (1 + λ)
(

1 + λ
)

= 1

pq ,

t+ s = 1

pq ,

s2 = 1 + 2λ+ λ2 = 1

pqλ,

t2 = 1 + 2λ+ λ
2 = 1

pqλ,

σ = 1

λ−λ

λ = 1

2pq

[

(1 − 2pq) + i
√

4pq − 1
]

.



























































(21)

Thus, the linear terms of (15) and (16) are transformed into normal form.

4 The second transformation

The objective of second transformation is to obtain the nonlinear terms up to order
l − 1 in normal form.

The change of variables

xn = ξn + φ2 (ξn, ηn) + φ3 (ξn, ηn)
yn = ηn + ψ2 (ξn, ηn) + ψ3 (ξn, ηn)

}

, n = 0, 1 . . . (22)

where

φk (ξ, η)
k

=
∑

j=0

akjξ
k−jηj and ψk (ξ, η)

k

=
∑

j=0

akjξ
jηk−j

10
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for k = 2 and k = 3, gives

xn = ξn +
(

a20ξ
2
n + a21ξnηn + a22η

2
n

)

+
(

a30ξ
3
n + a31ξ

2
nηn + a32ξnη

2
n + a33η

3
n

)

yn = ηn +
(

a20η
2
n + a21ξnηn + a22ξ

2
n

)

+
(

a30η
3
n + a31ξnη

2
n + a32ξ

2
nηn + a33ξ

3
n

)

x2
n = ξ2n + 2a20ξ

3
n + 2a21ξ

2
nηn + 2a22ξnη

2
n +O4

y2
n = η2

n + 2a20η
3
n + 2a21ξnη

2
n + 2a22ξ

2
nηn +O4

x3
n = ξ3n +O4

y3
n = η3

n +O4

x2
nyn = ξ2nηn +O4

xny
2
n = ξnη

2
n +O4

xnyn = a22ξ
3
n + (a20 + a21) ξ2nηn

+ (a21 + a20) ξnη2
n + ξnηn + a22η

3
n +O4







































































































(23)

and
ξn+1 = λξn + α2ξ

2
nηn +O4

ηn+1 = ληn + α2ξnη
2
n +O4

}

, n = 0, 1 . . . . (24)

Using (24) in the first two relations of (23), we obtain:

xn+1 = λξn + a20λ
2ξ2n + a30λ

3ξ3n + a21λλξnηn

+
(

α2 + a31λ
2λ
)

ξ2nηn + a32λλ
2
ξnη

2
n + a22λ

2
η2

n + a33λ
3
η3

n,

yn+1 = ληn + a20λ
2
η2

n + a30λ
3
η3

n + a21λλξnηn

+
(

α2 + a31λ
2
λ
)

ξnη
2
n + a32λ

2λξ2nηn + a22λ
2
ξ2n + a33λ

3ξ3n.



























(25)

Substituting (25) in the left-hand side of (16) and substituting (24) in the right-hand
side of (16) we obtain after simplification:

a20λ
2ξ2n + a30λ

3ξ3n + a21ξnηn + (α2 + a31λ) ξ2nηn

+a32λξnη
2

n + a22λ
2
η2

n + a33λ
3
η3

n

= λ
[(

a20ξ
2

n + a21ξnηn + a22η
2

n

)

+
(

a30ξ
3

n + a31ξ
2

nηn + a32ξnη
2

n + a33η
3

n

)]

+σa
[

ξ2n + 2a20ξ
3

n + 2a21ξ
2

nηn + 2a22ξnη
2

n

]

+σb
[

a22ξ
3

n + (a20 + a21) ξ2nηn + (a21 + a20) ξnη2

n + ξnηn + a22η
3

n

]

+σc
[

η2

n + 2a20η
3

n + 2a21ξnη
2

n + 2a22ξ
2

nηn

]

+σdξ3n + σeξ2nηn + σfξnη
2

n + σgη3

n +O4.
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Equationg the corresponding coefficients on both sides of the last identity we obtain:

ξ2n : a20λ
2 = λa20 + σa

ξ3n : a30λ
3 = λa30 + σa2a20 + σba22 + σd

ξnηn : a21 = λa21 + σb

ξ2nηn : α2 + a31λ = λa31 + 2σaa21 + σb (a20 + a21) + 2σca22 + σe

ξnη
2

n : a32λ = λa32 + 2σaa22 + σb (a21 + a20) + 2σca21 + σf

η2

n : a22λ
2 = λa22 + σc

η3

n : a33λ
3 = λa33 + σba22 + 2σca20 + σg.

This implies

a20 =
σa

λ2 − λ
, a21 =

−σb
λ− 1

, a22 =
σc

λ
2 − λ

,

a30 =
σ

λ3 − λ
[(2aa20 + ba22) + d] , a31 = arbitrary,

a32 =
−σ
λ− λ

[(2aa22 + ba20) + (ba21 + 2ca21) + f ] ,

a33 =
σ

λ
3 − λ

[(ba22 + 2ca20) + g] ,

α2 = σ (ba20 + 2ca22) + σ (2aa21 + ba21) + σe. (26)

5 The third transformation

The objective of third transformation consists in expressing the terms in (24) as real
values. This is achieved by using the transformation:

ξn = rn + isn,

ηn = rn − isn.

Comparing the system obtained with (4) and using (5) for l = 4, we determine the
twist coefficients γ0 and γ1. We have

cos γ0 = Re (λ) and γ1 =
−1

sin γ0

· Re (α2) . (27)

In order to apply the KAM theorem we have to determine Re (α2) and to show that
γ1 �= 0.

The following formulas will be useful:

λ2 =
(

−1 − 2λ+
1
pq
λ

)

and λ
2 =

(

−1 − 2λ+
1
pq
λ

)

λ
2 + λ2 = −2 − 2

(

λ+ λ
)

+
1
pq

(

λ+ λ
)

= −2 +
(

λ+ λ
)

(

1
pq

− 2
)

= 2 +
1

p2q2
− 4

1
pq
,

12
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σ =
1

λ− λ
, σ =

1
λ− λ

= −σ,

σσ =
1

(

λ− λ
)

1
(

λ− λ
) =

1
(

1 − λ2 − λ
2 + 1

)

=
1

(

2 −
(

λ2 + λ
2
)) =

1
(

4 1

pq − 1

p2q2

) =
p2q2

(4pq − 1)
,

σ2 =

[

1
(

λ− λ
)

]2

=





1
i
√

4pq−1

pq





2

=
−p2q2

(4pq − 1)
,

a21 =
−σb
λ− 1

=
σb

λ− 1
, a22 =

σc

λ2 − λ
.

Using the last identities (26) can be written in the form

α2 = 2σaa21 + σba21 + σba20 + 2σca22 + σe,

where
σba20 = σb

σa

λ2 − λ
=

σaσb

λ2 − λ
, 2σca22 = 2σc

σc

λ2 − λ
=

2σcσc
λ2 − λ

,

2σaa21 = 2σa
σb

λ− 1
= −2

σaσb

λ− 1
, σba21 = σb

σb

λ− 1
=

σ2bb

λ− 1
.

The formulas (17) and (18) imply

σaσb =
−1

8p2q6 (4pq − 1)

[

A+ iB
√

4pq − 1
]

,

where
A = 2q (p+ 1 + q)

(

p2 − p− pq − q + q2 + 1
) (

2p2q2 + 1 − 4pq
)

B = −2q (p+ 1 + q) (2pq − 1)
(

p2 − p− pq − q + q2 + 1
)

B −A = −4pq2 (p+ 1 + q) (pq − 1)
(

p2 − p− pq − q + q2 + 1
)

.

Taking into account that
1

λ− 1
= −1

2
− i

2

√
4pq − 1

4pq − 1
,

we obtain

Re (2σaa21) = Re
(

−2σaσb
1

λ− 1

)

=
1

(4pq − 1)
1

8p2q6
[B −A] ,

and

Re (2σaa21) =
− (p+ 1 + q) (pq − 1)

(

p2 − p− pq − q + q2 + 1
)

2pq4 (4pq − 1)
. (28)
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Likewise,

Re (σba21) = Re
(

σ2bb
1

λ− 1

)

= σ2bbRe
(

1
λ− 1

)

= −1
2
σ2bb,

that is

Re (σba21) =
1

2q3 (4pq − 1)
(p+ 1 + q)

(

p2 − p− pq − q + q2 + 1
)

. (29)

In view of the fact that

1
λ− 1

=
1

1

2pq

[

(1 − 2pq) + i
√

4pq − 1
]− 1

=
2pq

[

(1 − 2pq) + i
√

4pq − 1
]− 2pq

=
2pq

[

(1 − 4pq) − i
√

4pq − 1
]

[

(1 − 4pq)2 + 4pq − 1
]

=
2pq

[

(1 − 4pq) − i
√

4pq − 1
]

[(1 − 8pq + 16p2q2) + 4pq − 1]
=

2pq
[

(1 − 4pq) − i
√

4pq − 1
]

−4pq (1 − 4pq)
,

we obtain

1
λ− 1

= −1
2
− i

2

√
4pq − 1

4pq − 1
and

1
λ− 1

= −1
2

+
i

2

√
4pq − 1

4pq − 1
.

Next we have,

λ2−λ = λ2− 1
λ

=
λ3 − 1
λ

=
(λ− 1)

(

λ2 + λ+ 1
)

λ
=

(λ− 1)
(

1

pqλ− λ
)

λ
=

1 − pq

pq
(λ− 1) ,

1
λ2 − λ

=
λ

λ− 1
= − 1

4pq

[

1 +
i

2

√
4pq − 1

4pq − 1

]

[

(1 − 2pq) − i
√

4pq − 1
]

.

Therefore,
1

λ2 − λ
=

1
2pq

[

(pq − 1) + i (3pq − 1)
√

4pq − 1
4pq − 1

]

,

and so

Re
(

1
λ2 − λ

)

=
pq − 1
2pq

.

Likewise,
1

λ2 − λ
=

pq

1 − pq

1
λ− 1

=
pq

1 − pq

(

−1
2
− i

2

√
4pq − 1

4pq − 1

)

,

σ2ab 1

λ2−λ =
−p2q2

(4pq − 1)
1

8p4q8

[

A+ iB
√

4pq − 1
]

1

2pq

[

(pq − 1) + i (3pq − 1)
√

4pq − 1
4pq − 1

]

,

Re (σba20) = Re
(

σ2ab
1

λ2 − λ

)

=
− [A (pq − 1) −B (3pq − 1)]

16p3q7 (4pq − 1)
, (30)

Re (2σca22) = Re
(

2σσcc
1

λ2 − λ

)

= −1
2

pq

1 − pq
2σσcc =

pq

pq − 1
σσcc. (31)

14
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Using (19) we obtain

σcσc =
−q3 − 2p2q2 + pq − p3 + 4p4q + 4q4p+ q2p5 − 7p3q3 + q5p2

4p2q5 (4pq − 1)
.

From (28), (29), (30), (31), and (20) we obtain

Re (α2) = Re (2σaa21) + Re (σba21) + Re (σba20) + Re (2σca22) + Re (σe) ,

that is,

Re (α2) =
−1

(4pq − 1)
1

2pq4
(p+ 1 + q) (pq − 1)

(

p2 − p− pq − q + q2 + 1
)

+
1

2q3 (4pq − 1)
(p+ 1 + q)

(

p2 − p− pq − q + q2 + 1
)

+
−1

(4pq − 1)
1

16p3q7
[

4p3q4 (p+ 1 + q)
(

p2 − p− pq − q + q2 + 1
)]

+
pq

pq − 1
σσcc+

1
4pq4

(−4pq + p3 + q3 + 2
)

and

Re (α2) =

(

p4q − p3 + 8p2q2 − 2pq − 10p3q3 + q4p− q3 + 2q2p5 + 2q5p2
)

2pq4 (4pq − 1) (pq − 1)
. (32)

Combining (27) and Re (λ) =
1 − 2pq

2pq
with (32), we obtain

γ1(p, q) =
− (p4q − p3 + 8p2q2 − 2pq − 10p3q3 + q4p− q3 + 2q2p5 + 2q5p2

)

q3 (4pq − 1) (pq − 1)
√

4pq − 1
. (33)

It follows from (33) that γ1(p, q) = 0 if and only if

p4q − p3 + 8p2q2 − 2pq − 10p3q3 + q4p− q3 + 2q2p5 + 2q5p2 = 0. (34)

In the special case p = q we have

2p5 − 2p3 + 8p4 − 2p2 − 10p6 + 4p7 = p2(2p + 1)(p2 − p− 1)(p − 1)2 = 0.

We conclude that either p = 1 or p = 1+
√

5

2
. In view of p > 1 we have that p = 1+

√
5

2
,

which leaves the problem of stability of the equilibrium unanswered for this value of
parameter as in [10]. This shows that in a more general case under the investigation
we can not hope for more. In this case the problem of stability remains open along
the curve γ1 = 0. The role of a single point p = 1+

√
5

2
in a constant coefficient case is

played by the curve γ1 = 0 in periodic case.
In our case α �= β which implies p �= q, pq > 1, p > 1 and q > 1.
If α < β (respectively α > β) then p < q (respectively p > q). If α < β

(respectively α > β) we have that γ1 = 0 for all (p, q) located above (below) the line

15
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p = q in Figure 1. For such (p, q) (because of α = p2−q > 0, β = q2−p > 0) the KAM
theorem does not give any information about stability for all points that belong to the
set F consisting of the arc of curve γ1 = 0 between the points A(1

2

3
√

12, 1

2

3
√

18) and
C(1

2

3
√

18, 1

2

3
√

12) . The points A and C are obtained as intersections of q2 = p and p2 = q

and curve γ1 = 0. Specifically, q2 = p and γ1 = 0 intersect at (p, q) = (1

2

3
√

18, 1

2

3
√

12)
and parabola p2 = q and γ1 = 0 intersect at (p, q) = (1

2

3
√

12, 1

2

3
√

18).
Indeed, for q2 = p we have that γ1 = 0 if

p4
√
p− p3 + 8p3 − 2p

√
p− 10p4

√
p+ p3 − p

√
p+ 2p6 + 2p4

√
p = 0.

that is
8p3 + 2p6 − 3p

3
2 − 7p

9
2 = 0,

whose solutions are: 1

4
4

2
3

3
√

9, 0, 1.
For all other points the stability of the equilibrium follows from the KAM theorem.
Thus we have proved the following result:

Theorem 5.1 The period-two solution of (1) is stable for all points outside the set F .

The region F is depicted on the following picture:

1.2 1.4 1.6 1.8 2

1.2

1.4

1.6

1.8

2

p=q2

q=p2

q=p

γ1=0
A

C

Figure 1: The region F is the part of the curve γ1 = 0 between the parabolas p2 = q
and q2 = p that is between the points A and C.
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Abstract

Using the idea of intuitionistic fuzzy set due to Atanassov [2], we define the notion
of intuitionistic fuzzy BCC-subalgebras as a natural generalization of fuzzy BCC-
subalgebras due to Dudek et al. [7] and obtain some related results. Using a t-norm
and a t-conorm, the direct product, and T-product and S-product of intuitionistic fuzzy
BCC-subalgebras are discussed and their properties are investigated.
Keywords: t-norm; t-conorm; BCC-Algebra.
AMS Subject Classifications: 06F35, 03G25, 94D05

1 Introduction and preliminaries
A BCK-algebra is an important class of logical algebras introduced by Iseki [12] and
was extensively investigated by several researchers. The class of all BCK-algebras is a
quasivariety. Iseki [12] posed the interesting problem of whether the class of BCK-algebras
is a variety. In connection with this problem, Komori [16] introduced the notion of BCC-
algebras and Dudek [5,6] modified the notion of BCC-algebras by using a dual form of the
definition in the sense of Komori [16]. Fuzzy structures in BCC-algebras were introduced
by Dudek et al. [7-10] and fuzzy structures in BCK-algebras were introduced by Xi [21].

In the present paper, using the idea of intuitionistic fuzzy sets due to Atanassov [2,3]
as a generalization of fuzzy sets [22], we define the notion of intuitionistic fuzzy BCC-
subalgebras of the BCC-algebras with the help of t-conorms and t-norms as a generalization
of fuzzy BCC-subalgebras due to Dudek et al. [7]. We also investigate the direct product
and product of intuitionistic fuzzy BCC-subalgebras of BCC-algebras with the help of a
t-conorm and a t-norm.

Let us recall [16] that a BCC-algebra is a nonempty set X with a constant 0 and
a binary operation ∗ which satisfies the following conditions, for all x, y, z ∈ X: (i)
((x ∗ y) ∗ (z ∗ y)) ∗ (x ∗ z) = 0; (ii) x ∗ x = 0; (iii) 0 ∗ x = 0; (iv) x ∗ 0 = x; (v)
x ∗ y = 0 and y ∗ x = 0 imply x = y. A nonempty subset Y of a BCC-algebra X is
called a BCC-subalgebra of X if x ∗ y ∈ Y for all x, y ∈ Y (see also [13,21]).

By a t-norm T , we mean a binary operation on the unit interval [0, 1] which satisfies the
following conditions, for all x, y, z ∈ [0, 1]: (i) T (x, 1) = x; (ii) T (x, y) ≤ T (x, z) if y ≤ z;
(iii) T (x, y) = T (y, x); (iv) T (x, T (y, z)) = T (T (x, y), z). For a t-norm T , we have T (x, y) ≤
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min {x, y} for all x, y ∈ [0, 1]. Examples of t-norms are TL(x, y) = max {x+ y − 1, 0} and
TM(x, y) = min {x, y} .

By a t-conorm S, we mean a binary operation on the unit interval [0, 1] which satisfies
the following conditions, for all x, y, z ∈ [0, 1]: (i) S(x, 0) = x; (ii) S(x, y) ≤ S(x, z)
if y ≤ z; (iii) S(x, y) = S(y, x); (iv) S(x, S(y, z)) = S(S(x, y), z). For a t-conorm
S, we have S(x, y) ≥ max {x, y} for all x, y ∈ [0, 1]. Examples of t-conorms are
SL(x, y) = min {x+ y, 1} and SM(x, y) = max {x, y} .

A t-norm T and a t-conorm S are called associated [18], i.e. S(x, y) = 1−T (1−x, 1−y)
for all x, y ∈ [0, 1].

Note that, the concepts of t-conorms and t-norms are known as the axiomatic skeletons
that we use for characterizing fuzzy unions and intersections, respectively. These concepts
were originally introduced by Menger [19] and several properties and examples for these
concepts were proposed by many authors (see [1,4,11,14,15,17-20]).

A fuzzy set A in an arbitrary non-empty set X is a function µA : X → [0, 1]. The
complement of µA, denoted by µ

c
A, is the fuzzy set in X given by µcA(x) = 1−µA(x) for all

x ∈ X.
For any fuzzy set µA in X and any α ∈ [0, 1], Dudek et al. [10] defined two sets

U(µA;α) = {x ∈ X : µA(x) ≥ α} and V (µA;α) = {x ∈ X : µA(x) ≤ α} ,

which are called an upper and lower α-level cut of µA and can be used to the characterization
of µA.

Definition 1.1 (7). A fuzzy set A in a BCC-algebra X is called a fuzzy BCC-subalgebra
of X if

µA(x ∗ y) ≥ min {µA(x), µA(y)}
for all x, y ∈ X.

Definition 1.2 (7). A fuzzy set A in a BCC-algebra X is called a fuzzy BCC-subalgebra
of X with respect to a t-norm T (or simply, a T -fuzzy BCC-subalgebra of X) if

µA(x ∗ y) ≥ T (µA(x), µA(y))

for all x, y ∈ X. Every BCC-algebra is a fuzzy BCC-algebra and so a T -fuzzy BCC-
subalgebra but converse is not true (see [5,8,9]).

As a generalization of the notion of fuzzy sets inX, Atanassov [2] introduced the concept
of intuitionistic fuzzy sets defined on X as objects having the form

A = {(x, µA(x), λA(x)) : x ∈ X} ,
where the functions µA : X → [0, 1] and λA : X → [0, 1] denote the degree of

membership (namely µA(x)) and the degree of non-membership (namely λA(x)) of each
element x ∈ X to the set A, respectively, and 0 ≤ µA(x) + λA(x) ≤ 1 for all x ∈ X.

For every two intuitionistic fuzzy sets A and B in X, we have [3],

(i) A ⊆ B iff µA(x) ≤ µB(x) and λA(x) ≥ λB(x) for all x ∈ X,

(ii) ¤A = {(x, µA(x), µcA(x)) : x ∈ X} ,
(iii) ♦A = {(x, λcA(x), λA(x)) : x ∈ X} .
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2 (T,S)-intuitionistic fuzzy BCC-subalgebras
For the sake of simplicity, we shall use the symbol A = (µA, λA) for the intuitionistic fuzzy
set A = {(x, µA(x), λA(x)) : x ∈ X} as Dudek et al. [10].

Definition 2.1. An intuitionistic fuzzy set A = (µA, λA) in a BCC-algebra X is said
to be an intuitionistic fuzzy BCC-subalgebra of X if

(i) µA(x ∗ y) ≥ min {µA(x), µA(y)} ,
(ii) λA(x ∗ y) ≤ max {λA(x), λA(y)}
for all x, y ∈ X.
Remark 2.1. If λA(x) = 1 − µA(x) for all x ∈ X, then every intuitionistic fuzzy

BCC-subalgebra of a BCC-algebra X is a fuzzy BCC-subalgebra of X.
Definition 2.2. An intuitionistic fuzzy set A = (µA, λA) in a BCC-algebra X is said to

be an intuitionistic fuzzy BCC-subalgebra of X with respect to a t-norm T and a t-conorm
S (or simply, a (T, S)-intuitionistic fuzzy BCC-subalgebra of X) if

(i) µA(x ∗ y) ≥ T (µA(x), µA(y)),

(ii) λA(x ∗ y) ≤ S(λA(x), λA(y))

for all x, y ∈ X.
Example. Let X = {0, 1, 2, 3, 4} be a proper BCC-algebra with the Cayley table as

follows
∗ | 0 1 2 3 4
0
1
2
3
4

¯̄̄̄
¯̄̄̄
¯̄
0 0 0 0 0
1 0 1 0 0
2 2 0 0 0
3 3 1 0 0
4 3 4 3 0

Define intuitionistic fuzzy set A = (µA, λA) in X by

µA(x) =

½
1, x ∈ {0, 1, 2}
0, otherwise

and λA(x) =

½
0, x ∈ {0, 1, 2}
1/2, otherwise.

It is easy to check that 0 ≤ µA(x) + λA(x) ≤ 1, µA(x ∗ y) ≥ TL(µA(x), µA(y)) and
λA(x ∗ y) ≤ SM(λA(x), λA(y)) for all x, y ∈ X. Hence A = (µA, λA) is a (TL, SM)-
intuitionistic fuzzy BCC-subalgebra of X. Also note that t-norm TL and t-conorm SM are
not associated.

Remark 2.2. Note that, the above example holds even with the t-norm TL and t-conorm
SL, and hence A = (µA, λA) is a (TL, SL)-intuitionistic fuzzy BCC-subalgebra of X.

Lemma 2.1. If A = (µA, λA) is a (T, S)-intuitionistic fuzzy BCC-subalgebra of a BCC-
algebra X, then so is ¤A = (µA, µcA) such that t-norm T and t-conorm S are associated.

Proof. For all x, y ∈ X, we have
µA(x ∗ y) ≥ T (µA(x), µA(y)),

and so
1− µcA(x ∗ y) ≥ T (1− µcA(x), 1− µcA(y)),

which implies
1− T (1− µcA(x), 1− µcA(y)) ≥ µcA(x ∗ y).

Since T and S are associated, we have
S(µcA(x), µ

c
A(y)) ≥ µcA(x ∗ y).

This completes the proof.

FUZZY BCC-SUBALGEBRAS 249



Lemma 2.2. If A = (µA, λA) is a (T, S)-intuitionistic fuzzy BCC-subalgebra of a BCC-
algebra X, then so is ♦A = (λcA, λA) such that t-norm T and t-conorm S are associated.

Proof. The proof is similar to the proof of Lemma 2.1.
Combining the above two lemmas, it is easy to see that the following theorem is valid.
Theorem 2.1. A = (µA, λA) is a (T, S)-intuitionistic fuzzy BCC-subalgebra of a BCC-

algebra X if and only if ¤A and ♦A are (T, S)-intuitionistic fuzzy BCC-subalgebra of X
such that t-norm T and t-conorm S are associated.

Corollary 2.1. A = (µA, λA) is a (T, S)-intuitionistic fuzzy BCC-subalgebra of a
BCC-algebra X if and only if µA and λcA are T -fuzzy BCC-subalgebra of X such that t-
norm T and t-conorm S are associated.

Theorem 2.2. Let A = (µA, λA) be a (T, S)-intuitionistic fuzzy BCC-subalgebra of a
BCC-algebra X and let αp, α ∈ [0, 1]. Then
(i) if αp = 0 and α = 1, then U(µA;α) ∩ V (λA;αp) is either empty or a BCC-subalgebra

of X.

(ii) if T = TM and S = SM , then U(µA;α) ∩ V (λA;α
p) is either empty or a BCC-

subalgebra of X, moreover λA(0) ≤ λA(x) and µA(0) ≥ µA(x) for all x ∈ X.

Proof. (i) Assume that αp = 0, α = 1 and x, y ∈ U(µA;α) ∩ V (λA;α
p). Then

µA(x) ≥ α = 1, µA(y) ≥ α = 1, λA(x) ≤ αp = 0 and λA(y) ≤ αp = 0. It follows from
Definition 2.2

µA(x ∗ y) ≥ T (µA(x), µA(y)) ≥ T (1, 1) = 1 and
λA(x ∗ y) ≤ S(λA(x), λA(y)) ≤ S(0, 0) = 0.

Hence, x ∗ y ∈ U(µA;α) ∩ V (λA;αp). Thus, U(µA;α) ∩ V (λA;αp) is a BCC-subalgebra
of X.

(ii) Assume that T = TM , S = SM and x, y ∈ U(µA;α) ∩ V (λA;αp). Then
µA(x ∗ y) ≥ T (µA(x), µA(y)) = min {µA(x), µA(y)} ≥ min {α, α} = α and
λA(x ∗ y) ≤ S(λA(x), λA(y)) = max {λA(x), λA(y)} ≤ max

©
αp, αp

ª
= αp

for all αp, α ∈ [0, 1]. Hence, x ∗ y ∈ U(µA;α) ∩ V (λA;αp). Thus U(µA;α) ∩ V (λA;αp) is
a BCC-subalgebra of X. Moreover, since x ∗ x = 0 for all x ∈ X, we have

µA(0) = µA(x ∗ x) ≥ T (µA(x), µA(x)) = min {µA(x), µA(x)} = µA(x) and
λA(0) = λA(x ∗ x) ≤ S(λA(x), λA(x)) = max {λA(x), λA(x)} = λA(x).

This completes the proof.
Theorem 2.3. Let A = (µA, λA) be a (T, S)-intuitionistic fuzzy BCC- subalgebra of a

BCC-algebra X. If there exists a sequence {xn} in X such that
lim
n→∞T (µA(xn), µA(xn)) = 1 and lim

n→∞S(λA(xn), λA(xn)) = 0
then µA(0) = 1 and λA(0) = 0.
Proof. Let x ∈ X. Then

µA(0) = µA(x ∗ x) ≥ T (µA(x), µA(x)) and
λA(0) = λA(x ∗ x) ≤ S(λA(x), λA(x)).

Therefore,
µA(0) ≥ T (µA(xn), µA(xn)) and λA(0) ≤ S(λA(xn), λA(xn))

for each n ∈ N. Since
1 ≥ µA(0) ≥ lim

n→∞T (µA(xn), µA(xn)) = 1 and
0 ≤ λA(0) ≤ lim

n→∞S(λA(xn), λA(xn)) = 0.
It follows that µA(0) = 1 and λA(0) = 0.
If A = (µA, λA) is an intuitionistic fuzzy set in a BCC-algebra X and f is a self mapping

of X, we define mappings

KUTUKCU-YILDIZ250



µA[f ] : X → [0, 1] by µA[f ](x) = µA(f(x))
and

λA[f ] : X → [0, 1] by λA[f ](x) = λA(f(x))
for all x ∈ X, respectively.
Proposition 2.1. If A = (µA, λA) is a (T, S)-intuitionistic fuzzy BCC- subalgebra

of a BCC-algebra X and f is an endomorphism of X, then (µA[f ], λA[f ]) is a (T, S)-
intuitionistic fuzzy BCC-subalgebra of X.

Proof. For any given x, y ∈ X, we have

µA[f ](x ∗ y) = µA(f(x ∗ y)) = µA(f(x) ∗ f(y)) ≥ T (µA(f(x)), µA(f(y)))

= T (µA[f ](x), µA[f ](y)),

λA[f ](x ∗ y) = λA(f(x ∗ y)) = λA(f(x) ∗ f(y)) ≤ S(λA(f(x)), λA(f(y)))

= S(λA[f ](x), λA[f ](y)).

This completes the proof.
If f is a self mapping of a BCC-algebra X and B = (µB, λB) is an intuitionistic fuzzy

set in f(X), then the intuitionistic fuzzy set A = (µA, λA) in X defined by µA = µB ◦ f
and λA = λB ◦ f is called the preimage of B under f .

Theorem 2.4. An onto homomorphic preimage of a (T, S)-intuitionistic fuzzy BCC-
subalgebra is a (T, S)-intuitionistic fuzzy BCC-subalgebra.

Proof. Let f : X → X p be an onto homomorphism of BCC-algebras, B = (µB, λB) be
a (T, S)-intuitionistic fuzzy BCC-subalgebra of X p, and A = (µA, λA) be preimage of B
under f . Then, we have

µA(x ∗ y) = µB(f(x ∗ y)) = µB(f(x) ∗ f(y)) ≥ T (µB(f(x)), µB(f(y)))

= T (µA(x), µA(y)),

λA(x ∗ y) = λB(f(x ∗ y)) = λB(f(x) ∗ f(y)) ≤ S(λB(f(x)), λB(f(y)))

= S(λA(x), λA(y))

for all x, y ∈ X. Hence, A = (µA, λA) is a (T, S)-intuitionistic fuzzy BCC-subalgebra of X.
If f is a self mapping of a BCC-algebra X and A = (µA, λA) is an intuitionistic fuzzy

set in X, then the intuitionistic fuzzy set Af = (µfA, λ
f
A) in f(X) defined by

µfA(y) = sup
x∈f−1(y)

µA(x) and λfA(y) = inf
x∈f−1(y)

λA(x) for all y ∈ f(x)

is called image of A = (µA, λA) under f .
An intuitionistic fuzzy set A = (µA, λA) in X is said to have sup property and inf

property if there exists a t0 ∈ T such that µA(t0) = supt∈T µA(t) and λA(t0) = inft∈T λA(t)
for every subset T ⊆ X.

Proposition 2.2. An onto homomorphic image of an intuitionistic fuzzy BCC-
subalgebra with sup property and inf property is an intuitionistic fuzzy BCC-subalgebra.

Proof. Let f : X → X p be an onto homomorphism of BCC-algebras and A = (µA, λA)
be an intuitionistic fuzzy BCC-subalgebra of X with sup property and inf property. For
given xp, yp ∈ X p, let x0 ∈ f−1(xp) and y0 ∈ f−1(yp) such that µA(x0) = supt∈f−1(xp ) µA(t),

FUZZY BCC-SUBALGEBRAS 251



µA(y0) = supt∈f−1(yp ) µA(t), λA(x0) = inft∈f−1(xp ) λA(t) and λA(y0) = inft∈f−1(yp ) λA(t),
respectively. Then

µfA(x
p ∗ yp) = sup

z∈f−1(xp∗yp )
µA(z) ≥ min {µA(x0), µA(y0)}

= min

(
sup

t∈f−1(xp )
µA(t), sup

t∈f−1(yp )
µA(t)

)
= min

n
µfA(x

p), µfA(y
p)
o
,

λfA(x
p ∗ yp) = inf

z∈f−1(xp∗yp )
λA(z) ≤ max {λA(x0), λA(y0)}

= max

½
inf

t∈f−1(xp )
λA(t), inf

t∈f−1(yp )
λA(t)

¾
= max

n
λfA(x

p), λfA(y
p)
o
.

Hence, Af = (µfA, λ
f
A) is an intuitionistic fuzzy BCC-subalgebra of X

p.
Definition 2.3 (7,11,15). A t-norm T and a t-conorm S are called continuous t-norm

and continuous t-conorm if T and S are continuous functions from [0, 1] × [0, 1] to [0, 1]
with respect to the usual topology.

Note that the functions "min" and "max" are continuous t-norm and t-conorm,
respectively. Using Definition 2.3, Proposition 2.2 can be strengthened in the following
way:

Theorem 2.5. Let T be a continuous t-norm, S be a continuous t-conorm and f be
a homomorphism on a BCC-algebra X. If A = (µA, λA) is a (T, S)-intuitionistic fuzzy
BCC-subalgebra of X, then Af = (µfA, λ

f
A) is a (T, S)-intuitionistic fuzzy BCC-subalgebra

of f(X).
Proof. Let A1 = f−1(y1), A2 = f−1(y2) and A12 = f−1(y1 ∗ y2), where y1, y2 ∈ f(X).

Consider the set

A1 ∗A2 = {x ∈ X : x = x1 ∗ x2 for some x1 ∈ A1, x2 ∈ A2} .

If x ∈ A1 ∗A2 then x = x1 ∗ x2 for some x1 ∈ A1, x2 ∈ A2. Then, we have

f(x) = f(x1 ∗ x2) = f(x1) ∗ f(x2) = y1 ∗ y2,

that is, x ∈ f−1(y1 ∗ y2) = A12. So, A1 ∗A2 ⊆ A12. It follows that

µfA(y1 ∗ y2) = sup
x∈f−1(y1∗y2)

µA(x) = sup
x∈A12

µA(x) ≥ sup
x∈A1∗A2

µA(x)

≥ sup
x1∈A1,x2∈A2

µA(x1 ∗ x2) ≥ sup
x1∈A1,x2∈A2

T (µA(x1), µA(x2))

λfA(y1 ∗ y2) = inf
x∈f−1(y1∗y2)

λA(x) = inf
x∈A12

λA(x) ≤ inf
x∈A1∗A2

λA(x)

≤ inf
x1∈A1,x2∈A2

λA(x1 ∗ x2) ≤ inf
x1∈A1,x2∈A2

S(λA(x1), λA(x2)).
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Since S and T are continuous, for every ε > 0 there exists a number δ > 0 such that if
supx1∈A1 µA(x1)−µA(x1) ≤ δ, supx2∈A2 µA(x2)−µA(x2) ≤ δ, λA(x1)− infx1∈A1 λA(x1) ≤ δ
and λA(x2)− infx2∈A2 λA(x2) ≤ δ then

T ( sup
x1∈A1

µA(x1), sup
x2∈A2

µA(x2))− T (µA(x1), µA(x2)) ≤ ε and

S(λA(x1), λA(x2))− S( inf
x1∈A1

λA(x1), inf
x2∈A2

λA(x2)) ≤ ε.

Consequently

µfA(y1 ∗ y2) ≥ sup
x1∈A1,x2∈A2

T (µA(x1), µA(x2))

≥ T ( sup
x1∈A1

µA(x1), sup
x2∈A2

µA(x2))

= T ( sup
x1∈f−1(y1)

µA(x1), sup
x2∈f−1(y2)

µA(x2))

= T (µfA(y1), µ
f
A(y2)),

λfA(y1 ∗ y2) ≤ inf
x1∈A1,x2∈A2

S(λA(x1), λA(x2))

≤ S( inf
x1∈A1

λA(x1), inf
x2∈A2

λA(x2))

= S( inf
x1∈f−1(y1)

λA(x1), inf
x2∈f−1(y2)

λA(x2))

= S(λfA(y1), λ
f
A(y2)).

This completes the proof.
Lemma 2.3 (11). Let T and S be a t-norm and a t-conorm, respectively. Then

T (T (x, y), T (z, t)) = T (T (x, z), T (y, t))

and
S(S(x, y), S(z, t)) = S(S(x, z), S(y, t))

for all x, y, z, t ∈ [0, 1].
Theorem 2.6. Let T be a t-norm, S be a t-conorm and X = X1 × X2 be the

direct product BCC-algebra of BCC-algebras X1 and X2. If A1 = (µA1 , λA1) (resp.
A2 = (µA2 , λA2)) is a (T, S)-intuitionistic fuzzy BCC-subalgebra of X1 (resp. X2), then
A = (µA, λA) is a (T, S)-intuitionistic fuzzy BCC-subalgebra of X defined by µA =
µA1 × µA2 , λA = λA1 × λA2 and

µA(x1, x2) = (µA1 × µA2)(x1, x2) = T (µA1(x1), µA2(x2)),

λA(x1, x2) = (λA1 × λA2)(x1, x2) = S(λA1(x1), λA2(x2))

for all (x1, x2) ∈ X.
Proof. Let x = (x1, x2) and y = (y1, y2) be any elements of X. Then, we have

µA(x ∗ y) = µA((x1, x2) ∗ (y1, y2)) = µA(x1 ∗ y1, x2 ∗ y2)
= T (µA1(x1 ∗ y1), µA2(x2 ∗ y2))
≥ T (T (µA1(x1), µA1(y1)), T (µA2(x2), µA2(y2)))

= T (T (µA1(x1), µA2(x2)), T (µA1(y1), µA2(y2)))

= T (µA(x1, x2), µA(y1, y2))

= T (µA(x), µA(y)),
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λA(x ∗ y) = λA((x1, x2) ∗ (y1, y2)) = λA(x1 ∗ y1, x2 ∗ y2)
= S(λA1(x1 ∗ y1), λA2(x2 ∗ y2))
≤ S(S(λA1(x1), λA1(y1)), S(λA2(x2), λA2(y2)))

= S(S(λA1(x1), λA2(x2)), S(λA1(y1), λA2(y2)))

= S(λA(x1, x2), λA(y1, y2))

= S(λA(x), λA(y)).

This completes the proof.
Now, we will generalize the idea to the product of n (T, S)-intuitionistic fuzzy BCC-

subalgebras. First of all, we need the followings:
Definition 2.4 (11). Let T be a t-norm and S be a t-conorm. The functions

Tn :
nQ
i=1
[0, 1] → [0, 1] and Sn :

nQ
i=1
[0, 1] → [0, 1] are a t-norm and a t-conorm defined

by
Tn(x1, x2, ..., xn) = T (xi, T (x1, x2, ..., xi−1, xi+1, ..., xn))

and
Sn(x1, x2, ..., xn) = S(xi, S(x1, x2, ..., xi−1, xi+1, ..., xn))

for all xi ∈ [0, 1] where 1 ≤ i ≤ n, n ≥ 2, S2 = S, T2 = T, S1 = id and T1 = id (identity),
respectively.

Lemma 2.4 (11). Let T be a t-norm, S be a t-conorm. Then

Tn(T (x1, y1), T (x2, y2), ..., T (xn, yn)) = T (Tn(x1, x2, ..., xn), Tn(x1, x2, ..., xn))

and

Sn(S(x1, y1), S(x2, y2), ..., S(xn, yn)) = S(Sn(x1, x2, ..., xn), Sn(x1, x2, ..., xn))

for all xi, yi ∈ [0, 1] where 1 ≤ i ≤ n and n ≥ 2.
Theorem 2.7. Let T be a t-norm, S be a t-conorm, {Xi}ni=1 be the finite collection of

BCC-algebras and X = X1 ×X2 × ... ×Xn be the direct product BCC-algebra of {Xi}. If
Ai = (µAi , λAi) is a (T, S)-intuitionistic fuzzy BCC-subalgebra of Xi, then A = (µA, λA)
defined by

µA(x1, x2, ..., xn) = (
nQ
i=1

µAi
)(x1, x2, ..., xn)

= Tn(µA1(x1), µA2(x2), ..., µAn(xn))

and

λA(x1, x2, ..., xn) = (
nQ
i=1

λAi)(x1, x2, ..., xn)

= Sn(λA1(x1), λA2(x2), ..., λAn(xn))

is a (T, S)-intuitionistic fuzzy BCC-subalgebra of the BCC-algebra X.
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Proof. Let x = (x1, x2, ..., xn) and y = (y1, y2, ..., yn) be any elements of X. Then, we
have

µA(x ∗ y) = µA(x1 ∗ y1, x2 ∗ y2, , ..., xn ∗ yn)
= Tn(µA1(x1 ∗ y1), µA2(x2 ∗ y2), ..., µAn(xn ∗ yn))
≥ Tn(T (µA1(x1), µA1(y1)), T (µA2(x2), µA2(y2))

, ..., T (µAn
(xn), µAn

(yn)))

= T (Tn(µA1(x1), µA2(x2), ..., µAn
(xn)), Tn(µA1(y1), µA2(y2)

, ..., µAn(yn)))

= T (µA(x1, x2, ..., xn), µA(y1, y2, ..., yn))

= T (µA(x), µA(y)),

λA(x ∗ y) = λA(x1 ∗ y1, x2 ∗ y2, , ..., xn ∗ yn)
= Sn(λA1(x1 ∗ y1), λA2(x2 ∗ y2), ..., λAn(xn ∗ yn))
≤ Sn(S(λA1(x1), λA1(y1)), S(λA2(x2), λA2(y2))

, ..., S(λAn(xn), λAn(yn)))

= S(Sn(λA1(x1), λA2(x2), ..., λAn(xn)), Sn(λA1(y1), λA2(y2)

, ..., λAn(yn)))

= S(λA(x1, x2, ..., xn), λA(y1, y2, ..., yn))

= S(λA(x), λA(y)).

Hence, A = (µA, λA) is a (T, S)-intuitionistic fuzzy BCC-subalgebra of X.
Definition 2.5. Let T be a t-norm, S be a t-conorm and A = (µA, λA), B = (µB, λB) be

intuitionistic fuzzy sets in a BCC-algebra X. Then T -product of µA and µB, and S-product
of λA and λB, written [µA.µB]T and [λA.λB]S, are defined by

[µA.µB]T (x) = T (µA(x), µB(x))

and
[λA.λB]S(x) = S(λA(x), λB(x))

for all x ∈ X, respectively.
Theorem 2.8. Let T be a t-norm, S be a t-conorm, and A = (µA, λA) and B = (µB, λB)

be (T, S)-intuitionistic fuzzy BCC-subalgebras of a BCC-algebra X. If T1 is a t-norm which
dominates T , that is,

T1(T (x, y), T (z, t)) ≥ T (T1(x, z), T1(y, t))

and S1 is a t-conorm which dominates S, that is,

S1(S(x, y), S(z, t)) ≤ S(S1(x, z), S1(y, t))

for all x, y, z, t ∈ [0, 1], then ([µA.µB]T1 , [λA.λB]S1) is a (T, S)-intuitionistic fuzzy BCC-
subalgebra of X.
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Proof. For any x, y ∈ X, we have

[µA.µB]T1(x ∗ y) = T1(µA(x ∗ y), µB(x ∗ y))
≥ T1(T (µA(x), µA(y)), T (µB(x), µB(y)))

≥ T (T1(µA(x), µB(x)), T1(µA(y), µB(y)))

= T ([µA.µB]T1(x), [µA.µB]T1(y)),

[λA.λB]S1(x ∗ y) = S1(λA(x ∗ y), λB(x ∗ y))
≤ S1(S(λA(x), λA(y)), S(λB(x), λB(y)))

≤ S(S1(λA(x), λB(x)), S1(λA(y), λB(y)))

= S([λA.λB]S1(x), [λA.λB]S1(y)).

This completes the proof.
Let f : X → X p be an onto homomorphism of BCC-algebras. Let T and T1

be t-norms such that T1 dominates T , and S and S1 be t-conorms such that S1
dominates S. If A = (µA, λA) and B = (µB, λB) are (T, S)-intuitionistic fuzzy BCC-
subalgebras X p, then ([µA.µB]T1 , [λA.λB]S1) is a (T, S)- intuitionistic fuzzy BCC-subalgebra
of X p. Since every onto homomorphic preimage of a (T, S)-intuitionistic fuzzy BCC-
subalgebra is a (T, S)-intuitionistic fuzzy BCC-subalgebra, then f−1(A), f−1(B) and
(f−1([µA.µB]T1), f−1([λA.λB]S1)) are (T, S)-intuitionistic fuzzy BCC-subalgebras of X.
The next theorem provides that the relation between f−1([µA.µB]T1) and the T1-product
[f−1(µA). f−1(µB)]T1 , and f−1([λA.λB]S1) and the S1-product [f−1(λA).f−1(λB)]S1 ,
respectively.

Theorem 2.9. Let f : X → X p be an onto homomorphism of BCC-algebras, T
and T1 be t-norms such that T1 dominates T , and S and S1 be t-conorms such that S1
dominates S. Let A = (µA, λA) and B = (µB, λB) be (T, S)-intuitionistic fuzzy BCC-
subalgebras of a BCC-algebra X p. If [µA.µB]T1 is the T1-product of µA and µB such that
[f−1(µA).f−1(µB)]T1 is the T1-product of f−1(µA) and f−1(µB), and [λA.λB]S1 is the S1-
product of λA and λB such that [f−1(λA).f−1(λB)]S1 is the S1-product of f−1(λA) and
f−1(λB) then

f−1([µA.µB]T1) = [f
−1(µA).f

−1(µB)]T1 ,

f−1([λA.λB]S1) = [f
−1(λA).f−1(λB)]S1 .

Proof. For any x ∈ X, we have

[f−1([µA.µB]T1)](x) = [µA.µB]T1(f(x)) = T1(µA(f(x)), µB(f(x)))

= T1([f
−1(µA)](x), [f

−1(µB)](x))
= [f−1(µA).f

−1(µB)]T1(x),

[f−1([λA.λB]S1)](x) = [λA.λB]S1(f(x)) = S1(λA(f(x)), λB(f(x)))

= S1([f
−1(λA)](x), [f−1(λB)](x))

= [f−1(λA).f−1(λB)]S1(x).

This completes the proof.
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3 Conclusions
In this work, we generalize the notion of fuzzy BCC-subalgebras intraduced by Dudek et al.
[7] to (T, S)-intuitionistic fuzzy BCC-subalgebras with the help of arbitrary t-norms and t-
conorms. Furthermore, we obtain some results such as; every fuzzy BCC-subalgebra and T -
fuzzy BCC-subalgebra of a BCC-algebra are (T, S)-intuitionistic fuzzy BCC-subalgebra but
converse is not true and direct product of two (T, S)-intuitionistic fuzzy BCC-subalgebras
of a BCC-algebra is a (T, S)-intuitionistic fuzzy BCC-subalgebra. This generalization also
answers the question for intuitionistic fuzzy sets, settled by Iseki [12]. Moreover, using that
generalization, one could define the notions intuitionistic fuzzy subgroups and intuitionistic
fuzzy BCC-ideals in BCC-algebras with the respect to a t-norm and a t-conorm in the sense
of [1] and [8], respectively. Using the idea of Dudek et al. [9], one could also generalize the
notion of fuzzy topological BCC-algebras to intuitionistic fuzzy structures.

The notions given in this paper can be fundamental to other sciences. For instance,
in the last decade, most of researchers are focused on Content Based Image Retrieval,
shortly CBIR, and managing uncertainty becomes a fundamental topic in image database.
Intuitionistic fuzzy set theory can be ideally suited to deal with this kind of uncertainty.
This fuzziness is mainly due to similarity of media features, imperfection in the feature
extraction algorithms, etc. Using the concept of this paper, one could develop an
intuitionistic fuzzy model for image data and provide an intuitionistic fuzzy subalgebra
for dealing with such data. Moreover, new intuitionistic fuzzy algebraic operators could be
defined in order to capture the fuzziness related to the semantic descriptors of an image,
and built thematic categorizations of multimedia documents using ontological information
and intuitionistic fuzzy subalgebra in triangular norm systems.
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Abstract

The purpose of this paper is to obtain a new contraction mapping and a common
fixed point theorem by using a new continuity condition in intuitionistic fuzzy
metric spaces. This gives a generalization of the results by Pant and Jha [11], and
Balasubramaniam et al. [2]. We also give an answer the open problem of Rhoades [13]
in intuitionistic fuzzy metric spaces.
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Conditions; Reciprocal Continuity.
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1 Introduction
The concept of fuzzy sets was introduced by Zadeh [19]. Following the concept of fuzzy
sets, fuzzy metric spaces have been introduced by Kramosil and Michalek [5], and George
and Veeramani [3] modified the notion of fuzzy metric spaces with the help of continuous t-
norms. Recently, many authors have proved fixed point theorems involving fuzzy sets [2,4,6-
11,14-18]. Vasuki [18] investigated some fixed point theorems in fuzzy metric spaces for
R-weakly commuting mappings and Pant [9] introduced the notion of reciprocal continuity
of mappings in metric spaces. Balasubramaniam et al. [2] proved the open problem of
Rhoades [13] on the existence of a contractive definition which generates a fixed point but
does not force the mapping to be continuous at the fixed point possesses an affirmative
answer. Pant and Jha [11] proved an analogue of the result given by Balasubramaniam et
al. [2].

The purpose of this paper is to introduce R-weakly commutativity and to prove
a common fixed point theorem in intuitionistic fuzzy metric spaces by studying the
relationship between the continuity and reciprocal continuity. This gives a generalization of
the results by Pant and Jha [11], and Balasubramaniam et al. [2]. We also give an answer
the open problem of Rhoades [11] in intuitionistic fuzzy metric spaces and an example to
illustrate the main theorem.

2 Preliminaries
Definition 2.1. A binary operation ∗ : [0, 1]× [0, 1]→ [0, 1] is a continuous t-norm if ∗ is
satisfying the following conditions:
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(a) ∗ is commutative and associative;
(b) ∗ is continuous;
(c) a ∗ 1 = a for all a ∈ [0, 1];
(d) a ∗ b ≤ c ∗ d whenever a ≤ c and b ≤ d, and a, b, c, d ∈ [0, 1].
Definition 2.2. A binary operation ♦ : [0, 1]× [0, 1]→ [0, 1] is a continuous t-conorm

if ♦ is satisfying the following conditions:
(a) ♦ is commutative and associative;
(b) ♦ is continuous;
(c) a♦0 = a for all a ∈ [0, 1];
(d) a♦b ≤ c♦d whenever a ≤ c and b ≤ d, and a, b, c, d ∈ [0, 1].
Definition 2.3 (12). A 5-tuple (X,M,N, ∗,♦) is said to be an intuitionistic fuzzy

metric space (shortly, IFM-space) if X is an arbitrary set, ∗ is a continuous t-norm, ♦
is a continuous t-conorm and M, N are fuzzy sets on X2 × (0,∞) satisfying the following
conditions: for all x, y, z ∈ X, s, t > 0,

(IFM-1) M(x, y, t) +N(x, y, t) ≤ 1;
(IFM-2) M(x, y, t) > 0;
(IFM-3) M(x, y, t) = 1 if and only if x = y;
(IFM-4) M(x, y, t) =M(y, x, t);
(IFM-5) M(x, y, t) ∗M(y, z, s) ≤M(x, z, t+ s);
(IFM-6) M(x, y, .) : (0,∞)→ (0, 1] is continuous;
(IFM-7) N(x, y, t) < 1;
(IFM-8) N(x, y, t) = 0 if and only if x = y;
(IFM-9) N(x, y, t) = N(y, x, t);
(IFM-10) N(x, y, t)♦N(y, z, s) ≥ N(x, z, t+ s);
(IFM-11) N(x, y, .) : (0,∞)→ [0, 1) is continuous.
Then (M,N) is called an intuitionistic fuzzy metric on X. The functionsM(x, y, t) and

N(x, y, t) denote the degree of nearness and the degree of non-nearness between x and y
with respect to t, respectively.

Remark 2.1 (12). Every fuzzy metric space (X,M, ∗) is an IFM-space of the form
(X,M, 1 − M, ∗,♦) such that t-norm ∗ and t-conorm ♦ are associated, i.e. x♦y =
1− ((1− x) ∗ (1− y)) for any x, y ∈ [0, 1]. But the converse is not true.

Example. [Induced intuitionistic fuzzy metric (12)] Let (X, d) be a metric space. Denote
a ∗ b = ab and a♦b = min{1, a+ b} for all a, b ∈ [0, 1] and let Md and Nd be fuzzy sets on
X2 × (0,∞) defined as follows:

Md(x, y, t) =
t

t+ d(x, y)
, Nd(x, y, t) =

d(x, y)

t+ d(x, y)

Then (Md, Nd) is an intuitionistic fuzzy metric onX. We call this intuitionistic fuzzy metric
induced by a metric d the standard intuitionistic fuzzy metric. Note that (Md,Nd) is also
an intuitionistic fuzzy metric X even with the t-norm a ∗ b = min{a, b} and the t-conorm
a♦b = max{a, b}.

Definition 2.4 (12). Let (X,M,N, ∗,♦) be an IFM-space. Then
(a) a sequence {xn} in X is said to be convergent x in X if for each � > 0 and each

t > 0, there exists n0 ∈ N such that M(xn, x, t) > 1− � and N(xn, x, t) < � for all n ≥ n0.
(b) a sequence {xn} in X is said to be Cauchy if for each � > 0 and each t > 0, there

exists n0 ∈ N such that M(xn, xm, t) > 1− � and N(xn, xm, t) < � for all n,m ≥ n0.
(c) An intuitionistic fuzzy metric space in which every Cauchy sequence is convergent

is said to be complete.
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Throughout this paper, (X,M,N, ∗,♦) will denote the IFM-space with the following
conditions: for all x, y ∈ X and t > 0,

(IFM-12) limt→∞M(x, y, t) = 1;
(IFM-13) limt→∞N(x, y, t) = 0.
Proposition 2.1. Let (X,M,N, ∗,♦) be an IFM-space and {xn} , {yn} be sequences

in X such that xn → x, yn → y as n → ∞. If t is a continuous point of M and N then
limn→∞M(xn, yn, t) =M(x, y, t) and limn→∞N(xn, yn, t) = N(x, y, t).

Proof. Let {xn} , {yn} be sequences in X such that xn → x, yn → y as n → ∞. Fix
δ > 0 such that δ < t/2. Then there is n0 ∈ N such that

M(xn, yn, t) ≥M(xn, yn, t− δ) ≥M(xn, x, δ/2) ∗M(x, y, t− 2δ) ∗M(y, yn, δ/2),

N(xn, yn, t) ≤ N(xn, yn, t− δ) ≤ N(xn, x, δ/2)♦N(x, y, t− 2δ)♦N(y, yn, δ/2)
and

M(x, y, t+ 2δ) ≥M(x, y, t+ δ) ≥M(x, xn, δ/2) ∗M(xn, yn, t) ∗M(yn, y, δ/2),

N(x, y, t+ 2δ) ≤ N(x, y, t+ δ) ≤ N(x, xn, δ/2)♦N(xn, yn, t)♦N(yn, y, δ/2)
for all n ≥ n0. Letting n→∞ implies

lim
n→∞M(xn, yn, t) ≥ 1 ∗M(x, y, t− 2δ) ∗ 1 =M(x, y, t− 2δ),

lim
n→∞N(xn, yn, t) ≤ 0♦N(x, y, t− 2δ)♦0 = N(x, y, t− 2δ)

and
M(x, y, t+ 2δ) ≥ 1 ∗ lim

n→∞M(xn, yn, t) ∗ 1 = lim
n→∞M(xn, yn, t),

N(x, y, t+ 2δ) ≤ 0♦ lim
n→∞N(xn, yn, t)♦0 = lim

n→∞N(xn, yn, t).

So, by continuity of the functions t→M(x, y, t) and t→ N(x, y, t), we immediately deduce
that M(x, y, t) = limn→∞M(xn, yn, t) and N(x, y, t) = limn→∞N(xn, yn, t).

Definition 2.5 (8). Two self mappings A and S of an IFM-space (X,M,N, ∗,♦) are
called compatible if limn→∞M(ASxn, SAxn, t) = 1 and limn→∞ N(ASxn, SAxn, t) = 0
whenever {xn} is a sequence in X such that limn→∞Axn = limn→∞ Sxn = x for some x
in X.

Definition 2.6. Two self mappings A and S of an IFM-space (X,M,N, ∗,♦) are
called pointwise R-weakly commuting if given x in X there exists R > 0 such that
M(ASx, SAx, t) ≥M(Ax,Sx, t/R) and N(ASx, SAx, t) ≤ N(Ax, Sx, t/R).

Remark 2.2. It is obvious that A and S can fail to be pointwise R-weakly commuting
if there is some x in X such that Ax = Sx but ASx 6= SAx, that is, only if they
possess a coincidence point at which they do not commute. This means that a contractive
type mapping pair can not possess a common fixed point without being pointwise R-
weakly commuting since a common fixed point is also a coincidence point at which the
mappings commute and since contractive conditions exclude the possibility of two types of
coincidence points, and compatible mappings are necessarily pointwise R-weakly commuting
since compatible mappings commute at coincidence points. However, pointwise R-weakly
commuting mappings need not to be compatible as shown in the example.
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Example. Let X = [2, 20) with the usual metric d and define M(x, y, t) = t/t+ |x− y|
and N(x, y, t) = |x− y| /t + |x− y| for all x, y ∈ X and t > 0. Clearly (X,M,N, ∗,♦) is
a complete intuitionistic fuzzy metric space where ∗ and ♦ are defined by a ∗ b = ab and
a♦b = min {1, a+ b} for all a, b ∈ [0, 1]. Let A and S be self mappings of X defined as

Ax =

½
2, x = 2 or x > 5
8, 2 < x ≤ 5 and Bx =


2, x = 2

12 + x, 2 < x ≤ 5
x− 3, x > 5

It can be verified that A and S are pointwise R-weakly commuting mappings but not
compatible. Also, neither A nor S is continuous, not even at their coincidence points.

Definition 2.7. Two self mappings A and S of an IFM-space (X,M,N, ∗,♦) are called
reciprocally continuous on X if limn→∞ASxn = Ax and limn→∞ SAxn = Sx whenever
{xn} is a sequence in X such that limn→∞Axn = limn→∞ Sxn = x for some x in X.

Remark 2.3. If A and S are both continuous, then they are obviously reciprocally
continuous but the converse is not true. Moreover, in the setting of common fixed point
theorems for pointwise R-weakly commuting mappings satisfying contractive conditions,
continuity of one of the mappings A or S implies their reciprocal continuity but not
conversely.

Theorem 2.1 ([2]). Let (A,S) and (B,T ) be pointwise R-weakly commuting pairs of
self mappings of complete fuzzy metric space (X,M, ∗) such that

(a) AX ⊂ TX, BX ⊂ SX,

(b) M(Ax,By, t) ≥M(x, y, ht), 0 < h < 1, x, y ∈ X and t > 0.

Suppose that (A,S) and (B,T ) is compatible pairs of reciprocally continuous mappings.
Then A,B, S and T have a unique common fixed point.

Theorem 2.2 ([11]). Let (A,S) and (B,T ) be pointwise R-weakly commuting pairs of
self mappings of complete fuzzy metric space (X,M, ∗) such that

(a) AX ⊂ TX, BX ⊂ SX,

(b) M(Ax,By, t) ≥M(x, y, ht), 0 < h < 1, x, y ∈ X and t > 0.

Let (A,S) and (B,T ) be compatible mappings. If any of the mappings in compatible
pairs (A,S) and (B,T ) is continuous then A,B,S and T have a unique common fixed point.

Remark 1. In [11], Pant and Jha proved that Theorem 2 is an analogue of the Theorem
1 by obtaining a connection between continuity and reciprocal continuity in fuzzy metric
space.

3 Main Results
In this section, we extend the Theorem 2 to IFM-spaces. If A,B, S and T are self mappings
of IFM-space (X,M,N, ∗,♦) in the sequel we shall denote

M(x, y, t) = min
½

M(Sx, Ty, t),M(Ax, Sx, t),M(Bx, Ty, t),
[M(Ax, Ty, t) +M(By, Sx, t)] /2

¾
and

N(x, y, t) = max
½

N(Sx, Ty, t),N(Ax, Sx, t), N(Bx, Ty, t),
[N(Ax, Ty, t) +N(By, Sx, t)] /2

¾
.
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We shall need the following Lemma for proof of our main Theorem:
Lemma 3.1. Let (A,S) and (B,T ) be pointwise R-weakly commuting pairs of self

mappings of complete IFM-space (X,M,N, ∗,♦) such that

(a) AX ⊂ TX, BX ⊂ SX,

(b) M(Ax,By, t) ≥M(x, y, ht) and N(Ax,By, t) ≤N(x, y, ht), 0 < h < 1, x, y ∈ X and
t > 0.

Then the continuity of one of the mappings in compatible pair (A,S) or (B,T ) on
(X,M,N, ∗,♦) implies their reciprocal continuity.

Proof. Suppose that A and S are compatible and S is continuous. We claim that A and
S are reciprocally continuous. Let {xn} be a sequence such that Axn → z and Sxn → z
for some z in X as n → ∞. Since S is continuous, we have SAxn → Sz and SSxn → Sz
as n → ∞ and since (A,S) is compatible, we also have limn→∞M(ASxn, SAxn, t) = 1
and limn→∞N(ASxn, SAxn, t) = 0. This implies that limn→∞M(ASxn, Sz, t) = 1 and
limn→∞N(ASxn, Sz, t) = 0, that is, ASxn → Sz as n → ∞. By (a), for each n, there
exists yn inX such that ASxn = Tyn. Thus we have SSxn → Sz, SAxn → Sz, ASxn → Sz
and Tyn → Sz as n→∞ whenever ASxn = Tyn.

We claim that Byn → Sz as n→∞. If not, then there exists a subsequence {Bym} of
{Byn} such that for given t > 0, there exists a number ε > 0 and a positive integer n0 such
that for all m > n0, M(Bym, Sz, t) ≤ ε, N(Bym, Sz, t) ≥ 1− ε, M(ASxm, Bym, t) ≤ ε and
N(ASxm, Bym, t) ≥ 1− ε. Then

M(ASxm, Bym, t) ≥ M(Sxm, ym, ht) =M(Bym, Tym, ht)

= M(Bym, ASxm, ht),

N(ASxm, Bym, t) ≤ N(Sxm, ym, ht) = N(Bym, Tym, ht)

= N(Bym, ASxm, ht)

which is a contraction. Hence Byn → Sz as n→∞. Now, the inequalities

M(Az,Byn, t) ≥M(z, yn, ht) and N(Az,Byn, t) ≤ N(z, yn, ht)

on letting n→∞, implies

M(Az, Sz, t) ≥M(Az, Sz, ht) and N(Az, Sz, t) ≤ N(Az, Sz, ht).

It follows that Az = Sz. Thus, SAxn → Sz and ASxn → Sz = Az as n → ∞. Therefore
A and S are reciprocally continuous on X. If the pair (B,T ) is assumed to be compatible
and T is continuous, the proof is similar.

Theorem 3.1. Let (X,M,N, ∗,♦) be an IFM-space and A,B, S and T be self maps of
X satisfying

(a) AX ⊂ TX, BX ⊂ SX,

(b) the pairs (A,S) and (B,T ) are pointwise R-weakly commuting mappings

(c) M(Ax,By, t) ≥M(x, y, ht) and N(Ax,By, t) ≤N(x, y, ht), 0 ≤ h < 1, x, y ∈ X and
t > 0.
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Let (A,S) and (B,T ) be compatible mappings. If any of the mappings in compatible
pairs (A,S) and (B,T ) is continuous then A,B,S and T have a unique common fixed point.

Proof. Suppose that (A,S) are compatible and S is continuous. Then, by Lemma 1,
A and S are reciprocally continuous. Let x0 be any point in X. From condition (a),
there exists x1, x2 ∈ X such that Ax0 = Tx1 = y0 and Bx1 = Sx2 = y1. Inductively,
we can construct sequences {xn} and {yn} in X such that Ax2n = Tx2n+1 = y2n and
Bx2n+1 = Sx2n+2 = y2n+1 for n = 0, 1, 2, ... Then using (c), we have

M(y2n, y2n+1, t) ≥M(y2n−1, y2n, ht) and N(y2n, y2n+1, t) ≤ N(y2n−1, y2n, ht),

that is,
M(yn, yn+1, t) ≥M(yn−1, yn, ht) ≥ ... ≥M(y0, y1, h

nt),

N(yn, yn+1, t) ≤ N(yn−1, yn, ht) ≤ ... ≤ N(y0, y1, h
nt).

Thus, any positive integer p, we have

M(yn, yn+p, t) ≥ M(yn, yn+1,
t

p
) ∗M(yn+1, yn+2, t

p
) ∗ (p)... ∗M(yn+p−1, yn+p, t

p
)

≥ M(yn, yn+1,
t

p
) ∗M(yn, yn+1, ht

p
) ∗ (p)... ∗M(yn, yn+1,

hp−1t
p

)

≥ M(y0, y1,
hnt

p
) ∗M(y0, y1,

hn+1t

p
) ∗ (p)... ∗M(y0, y1, h

n+p−1t
p

),

N(yn, yn+p, t) ≤ N(yn, yn+1,
t

p
)♦N(yn+1, yn+2,

t

p
)♦(p)...♦N(yn+p−1, yn+p,

t

p
)

≤ N(yn, yn+1,
t

p
)♦N(yn, yn+1,

ht

p
)♦(p)...♦N(yn, yn+1,

hp−1t
p

)

≤ N(y0, y1,
hnt

p
)♦N(y0, y1,

hn+1t

p
)♦(p)...♦N(y0, y1,

hn+p−1t
p

)

According to (IFM-12) and (IFM-13), we have

lim
n→∞M(yn, yn+p, t) ≥ 1 ∗ 1 ∗ (p)... ∗ 1 = 1

and
lim
n→∞N(yn, yn+p, t) ≤ 0♦0♦(p)...♦0 = 0

i.e., {yn} is Cauchy sequence. Since X is complete, then there exists a point z in X such
that yn →∞ as n→∞. Moreover,

y2n = Ax2n = Tx2n+1 → z and y2n+1 = Bx2n+1 = Sx2n+2 → z.

Suppose that A and S are compatible and reciprocally continuous mappings, then
ASx2n → Az and SAx2n → Sz. Since A and S are compatible mappings,
limn→∞M(ASx2n, SAx2n, t) = 1 and limn→∞N(ASx2n, SAx2n, t) = 0, that is,
M(Az, Sz, t) = 1 and N(Az, Sz, t) = 0. Hence, Az = Sz.

Since AX ⊂ TX, there exists a point w in X such that Az = Tw. Using (c), we have

M(Az,Bw, t) ≥ M(z, w, ht) =M(Az,Bw, ht),

N(Az,Bw, t) ≤ N(z, w, ht) = N(Az,Bw, ht).
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That is, Az = Bw. Thus Az = Sz = Tw = Bw. Since A and S are pointwise
R-weakly commuting mappings, then there exists R > 0 such that M(ASz, SAz, t) ≥
M(Az, Sz, t/R) = 1 and N(ASz, SAz, t) ≤ N(Az, Sz, t/R) = 0. That is, ASz = SAz and
AAz = ASz = SAz = SSz. Similarly, since B and T are pointwise R-weakly commuting
mappings, we have BBw = BTw = TBw = TTw. Using (c), we have

M(AAz,Az, t) =M(AAz,Bw, t) ≥M(Az,w, ht) =M(AAz,Az, ht),

N(AAz,Az, t) = N(AAz,Bw, t) ≤ N(Az,w, ht) = N(AAz,Az, ht).

That is, M(AAz,Az, t) = 1 and N(AAz,Az, t) = 0. Hence Az = AAz and Az = AAz =
SAz. Thus, Az is a common fixed point of A and S. Similarly, by using (c), we find that
Bw(= Az) is a common fixed point of B and T . Hence, Az is a common fixed point of
A,B, S and T .

To show uniqueness, assume Aw(6= Az) be an other common fixed point of A,B, S and
T . Then, by (c), we have

M(Az,Aw, t) =M(AAz,AAw, t) ≥M(Az,Aw, ht) =M(Az,Aw, ht),

N(Az,Aw, t) = N(AAz,AAw, t) ≤ N(Az,Aw, ht) = N(Az,Aw, ht).

That is, Az = Aw. Thus, Az is a unique common fixed point of A,B, S and T .
Example. Let X = R+ with the metric d defined by d(x, y) = |x− y| and define

M(x, y, t) = t
t+d(x,y) , N(x, y, t) =

d(x,y)
t+d(x,y) for all x, y ∈ X, t > 0. Clearly (X,M,N, ∗, ¦)

is a complete intuitionistic fuzzy metric space. Let A,B, S and T be self mappings on X
defined as

A0 = 0, Ax = 1 if x > 0
Bx = 0 if x = 0 or x > 6, Bx = 2 if 0 < x ≤ 6
S0 = 0, Sx = 2 if x > 0
T0 = 0, Tx = 4 if 0 < x ≤ 6, Tx = x− 6 if x > 6.
Then A,B, S and T satisfy all the conditions of Theorem 3 with h ∈ [0, 1) and have a

unique common fixed point x = 0. Clearly A and S are reciprocally continuous compatible
mappings. However A and S are not continuous, not even at the common fixed point. The
mappings B and T are noncompatible because suppose that {xn} be a sequence defined as

xn = 6 +
1

n
, n ≥ 1,

then Bxn = 0, Txn → 0, TBxn = 0 and BTxn = 2, hence, B and T are noncompatible but
pointwise R-weakly commuting since they commute at their coincidence points.
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CONVERGENCES IN ALGEBRAIC NUANCED STRUCTURES

LAVINIA CORINA CIUNGU

Abstract. Order convergence has been studied by G. Georgescu, F. Liguori and G.
Martini for MV algebras, while the convergence with a fixed regulator was studied by
Š. Černák for lattice-ordered groups and MV-algebras and by the author for perfect
MV algebras. In this paper we study the order convergence and the convergence with
a fixed regulator for the n-nuanced MV algebras.

1. Introduction

Gr.C. Moisil introduced in 1940 the 3-valued and 4-valued  Lukasiewicz algebras ([17])
and in 1941 the n-valued  Lukasiewicz algebras ([18]) with the intention of algebrizing
 Lukasiewicz’s n-valued logic. An example of A. Rose from 1956 established that for
n ≥ 5 the  Lukasiewicz implication can no longer be defined on a  Lukasiewicz algebra.
Algebraic models for the n-valued  Lukasiewicz logic are the MVn-algebras introduced
by R. Grigolia in 1977 ([15]).
In fact, Moisil invented a distinct logical system and its algebraic counterpart are the
n-valued  Lukasiewicz-Moisil algebras. The  Lukasiewicz logic has the implication as its
primary connector, while the Moisil logic is based on the idea of nuance, expressed
algebraically by the Chrysippian endomorphisms. Due to Moisil’s determination prin-
ciple, an n-valued sentence is determined by its Boolean nuances, so one could say that
Moisil’s logic is derived from the classical logic by the idea of nuancing. This tight
relationship is algebraically expressed by the fundamental adjunction between the cat-
egories of Boolean and  Lukasiewicz algebras.
From these remarks a generic problem arises: starting from a given logical system and
using the idea of nuance, how can one construct an n-nuanced logical system based on
the given one?
As an answer to this problem, in [9] the notion of n-nuanced MV algebras was in-
troduced, which extends both MV algebras and n-valued  Lukasiewicz-Moisil algebras.
Taking as starting point the nuancing construction sketched in [21], the authors put
together two approaches to multiple-valued-ness: that of infinitely valued  Lukasiewicz
logic and that of Moisil’s n-nuanced logic.
A variety of papers has been written on the subject of convergence in ordered struc-
tures. Order convergence in a lattice-ordered group is studied in [19] and [20], while
L-convergence is presented in [1] and convergence in [2]. Š. Černák studied the conver-
gence with a fixed regulator for abelian `-groups in [7] and for Archimedean `-groups
in [5]. Order convergence in MV-algebras is presented in [13], α-convergence was in-
vestigated in [16] and various kinds of Cauchy completions of MV-algebras are studied
in [3]. Using the Mundici functor, Š. Černák [6] extended the convergence with fixed
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CONVERGENCES IN ALGEBRAIC NUANCED STRUCTURES 2

regulator from abelian `-groups to MV-algebras. For the class of perfect MV-algebras,
order convergence has been presented in [11] and the convergence with a fixed regula-
tor was treated by the author in [4], based on the Di Nola-Lettieri functors D and ∆.
Order convergence on  Lukasiewicz-Moisil algebras was studied in [12]. In the case of
residuated lattices the similarity convergence have been developed by G.Georgescu and
A.Popescu in [14].
In this paper we introduce the concepts of order convergence and convergence with fixed
regulator in n-nuanced MV algebras and we study their properties. We prove that the
o-limit is unique in any n-nuanced MV algebra, while the v-limit is unique for locally
Archimedean n-nuanced MV-algebra.

2. n-nuanced MV algebras

We present the basic definitions and properties of n-nuanced MV algebras.
For the rest of this section we denote J = {1, · · · , n− 1} with n ∈ N, n ≥ 2.

Definition 2.1. ([9]) A generalized De Morgan algebra is a structure (L,⊕,�, N, 0, 1)
of type (2, 2, 1, 0, 0) such that the following conditions are satisfied:
(GM1) (L,⊕, 0), (L,�, 1) are commutative monoids;
(GM2) N(x⊕ y) = Nx�Ny and NNx = x for all x, y ∈ L.

Remarks 2.2. If L is a generalizated De Morgan algebra, then:
(GM3) N(x� y) = Nx⊕Ny for all x, y ∈ A ;
(GM4) N1 = 0 and N0 = 1.

Proof. (GM3): For all x, y ∈ L we have:

Nx⊕Ny = NN(Nx⊕Ny) = N(NNx�NNy) = N(x� y);

(GM4): By (GM3), for x = N0 and y = 1 we get:

NN0 = NN0⊕N1, so N1 = 0;

Simlarly, by (GM2), for x = N1 and y = 0 we get:

NN1 = NN1�N0, so N0 = 1.

�

Examples of generalized De Morgan algebra are supplied by the next proposition.

Proposition 2.3. Any MV algebra (A,⊕,�,− , 0, 1) is a generalized De Morgan algebra.

Proof. We check the axioms (GM1)−(GM2) in the definition of a generalized De Morgan
algebra:
1) (A,⊕, 0) is a commutative monoid by the axioms in (MV1)− (MV3) in the definition
of an MV algebra;
2) (A,�, 1) is a commutative monoid (by the properties of an MV algebra);
3) Nx�Ny = N(NNx⊕NNy) = N(x⊕ y). �

Let’s consider the structure L of the form (L,⊕,�, N, ϕ1, · · · , ϕn−1, 0, 1) where
(L,⊕,�, N, 0, 1), is a generalized De Morgan algebra and ϕ1, · · · , ϕn−1 are unary op-
erations on L. For this structure we consider the following axioms:
(nMV0) ϕix⊕ (Nϕix� ϕiy) = ϕiy ⊕ (Nϕiy � ϕix) for i ∈ J ;
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(nMV1) ϕi(x⊕ y) = ϕix⊕ ϕiy,
ϕi(x� y) = ϕix� ϕiy,
ϕi(0) = 0,
ϕi(1) = 1 for i ∈ J ;

(nMV2) ϕix⊕Nϕix = 1 , ϕix�Nϕix = 0 for i ∈ J ;
(nMV3) ϕi ◦ ϕj = ϕj for i, j ∈ J ;
(nMV4) ϕi ◦N = N ◦ ϕn−i for i ∈ J ;
(nMV5) If ϕix = ϕiy for i ∈ J , then x = y (Moisil’s determination principle).

Define M(L) = {x ∈ L | ϕix = x for all i ∈ J} called the MV-center of L.

Proposition 2.4. ([9]) Let L be an above defined structure. Then:
(1) If L satisfies (nMV3), then: for each x ∈ L, x ∈M(L) iff [there exists
i ∈ J such that x = ϕi(x)] iff [there exists i ∈ J and y ∈ L such that x = ϕi(y)] ;
(2) If L satisfies the axioms (nMV0)−(nMV3), then M(L) with the operations ⊕,�, N, 0, 1
induced by L is an MV algebra.

Remark 2.5. On M(L) we have the order ≤ defined in an MV algebra.
We can extend this order to L as follows:

x ≤ y iff, for each i ∈ J , ϕix ≤ ϕiy.

Due to the determination principle, the above defined relation is an order. Because of
(nMV3), it is an extension of the order on M(L).

Lemma 2.6. ([9]) Let L be a structure as above. Then:
(1) 0 is the least and 1 is the greatest element in L w.r.t ≤;
(2) for each x, y ∈ L, x ≤ y iff Ny ≤ Nx;
(3) for each x, x′, y, y′ ∈ L, if x ≤ x′ and y ≤ y′, then x⊕y ≤ x′⊕y′ and x�y ≤ x′�y′.

Corollary 2.7. Let L be an NMV An and x, y ∈ L. Then:

x⊕ y ≤ x, y ≤ x� y.

Definition 2.8. ([9]) An n-nuanced MV algebra (NMV An for short) is a structure
(L,⊕,�, N, ϕ1, · · · , ϕn−1, 0, 1) such that (L,⊕,�, N, 0, 1) is a generalizated De Morgan
algebra and ϕ1, · · · , ϕn satisfy the axioms (nMV0)− (nMV5) and the axiom:
(nMV6) ϕ1x ≤ ϕ2x ≤ · · · ≤ ϕn−1x.

Remarks 2.9. (1) For n = 2, because of the determination principle, ϕ1 is the identity,
so an NMV An can be identified with an MV algebra;
(2) If (L,⊕,�, N, 0, 1) is a De Morgan algebra, then (L,⊕,�, N, ϕ1, · · · , ϕn−1, 0, 1) is
an LMn-algebra.

Example 2.10. ([9]) Let (A,⊕,�,− , 0, 1) be an MV algebra and T (A)n = {(x1, · · · , xn−1)} ∈
An−1 | x1 ≤ · · · ≤ xn−1}. We denote by 01 and 11 the usual constant vectors. Then,
An−1 is an MV algebra with component-wise operations induced from A and T (A)n is
closed under the operations 01, 11,⊕,�. Let’s define N,ϕ1, · · · , ϕn−1 by:

N(x1, · · · , xn−1) = (x−n−1, · · · , x−1 )

ϕi(x1, · · · , xn−1) = (xi, · · · , xi), for i ∈ J.

Then, (T (A)n,⊕,�, N, ϕ1, · · · , ϕn−1, 01, 11) is an NMV An.
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Lemma 2.11. ([9]) If L is an NMV An, then for any x ∈ L:

ϕ1x ≤ x ≤ ϕn−1x.

Lemma 2.12. ([9]) Let L be an NMV An and x, y ∈ L. If x ⊕ y = 1 and x � y = 0,
then x, y ∈M(L) and y = Nx.

Lemma 2.13. ([9]) M(L) = {x ∈ L | x⊕Nx = 1 and x� Nx = 0}.

Proposition 2.14. Let L be an NMV An and x, y ∈ L. Then:
(1) x⊕ ϕn−1Nx = 1;
(2) x� ϕ1Nx = 0.

Proof. We apply the axiom (nMV2):
(1) ϕ1x⊕Nϕ1x = 1 iff ϕ1x⊕ ϕn−1Nx = 1.
Taking into consideration that ϕ1x ≤ x, we get:
1 = ϕ1x⊕ ϕn−1Nx ≤ x⊕ ϕn−1Nx, so x⊕ ϕn−1Nx = 1.
(2) ϕn−1x�Nϕn−1x = 0 iff ϕn−1x� ϕ1Nx = 0.
Applying the fact that x ≤ ϕn−1x, we get:
x� ϕ1Nx ≤ ϕn−1x� ϕ1Nx = 0, so x� ϕ1Nx = 0. �

Let L be an NMV An and x, y ∈ L, (xk)k∈K ⊆ L. By x∨y and
∨

k∈K xk (respectively
x ∧ y and

∧
k∈K xk) we denote suprema(respectively infima) in L, whenever they exist.

Proposition 2.15. ([9]) Let L be an NMV An, a, b ∈M(L) and x ∈ L such that a ∨ b
and a ∧ b exist. Then:
(1) (a� x) ∨ (b� x) = (a ∨ b)� x;
(2) (a⊕ x) ∧ (b⊕ x) = (a ∧ b)⊕ x.

Remark 2.16. In [10] it was proved that n-valued  Lukasiewicz-Moisil algebras are
connected with Boolean algebras through an adjunction which allows the transfer of
many properties from Boolean case. For any arbitrary NMV An L we consider the
function ψL : L→ T (M(L)) defined by

ψL(x) = (ϕ1x, ϕ2x, · · · , ϕn−1x) for any x ∈ L.

One can easily check that ψL is an injective NMV An-morphism.
If A is an MV algebra, then the constant vectors are the only elements of M(T (A)n).
For any MV algebra A, we consider the function ϕA : M(T (A)n) → A defined by

ϕA(x, x, · · · , x) = x for all x ∈ A.

By the determination principle, it follows that ϕA is an MV-isomorphism.

Let L be an NMV An and d : M(L)×M(L) →M(L) the distance in the MV algebra
M(L), that is

d(x, y) = (x�Ny)⊕ (y �Nx) for x, y ∈ M(L).

We define ρ : L× L→ L by ρ(x, y) =
∨

i∈{1, ··· ,n−1} d(ϕix, ϕiy).

Proposition 2.17. Let L be an NMV An and x, y ∈ L. Then, ρ(ϕix, ϕiy) = d(ϕix, ϕiy)
for all i ∈ J .

Proof. For all i ∈ J , we have:

ρ(ϕix, ϕiy) =
∨
j∈J

d(ϕjϕix, ϕjϕiy) =
∨
j∈J

d(ϕix, ϕiy) =
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= d(ϕix, ϕiy).

�

Proposition 2.18. ([9]) Let L be an NMV An. For all x, y, z, u, v ∈ L we have:
(1) ρ(x, y) = 0 iff x = y;
(2) ρ(x, 0) = ϕn−1x;
(3) ρ(x, 1) = Nϕ1x;
(4) ρ(Nx,Ny) = ρ(x, y);
(5) ρ(x, y) = ρ(y, x);
(6) ρ(x, z) ≤ ρ(x, y)⊕ ρ(y, z);
(7) ρ(x⊕ u, y ⊕ v) ≤ ρ(x, y)⊕ ρ(u, v);
(8) ρ(x� u, y � v) ≤ ρ(x, y)⊕ ρ(u, v).

Definition 2.19. On an NMV An L, we define the implication:

x→ y = ϕn−1Nx⊕ y for all x,y ∈ L.

Remark 2.20. For n = 2, ϕ1 is the identity and the NMV An becomes an MV algebra.
Thus, x→ y = Nx⊕ y is the implication in an MV algebra.

Proposition 2.21. Let L be an NMV An and x, y ∈ L. Then, the following properties
hold:
(1) 1 → x = x and x→ x = 1;
(2) If x ≤ y, then x→ y = 1;
(3) If x ≤ y, then z → x ≤ z → y and y → z ≤ x→ z;
(4) x→ (y → x) = 1;
(5) x→ (y → z) = (x� y) → z;
(6) x ≤ y iff ϕix→ ϕiy = 1 for all i ∈ J ;
(7) x→ ϕ1x = 1;
(8) ϕix→ ϕiy ≤ ϕi(x→ y) for all i ∈ J ;
(9) x→ (y → z) = y → (x→ z);
(10) x→ y ≤ x� z → y ⊕ z.

Proof. (1) 1 → x = ϕn−1N1⊕ x = ϕn−10⊕ x = 0⊕ x = x;
x→ x = ϕn−1Nx⊕ x = Nϕ1x⊕ x = 1.
(According to Proposition 2.14 we have ϕn−1Nx⊕ x = 1, so Nϕ1x⊕ x = 1).
(2) If x ≤ y, then ϕix ≤ ϕiy for all i ∈ J .
Hence, in the MV algebra M(L) we have Nϕix⊕ ϕiy = 1 for all i ∈ J .
In particular Nϕ1x⊕ ϕ1y = 1, that is ϕn−1Nx⊕ ϕ1y = 1.
Since ϕ1y ≤ y, we get 1 = ϕn−1Nx⊕ ϕ1y ≤ ϕn−1Nx⊕ y, so ϕn−1Nx⊕ y = 1.
Thus, x→ y = 1.
(3) x ≤ y ⇒ ϕn−1Nz ⊕ x ≤ ϕn−1Nz ⊕ y, that is z → x ≤ z → y.
Similarly, x ≤ y ⇒ Ny ≤ Nx⇒ ϕn−1Ny ⊕ z ≤ ϕn−1Nx⊕ z, that is y → z ≤ x→ z.
(4) For all i ∈ J we have:

ϕix = 0⊕ ϕix ≤ ϕn−1Ny ⊕ ϕix = ϕi ◦ ϕn−1Ny ⊕ ϕix =

= ϕi(ϕn−1Ny ⊕ x) = ϕi(y → x).

From ϕix ≤ ϕi(y → x) for all i ∈ J , we get x ≤ y → x.
Applying (2), we obtain x→ (y → x) = 1.
(5) x → (y → z) = ϕn−1Nx⊕ (y → z) = ϕn−1Nx⊕ ϕn−1y ⊕ z = ϕn−1N(x� y)⊕ z =
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(x� y) → x).
(6) We have:

x ≤ y iff ϕix ≤ ϕiy for all i ∈ J iff

Nϕix⊕ ϕiy = 1 for all i ∈ J in M(L) iff

ϕn−iNx⊕ ϕiy = 1 for all i ∈ J iff

ϕn−1 ◦ ϕn−iNx⊕ ϕiy = 1 for all i ∈ J iff

ϕn−1Nϕix⊕ ϕiy = 1 for all i ∈ J iff

ϕix→ ϕiy = 1 for all i ∈ J.

(7) x→ ϕ1x = ϕn−1Nx⊕ ϕ1x = Nϕ1x⊕ ϕ1x = 1.
(8) We have ϕix→ ϕiy = ϕn−1Nϕix⊕ ϕiy for all i ∈ J .
But, ϕn−1Nϕix = Nϕ1 ◦ ϕix = Nϕix ≤ Nϕ1x = ϕn−1Nx = ϕi ◦ ϕn−1Nx.
(we applied the fact that, for all i ∈ J ϕ1x ≤ ϕix, implies Nϕix ≤ Nϕ1x). Hence,

ϕix→ ϕiy ≤ ϕi ◦ ϕn−1Nx⊕ ϕiy = ϕi(ϕn−1Nx⊕ y) = ϕi(x→ y),

for all i ∈ J .
(9) We have:

x→ (y → z) = ϕn−1Nx⊕ (y → z) = ϕn−1Nx⊕ ϕn−1Ny ⊕ z =

= ϕn−1Ny ⊕ ϕn−1Nx⊕ z = ϕn−1Ny ⊕ (x→ z) = y → (x→ z).

(10) We have:

x� z → y ⊕ z = ϕn−1N(x� z)⊕ (y ⊕ z) = ϕn−1(Nx⊕Ny)⊕ y ⊕ z =

= ϕn−1Nx⊕ ϕn−1Nz ⊕ y ⊕ z = ϕn−1Nx⊕ y ⊕ ϕn−1Nz ⊕ z =

= (x→ y)⊕ (z → z) = (x→ y)⊕ 1 ≥ x→ y.

�

Similarly as in the above results we can establish others properties of the implication
on an NMV An.

Definition 2.22. ([9]) An ideal of an NMV An L is a nonempty subset I of L such
that, for each x, y ∈ L the following conditions hold:
(nmv − I1) x, y ∈ I implies x⊕ y ∈ I;
(nmv − I2) x ≤ y and y ∈ I implies x ∈ I;
(nmv − I3) x ∈ I implies ϕn−1x ∈ I.
An ideal I of L is proper if it is different from L.
An ideal I of L is maximal if it is maximal in the lattice of ideals of L. A proper ideal
I of L is prime if for all x, y ∈ L such that ϕn−1x ∧ ϕn−1y ∈ I, then x ∈ I or y ∈ I.

Remarks 2.23. Let L be an NMV An and I an ideal of L.
(1) If x ∈ I, then ϕix ∈ I for each i ∈ J ;
(2) For each x ∈ L, since x ≤ ϕn−1x, it follows that x ∈ I iff ϕn−1x ∈ I.

Let L be an NMV An. For any ideal I of L we consider the binary relation ” ≡I ”
defined by x ≡I y iff ρ(x, y) ∈ I.

Proposition 2.24. ([9]) Let L be an NMV An and I an ideal of L. Then:
(1) ” ≡I ” is a congruence on L;
(2) If ≡ is a congruence on L, then I≡ = {x ∈ L | x ≡ 0} is an ideal of L;
(3) The mappings I 7→≡I and I 7→ I≡ establish a latticial isomorphism between the
lattice of ideals of L and the lattice of congruences on L.
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We denote be Rad(L) the intersection of all maximal ideals of L.
Rad(L) is called the radical of L.
We denote Rad(L)N = {Nx | x ∈ Rad(L)}.

Proposition 2.25. ([9]) Let I be a proper ideal of L. Then:
(1) I is prime (maximal) iff I ∩M(L) is prime (maximal) MV-ideal of M(L);
(2) Rad(L) = ϕ−1

n−1(Rad(M(L))) and Rad(M(L)) = Rad(L) ∩M(L).

Definition 2.26. An NMV An L is called locally Archimedean whenever
x, y ∈ Rad(L) are such that mx ≤ y for all m ∈ N it follows that x = 0.

3. Convergences in n-nuanced MV algebras

Based on the theory presented in the first section we will introduce two concepts of
convergence in an n-nuanced MV algebra.

3.1. Order convergence.

Using the distance function ρ the concept of order convergence in an NMV An is
introduced in the same way as in the case of MV algebras.

Let (xm)m be a sequence in an NMV An. If (xm)m is increasing we denote (xm)m ↑ .
Similarly, if (xm)m is decreasing we denote (xm)m ↓ .
If (xm)m is increasing, ∨mxm exists and ∨mxm = x, we denote (xm)m ↑ x.
Similarly, if (xm)m is decreasing, ∧mxm exists and ∧mxm = x, we denote (xm)m ↓ x.

Lemma 3.1. If (cm)m and (dm)m are two sequences in an NMV An L such that (cm)m ↓
0 and (dm)m ↓ 0, then (cm ⊕ dm)m ↓ 0.

Proof. The sequence (cm)m is decreasing iff cn+p ≤ cn for all n, p ∈ N iff ϕicn+p ≤ ϕicn
for all i ∈ {1, · · · , n−1} and n, p ∈ N. Since (cm)m ↓ 0, it follows that (ϕicm)m ↓ ϕi0 = 0
for all i ∈ {1, · · · , n− 1}.
Similarly, (ϕidm)m ↓ ϕi0 = 0 for all i ∈ {1, · · · , n− 1}.
Ii follows that (ϕicm⊕ϕidm)m ↓= 0 for all i ∈ {1, · · · , n− 1} in the MV algebra M(L).
Hence, (ϕi(cm ⊕ dm))m ↓ 0 = ϕi0 for all i ∈ {1, · · · , n− 1}.
Thus, (cm ⊕ dm)m ↓ 0 in L. �

Definition 3.2. Let (xm)m be a sequence in an NMV An L. Then, (xm)m order
converges to x ∈ L (denoted xm →n

o x) if there exists a sequence (cm)m in L such that
(cm)m ↓ 0 and ρ(xm, x) ≤ cm for all m ∈ N.

Proposition 3.3. Let (xm)m in an NMV An L. If xm →n
o x1 and xm →n

o x2, then
x1 = x2.

Proof. By the definition of o-convergence there exist two sequences (cm)m, (dm)m in L
such that (cm)m ↓ 0, (dm)m ↓ 0, ρ(xm, x1) ≤ cm and ρ(xm, x2) ≤ dm for all m ∈ N. We
have: ρ(x1, x2) ≤ ρ(x1, xm)⊕ ρ(xm, x2) ≤ cm ⊕ dm for all m ∈ N.
Since (cm ⊕ dm)m ↓ 0, we get x1 = x2. �

Proposition 3.4. Let (xm)m, (ym)m be two sequences in an NMV An L and x, y ∈ L
such that xm →n

o x and ym →n
o y. Then, the following hold:

(1) Nxm →n
o Nx;

273



CONVERGENCES IN ALGEBRAIC NUANCED STRUCTURES 8

(2) xm ⊕ ym →n
o x⊕ y;

(3) xm � ym →n
o x� y;

(4) ϕixm →n
o ϕix for all i ∈ {1, · · · , n− 1};

(5) (xm → ym) →n
o (x→ y).

Proof. By the definition of the o-convergence there exist two sequences (cm)m, (dm)m

in L such that (cm)m ↓ 0, (dm)m ↓ 0, ρ(xm, x1) ≤ cm and ρ(xm, x2) ≤ dm for all m ∈ N.
Applying the properties of the distance function ρ we have:
(1) ρ(Nxm, Nx) = ρ(xm, x), so Nxm →n

o Nx ;
(2) ρ(xm ⊕ ym) ≤ cm ⊕ dm. Taking into consideration that (cm ⊕ dm)m ↓ 0, we get
xm ⊕ ym →n

o x⊕ y ;
(3) Similarly, ρ(xm � ym) ≤ cm ⊕ dm, so xm � ym →n

o x� y ;
(4) Since ϕixm, ϕix ∈M(L), for all i ∈ {1, · · · , n− 1} we have

ρ(ϕixm, ϕix) = d(ϕixm, ϕix) ≤
∨

i∈{1, ··· ,n−1}

d(ϕixm, ϕix) = ρ(xm, x).

It follows that ρ(ϕixm, ϕix) ≤ ρ(xm, x) ≤ cm for all m ∈ N.
Thus, ϕixm →n

o ϕix for all i ∈ {1, · · · , n− 1}
(5) It follows by the definition of the implication and from (1)− (4). �

Proposition 3.5. Let L be an NMV An L and (xm)m a sequence in L such that
(xm)m ⊆ Rad(L) and xm →n

o x. If in the definition of the o-convergence we have
(cm)m ⊆ L, then x ∈ Rad(L).

Proof. We apply the definition of the o-convergence, the properties of the distance ρ
and the axioms of an ideal of L.
Because xm →n

o x it follows that there exists a sequences (cm)m in L such that (cm)m ↓ 0
and ρ(xm, x2) ≤ cm for all m ∈ N. By Lemma 2.11 and by the properties of the distance
function ρ we have:

x ≤ ϕn−1x = ρ(x, 0) ≤ ρ(x, xm)⊕ ρ(xm, 0) = ρ(xm, x)⊕ ϕn−1xm ≤ cm ⊕ ϕn−1xm.

Since Rad(L) is an ideal of L and xm ∈ Rad(L), by (nmv−I3) it follows that ϕn−1xm ∈
Rad(L). By (nmv − I1) we get cm ⊕ ϕn−1xm ∈ Rad(L) and by (nmv − I2) it follows
that x ∈ Rad(L). �

The o-Cauchy completion of L can be constructed in a similar way as in the case of
order Cauchy completion of a MV algebra (see [3]).

3.2. Convergence with fixed regulator.

Definition 3.6. Let L be an NMV An and 0 < v ∈ L. The sequence (xm)m in L
v-converges to an element x ∈ L (or x is a v-limit of (xm)m), denoted xm →n

v x if for
every p ∈ N there exists m0 ∈ N such that pρ(xm, x) ≤ v for all m ∈ N, m ≥ m0.

Proposition 3.7. Let (xm)m, (ym)m be two sequences in an NMV An L and x, y ∈ L
such that xm →n

v x and ym →n
v y. Then, the following hold:

(1) Nxm →n
v Nx;

(2) xm ⊕ ym →n
v x⊕ y;

(3) xm � ym →n
v x� y;
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(4) ϕixm →n
v ϕix for all i ∈ {1, · · · , n− 1};

(5) (xm → ym) →n
v (x→ y).

Proof. We will apply the properties of the distance ρ defined on an NMV An.
(1) pρ(Nxm, Nx) = pρ(xm, x) ≤ v, so Nxm →n

v Nx ;
(2) 2pρ(xm ⊕ ym, x⊕ y) ≤ 2pρ(xm, x)⊕ ρ(ym, y) ≤ v ⊕ v = 2v for all m ∈ N, m ≥ m0.
It follows that pρ(xm ⊕ ym, x⊕ y) ≤ v, so xm ⊕ ym →n

v x⊕ y.
(3) 2pρ(xm � ym, x� y) ≤ 2pρ(xm, x)⊕ ρ(ym, y) ≤ v ⊕ v = 2v for all m ∈ N, m ≥ m0.
It follows that pρ(xm � ym, x� y) ≤ v, so xm � ym →n

v x� y.
(4) Since ϕixm, ϕix ∈M(L), for all i ∈ {1, · · · , n− 1} we have

ρ(ϕixm, ϕix) = d(ϕixm, ϕix) ≤
∨

i∈{1, ··· ,n−1}

d(ϕixm, ϕix) = ρ(xm, x).

It follows that pρ(ϕixm, ϕix) ≤ pρ(xm, x) ≤ v.
Thus, ϕixm →n

v ϕix for all i ∈ {1, · · · , n− 1}.
(5) It follows by the definition of the implication and from (1)− (4). �

Proposition 3.8. In any NMV An L the following hold:
(1) If (xm)m ⊆ Rad(L), 0 < v ∈ Rad(L) and xm →n

v x, then x ∈ Rad(L);
(2) If (xm)m ⊆ Rad(L)N , v ∈ Rad(L)N , v < 1 and xm →n

vN x, then x ∈ Rad(L)N .

Proof. We apply the definition of the v-convergence, the properties of the distance ρ
and the axioms of an ideal of L.
(1) Because xm →n

v x it follows that for each p ∈ N there exists m0 ∈ N such that
pρ(xm, x) ≤ v for all m ∈ N, m ≥ m0. By Lemma 2.11 and by the properties of the
distance function ρ we have:

x ≤ ϕn−1x = ρ(x, 0) ≤ ρ(x, xm)⊕ ρ(xm, 0) = ρ(xm, x)⊕ ϕn−1xm ≤ v ⊕ ϕn−1xm.

Since Rad(L) is an ideal of L and xm ∈ Rad(L), by (nmv−I3) it follows that ϕn−1xm ∈
Rad(L). By (nmv− I1) we get v⊕ϕn−1xm ∈ Rad(L) and by (nmv− I2) it follows that
x ∈ Rad(L).
(2) We have (Nxm)m ⊆ Rad(L) and 0 < Nv ∈ Rad(L) and apply (1). �

Theorem 3.9. If L is a locally Archimedean NMV An and 0 < v ∈ Rad(L), then every
sequence (xm)m has a unique v-limit.

Proof. Suppose xm →n
v x1 and xm →n

v x2. According to Proposition 3.8 we have
x1, x2 ∈ Rad(L) and

pρ(x1, x2) ≤ pρ(x1, xm)⊕ ρ(xm, x2) ≤ 2v

for all p ∈ N. Because L is locally Archimedean we get ρ(x1, x2) = 0, so x1 = x2. �

Proposition 3.10. Let L be a locally Archimedean NMV An and 0 < v ∈ Rad(L). If
(xm)m, (ym)m ⊆ L such that xm →n

v x and ym →n
v y and xm ≤ ym for any m ∈ N, then

x ≤ y.

Proof. We have xm ≤ ym iff ϕixm ≤ ϕiym for all i ∈ {1, · · · , n− 1}.
Because ϕixm, ϕiym ∈M(L) and M(L) is an MV algebra, the last inequality is equiva-
lent with Nϕixm ⊕ ϕiym = 1 for all i ∈ {1, · · · , n− 1}.
We get Nϕixm ⊕ ϕiym →n

v 1 for all i ∈ {1, · · · , n− 1}.
On the other hand, applying Proposition 3.7 we get Nϕixm ⊕ ϕiym →n

v Nϕix⊕ ϕiy.
By Theorem 3.9 we get Nϕix⊕ϕiy = 1, so ϕix ≤ ϕiy for all i ∈ {1, · · · , n− 1}. Thus,
x ≤ y. �
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The v-Cauchy completion of L can be constructed in a similar way as in the case of
v-Cauchy completion of an MV algebra (see [6]).
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[5] Š. Černák, Convergence with a fixed regulator in Archimedean lattice ordered groups, Mathematical
Slovaca, Vol. 56, no. 2 (2006), p. 167-180.
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Abstract: The essential problem in signal analysis is to �nd a numerically stable al-
gorithm for reconstruction of a signal from its atomic decomposition [2]. This leads to
the notion of frames [3, 7] which is a main ingredient in the analysis and synthesis of
signals. In this paper, we have obtained the frame bounds for wavelet packet frames
which are more general than that of wavelet frames.

Keywords: Frame, trace class operator and density.

AMS Subject Classi�cations: 41A58, 42C15.

1. Introduction and Preliminaries:

Introduced by Du�n and Schae�er [6] in the context of non-harmonic Fourier series,
the theory of frames has been developed for Gabor and Wavelets by many authors, see
especially the papers by Daubechies [3], Heil and Walnut [7], Christensen [1], Sun and
Zhou [9], Shang and Zhou [8] and Yang and Zhou [10].

A system of elements ffngn2� in a Hilbert space H is called a frame for H if there
exists two +ve numbers A and B such that for any f 2 H,

A kfk2 �
X
n2�

jhf; fnij2 � B kfk2:

The numbers A and B are called frame bounds. If A = B, the frame is said to be
tight. The frame is called exact if it ceases to be a frame whenever any single element
is deleted from the frame.

The continuous wavelet transformation of a L2-function f with respect to the
wavelet  , which satis�es admissibility condition, is de�ned as:

(Twavf)(a; b) = jaj�1=2
Z 1

�1

f(t)  

�
t� b

a

�
dt; a; b 2 R; a 6= 0:

The term wavelet denotes a family of functions of the form  a;b = jaj�1=2  � t�b
a

�
,

obtained from a single function  by the operation of dilation and translation.

Wavelet Packets : We have the following sequence of functions due to Wickerhauser
[11]. For l = 0; 1; 2; :::::;

 2l(x) =
p
2
X
k2Z

ak l(2x� k) and  2l+1(x) =
p
2
X
k2Z

bk l(2x� k); (�)
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where a = fakg is the �lter such that
P

n2Z an�2kan�2l = �kl,
P

n2Z an =
p
2 and

bk = (�1)ka1�k. For l = 0 in (�), we get

 0(x) =  0(2x) +  0(2x� 1);  1(x) =  0(2x)�  0(2x� 1);

where  0 is a scaling function and may be taken as a characteristic function. If we
increase l, we get the following

 2(x) =  1(2x) +  1(2x� 1);  3(x) =  1(2x)�  1(2x� 1)

 4(x) =  1(4x) +  1(4x� 1) +  1(4x� 2) +  1(4x� 3)

and so on.
Here  l's have a �xed scale but di�erent frequencies. They are Walsh

functions in [0,1[. The functions  l(t� k), for integers k; l with l � 0, form an ortho-
normal basis of L2(R).

Theorem 1.1. For every partition P of the non negative integers into the sets of the
form Ilj = f2jl; :::::; 2j(l + 1) � 1g, the collection of functions  l;j;k = 2j=2 l(2

jx �
k); Ilj 2 P; k 2 Z, is an orthonormal basis of L2(R).

We have used the inner product of functions f; g 2 L2(R) as
hf; gi =

R1
�1

f(x)g(x)dx, the Fourier transform of f 2 L2(R) as

f̂(w) =
R1
�1

e�iwxf(x) dx and the relationship between functions and their Fourier

transform as 2�hf; gi = hf̂ ; ĝi;. For f 2 L1(R) \ L2(R), the Fourier transform f̂ of f
is in L2(R) and satis�es the Parseval identity kf̂k22 = 2�kfk22:

2. Main Results:

Theorem 2.1. If  l;j;k = 2j=2 l(2
jx�k); j; k 2 Z; l = 1; 2; ::::; k, constitute a wavelet

packet frame for L2(R) with frame bounds A, B, then

A ln2 �
Z 1

0

��1j ̂l(�)j2d� � B ln2:

Proof. We use the Ad+ to denote the set of all functions whose Fourier trans-
form is continuous and compactly supported in the positive half real line, and van-
ishes in some neighborhood of zero. We use P+ to denote the right half-plane, i.e.,
P+ = f(a; b) 2 R2 : a > 0; b 2 Rg. Let w(s) = e��

2�s2 , where � is a positive parame-
ter. We de�ne the weight function,

c(a; b) =

8<
:

w( jbj
a
); 1 � a � 2

0; otherwise ;

2
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and de�ne

C =

Z 1

0

da

a2

Z 1

�1

dbh:; ha;biha;bw
� jbj
a

�
;

where, ha;b = jaj�1=2 h � :�b
a

�
.

Since f l;j;k = 2j=2 l(2
jx � k)gj;k2Z; l=1;2;:::;k, constitutes a wavelet packet frame for

L2(R) with frame bounds A, B, we have

A khk2 �
X
l

X
j;k

jh l;j;k; h
a;bij2 � B khk2; for (a; b) 2 P+: (1)

Multiplying equation (1) by weight function c(a,b) and integrating over P+ , we have

A TrC �
X
l

X
j;k

hC l;j;k;  l;j;ki � B TrC (2)

where,

TrC =
R
p+

dadb
a2
c(a; b)khk2

=
R 2

1
da
a2

R1
�1

db w
�
jbj
a

�
khk2

=
R 2

1
da
a

R1
�1

ds w(s)khk2

= ln2 2
�R1

0
ds w(s)khk2� :

For weight function w we have chosen,
R1
0
dtw(t) = 1

2
.

Hence,
TrC = ln2 khk2: (3)

The middle term of equation (2), becomes

P
l

P
j;khC l;j;k;  l;j;ki =

P
l

P
j;k

R 2

1
da
a2

R1
�1

db w
�
jbj
a

�
jh l;j;k; h

a;bij2: (4)

Now,
h l;j;k; h

a;bi =
R
 l;j;k(x) ha;b(x)dx

=
R
2j=2 l(2

jx� k)a�1=2 h
�
x�b
a

�
dx

= 2j=2a�1=2
R
 l(y) h

�
y+k�b2j

2ja

�
2�jdy

= 2�j=2a�1=2
R
 l(y) h

�
y�(b2j�k)

2ja

�
dy

= h l; h
2ja;b2j�ki:

3
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Now equation(4) becomes,

P
l

P
j;khC l;j;k;  l;j;ki =

P
l

P
j;k

R 2

1
da
a2

R1
�1

dbw
�
jbj
a

�
jh l; h

2ja;b2j�kij2:

By changing variables 2ja = a0, 2jb = b0, we have

P
l

P
j;khC l;j;k;  l;j;ki =

P
l

P
j;k

R 2j+1

2j
da0

a02

R1
�1

db0w
�
jb0j
a0

�
jh l; h

a0;b0�kij2

=
P

l

P
j2Z

R 2j+1

2j
da
a2

R1
�1

db
P

k2Zw
�
b+k
a

� jh l; h
a;bij2

=
X
l

X
j2Z

Z 1

0

da

a2

Z 1

�1

dbjh l; h
a;bij2

X
k2Z

w

�
b+ k

a

�
(5)

The function w(s) = e��
2�s2 has only one local maximum and is monotonically de-

creasing as jsj increases.
The Lemma 2.2 of Daubechies [3], shows that for such function w and �� 2 R,

� > 0, Z 1

�1

dtw(t)��wmax � �
X
k2Z

w(� + k�) �
Z 1

�1

dtw(t) + �wmax;

or, for particular w,

P
k2Zw

�
jb+kj
a

�
= a+ �(a; b)

with �(a; b) � w(0) = �.
Thus we have,

P
l

P
j;khC l;j;k;  l;j;ki =

R1
0

da
a2

R1
�1

dbjh l; h
a;bij2(a+ �(a; b))

=
R1
0

da
a

R1
�1

dbjh l; h
a;bij2 +R (6)

where,
jRj =

R1
0

da
a2

R1
�1

dbjh l; h
a;bij2�(a; b)

� �Chk lk2: (7)R1
0

da
a

R1
�1

dbjh l; h
a;bij2 =

R1
0

da
a

R1
�1

dbj 1
2�
h ̂l; ĥ

a;bij2

=
R1
0

da
a

R1
�1

db 1
4�2

���hR10  ̂l(�)a
1=2ĥ(a�)eib�d�

i���2

= 1
2�

R1
0
da0jĥ(a0)j2 R1

0
d���1j ̂l(�)j2

= 1
2�
kĥk22

R1
0
d���1j ̂l(�)j2

4
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= khk22
R1
0
d���1j ̂l(�)j2: (8)

Thus equation (6) becomes,

X
l

X
j;k

hC l;j;k;  l;j;ki = khk22
Z 1

0

d���1j ̂l(�)j2 +R: (9)

Substituting the values of equations (3),(9) and R in equation (2), we get

Akhk22 ln2 � khk22
Z 1

0

d���1j ̂l(�)j2 + �Chk lk � Bkhk22 ln2:

Taking � tends to zero, we get the conclusion immediately.

Theorem 2.2. Let  l 2 L2(R) be admissible for each l. If the system  l;j;k = 2j=2 l(2
jx�

k); j; k 2 Z; l = 1; 2; ::::; k, constitute a wavelet packet frame for L2(R) with frame
bounds A, B, then

A � �
X
l

X
j2Z

j ̂l(2
j�)j2 � B 4 :

where, � � k � 4 <1.

Proof. Taking the weight function,

c�;�(a; b) :=

8<
:

w�(
jbj
a
); e�� � a � e�

0; otherwise ;

and
A TrC�;�;h �

X
l

X
j;k

hC�;�;h l;j;k;  l;j;ki � B TrC�;�;h (10)

and using the similar technique as in Theorem 2.1., we have

TrC�;�;h = 2khk2� (11)

and

X
l

X
j;k

hC�;�;h l;j;k;  l;j;ki =
X
l

X
j2Z

Z 2je�

2je��

da

a2

Z 1

�1

dbjh l; h
a;bij2

X
k2Z

w�

�
b+ k

a

�
:

(12)
By Lemma 2.3 [10], we have the following estimates,

a

4 � � �
X
k2Z

w�

� jb+ kj
a

�
� a

�
+
2�4
�

: (13)

5
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Combining equations (10)-(13), and letting �! 0, we have

Akhk2 � 1

�
I� and Bkhk2 � 1

4I�; (14)

where,

I� = 1
2�

P
l

P
j2Z

R 2je�

2je��
da
a

R1
�1

dbjh l; h
a;bij2

= 1
4�2

1
2�

P
l

P
j2Z

R 2je�

2je��
da
a

R1
�1

db
hR1

0
j ̂l(�)j2ajĥ(a�)j2d�eib�

i

= 1
2�

P
l

R1
0
d�j ̂l(�)j2

P
j2Z

1
2�

R 2je�

2je�� dajĥ(a�)j2

= 1
2�

P
l

R1
0
d�j ̂l(�)j2H�(�): (15)

Since h 2 Ad+, we can assume that suppĥ � [xh; Xh] and ĥ(�) �M , where xh and Xh

(xh < Xh) are two positive numbers.
Here,

H�(�) =
P

j2Z
1
2�

R 2je�

2je�� dajĥ(a�)j2

=
P

j2Z
1
�2�

R �2je�

�2je�� da
0jĥ(a0)j2

=
P

j2Z
1
�2�

R �2je�

�2je�� dajĥ(a)j2

� P
j2Z

M
�2�

R �2je�

�2je�� da�[xh;Xh](a)

� P
�X�1

h
e��<2j<�x�1

h
e�

M
�2�

R �2je�

�2je�� da

� P
�X�1

h
<2j<�x�1

h

M
�2�
�2j(e�� � e�)

� 2M
�=2Xh<2j<2�=xh

1
2j

= 2M�1=2Xh;2=xh(�): (16)

By Lemma 2.1 [10], the function j ̂l(�)j2�1=2Xh;2=xh(�) is integrable over (0;1). So by
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the use of dominated convergence theorem, from eqn.(15) we can deduce that,

lim�!0I� = 1
2�

P
l

R1
0
d�j ̂l(�)j2H�(�)

= 1
2�

P
l

R1
0
d�j ̂l(�)j2lim�!0

1
2�

P
j2Z

R �2je�

�2je�� dajĥ(a)j2

= 1
2�

P
l

R1
0
d�j ̂l(�)j2��1lim�!0

P
j2Z

1
2�

R log��log2j+�

log��log2j��
du eujĥ(eu)j2

= 1
2�

P
l

R1
0
d�j ̂l(�)j2��1

P
j2Z

�
2j

���ĥ� �
2j

����2

= 1
2�

P
l

R1
0
d�jĥ(�)j2Pj2Z j ̂l(2

j�)j2

= khk2Pl

P
j2Z j ̂l(2

j�)j2: (17)

Combining equations (14), (17) and Lemma 2.2 [10], the result follows.
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ABSTRACT  
   In this paper, we present the application of adaptive wavelet in lossy image compression. The construction of 
this adaptive wavelet is realised by the use of lifting scheme. In our application the lifting scheme is composed 
by an adaptive update lifting step and a fixed prediction lifting step.  Finally, experiments with  The   EBCOT 
(Embedded Block Coding with Optimized Truncations) algorithm  applied on synthetic and real images are 
reported.  
 
Keywords: Adaptive wavelet, update lifting scheme, EBCOT,  lossy  Image compression,  
 
 
I.   INTRODUCTION  

 
Wavelet transforms have received significant 

attention in deferent fields, such as mathematics,     
digital signal and image processing, because of 
their ability to represent and analyze data 
[1][2][3][4]. 

 
The wavelet transform, defined by Yves Meyer 

and J. Lemarié, offers good localization in both, 
space and frequency domains, and can be 
implemented by fast algorithms. 

 
Since the discrete wavelet transform (DWT) was 

presented by Mallat, many researchers on signal 
analysis and image compression have reached 
fruitful results due to its well time-frequency 
decomposition. 
 

Recently, a new wavelet construction called 
lifting scheme, has been developed by Wim 
Sweldens and Ingrid Daubechies [5][6]. This 
method has gained increasing interest in scientific 
community, due to its reduced computational 
complexity by first factoring a classical wavelet 
filter into lifting steps. 
 

Based on the lifting scheme work, a number of 
adaptive wavelet transforms have been proposed. 
D. Taubman [7] has developed adaptive wavelet 
transforms to modify the prediction step by using 
the properties of the image. Since this predictor 
takes into account the fact that the discontinuities in 
images tend to occur along continuous curves, this 
adaptation of the predictor makes the transform 
non-linear. Calypoole et al [9] used local 
orientation information at edge boundaries, to 
define a prediction operator.  

[10] have proposed a prediction operator based 
on the local properties of the image. In [11] they 
described an adaptive polyphase structure based on 
the reduction of the variance. In [12] they first 
calculate the optimal predictors, by minimizing the 
prediction error variance, and then they apply these 
optimal predictor filters with adaptive update 
filters. 
 

Our work consists in applying the update 
adaptive wavelet filter presented in [13], [14], [15] 
and [16], to lossy image compression. 
 

This paper is organized as follows. Section II 
represent an overview of the construction of lifting 
schemes. In section III, we introduce the 
construction of the adaptive update lifting. Sections 
IV and V describe the two-dimensional adaptive 
update lifting scheme and its application in image 
coding respectively. Simulation results and 
concluding remarks are presented in sections VI 
and VII, respectively. 
 
II. THE LIFTING SCHEME 

 
A canonical lifting structure consists of three 

stages, as shown in fig.1: 
 
1- Split: divide the original signal x into two 
disjoint parts: 
 

xo: the set of odd samples of x 
xe: the set of even samples of x 

 
2- Predict:  apply a predictor P on xe to predict xo 

d=xo-P(xe) 

 

d: prediction error (the detail of the signal x) 
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3-   Update: apply an updater  U  on d 
S=xe+U(d) 

 
The inverse transform is easily obtained since 
every stage above is invertible. 
 
 
 
 

 

 

 

 

 

 

 

 

III. ADAPTIVE UPDATE LIFTING SCHEME  

 

 

 

 

 

 

 

 

 

 

 The input signal X is decomposed into x,y.   
y containing  more than one channel;  

y={yb1,yb2,….,ybM}.                                              (1) 

  The update step is adaptive while the prediction 
step is fixed.  
 
The update value x’(n) is given by 

))(()()'( nyUnxnx dndn⊕=                                           (2) 

dnU : is the update operator for the decision   dn 

D: is the decision map wich uses inputs (from all 
bands) and its output dn is a function representing 
N-valued decision  

 
{ }1-N,0,1,......   ))(,( ∈= nyxDdn                               (3) 

0     )( j0 ≠+=⊕ αα uxux d  

The update filter is 

)()(     where)())((
1

, jbjj

J

j

jjdd lnynynynyU +==∑
=

λ

Jj ,...,1=  and  ,Ll j ∈  

where L is a window in
2

Z centered around the 
origin. 

jd,λ  depend on the decision d at location n 

The update equation used at analysis 

)()()'(
,

nynxnx j
jdd nn ∑+= βα                                    (4) 

jddjd nn ,,
λαβ =  

where we assume that 1
1

, =+∑
=

J

j

jddn
βα  and 

1,......,0 −= Nd  with 0≠
d

α  for all d. 

The decision map depends only on the gradient 

vector
J

Rnv ∈)( , with components vi(n) given by 

),()()()()( jnynxnynxnv jj +−=−=                      (5) 

where .,....,1 Jj =   

The gradient vector at synthesis v’(n) is related to 
v(n) by means of the linear relation  

)()'()'( nynxnv jj −=                                                  (6) 

)()'( nvAnv d=  

where              T
dd ubIA −=  

JJI × is   is the identity matrix, 

and   Tu )1,..,1(= , T
Jdddb ),....,( ,1, ββ=  

To have perfect reconstruction (PR) we need to 
satisfy the decision conservation condition 
D(x,y)(n)=D’(x’,y)(n). 

The lifting scheme can choose between several  
update linear filters. 

The conservation of the signal and image 
discontinuities is a potential characteristic of the 
method. even at low resolutions. 
 
IV. TWO-DIMENSIONAL ADAPTIVE 

UPDATE LIFTING SCHEME D 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
The input images are x, yb1, yb2 and yb3 

 
x(m,n) = x0(2m,2n) 

yb1(m,n) = x0(2m,2n+1) 

yb2(m,n)=x0(2m+1,2n) 

yb3(m,n)=x0(2m+1,2n+1) 

 
where x0  is  the original image 

x’ is the approximation band and y’b1 , y’b2, y’b3 

are the horizontal, vertical, diagonal detail bands. 
 
We consider a 33×  portion of the image centered 

around the center pixel  x(m,n) as shown in fig.4. 
The decision dn and the output of the update filter 
depend only on the values associated with this 
portion. 

S 

d 

x 

+ 

Split 

+ 

-P 

xe 

xo 

U 

Fig.1. The lifting scheme  
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Fig.3.   2D wavelet decomposition with adaptive 
update lifting step and three prediction steps 
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)()( 11 nyny b= , )()( 22 nyny b= )1,()( 113 −= nmyny b                                                          

),1()( 24 nmyny b −= ),()( 35 nyny b=  etc… 

 
We give two examples. After the update step, we 

compute the detail images with a symmetric 
prediction scheme: 

2/))('),1('(' 11 nxmnxyy bb ++−=  

2/))(')1,('(' 22 nxmnxyy bb ++−=  

)()('2/))(')1,1('(' 2133 nynynxmnxyy bbbb −−+++−=  

where  P is taken as a weighted gradient seminorm. 
 

∑==
j

jj
T vavavP )(                                                (7) 

Example 1 

 
N=2        { }0,1   ))(,( ∈= nyxDdn  

[ ]))(())(,( TnvPnyxD >=  

[ ]








>

>

=

false is   if    0

 trueis   if   1

T P(v(n))

T P(v(n)) 

P  

 

We use a = (1,1,1,1,-1/2,-1/2,-1/2,-1/2). In order to 
verify the Perfect Reconstruction condition we 

choose 4/10 =λ and .01 =λ  

 
For the input image Zelda shown at the top left of 

fig. 5, we take T=25. The decision map is shown in 
the top right. The approximation and horizontal 
detail (after two levels of decomposition) in the non 
adaptive case (d=0) are shown in the middle row. 
The adaptive results are presented in the bottom 
row. 
 
Example 2 

 
We now present a way of constructing the 

dicision map by comparing different seminorms. 
We have four decision regions, described by the 

following conditions: 
0      )(   and   )()( 0210 =⇔≤≤ dTvpvPvp  

1      )(   and   )()( 0210 =⇔>≤ dTvpvPvp  

2      )(   and   )()( 0310 =⇔≤> dTvpvPvp  

3      )(   and   )()( 0310 =⇔>> dTvpvPvp  

where   310 )( vvvp +=   43211 )( vvvp +=    

43212 2
1

2
1)( vvvvvp +++=       43213 2

1
2
1)( vvvvvp +++=  

We choose 20 4
1 ab =  32 4

1 ab =  and 031 ==bb , 

which implies that no update filtering is performed. 
The thresholds T and T0 are chosen heuristically,  

with their values depending on the test images and 
the seminorm values. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

V. APPLICATIONS IN IMAGE 

COMPRESSION 

 

The adapted image coding method is the 
EBCOT (Embedded Block Coding with Optimized 
Truncations) presented in [17] and [18]. Three 
levels of decomposition were selected. The 
adaptive update lifting scheme was applied to the 
test images shown in fig. 6. At the left of the figure 
a synthetic image, in the right, the  image lena,  and 
in th down the bird and the montage images . 

 

Fig 5  Wavelet decomposition (level 2). Top: input image 
(left) and decision map (right). Middle: approximation (left), 
horizontal detail (right) images in adaptive mode. Bottom: 
approximation (left), horizontal detail (right) images in non-
adaptive mode 

 y7(n) y4(n) y8(n) 

y3(n) x(n) y1(n) 

y6(n) y2(n) y5(n) 

 
Fig.4.  Sample image segment  centred 
around x(n)=x0(2m,2n) 
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VI.  RESULTS 

 
VI.A.  Synthetic Data 

  
Fig. 7 shows the rate distortion curves of the 

adaptive case against non adaptive of example 1 
and example 2 applied to a synthetic image.  Here 
the differences are considerably large in the 
adaptive example than its non-adaptive one. And 
we notice that in the adaptive algorithm the 
example1 has better PSNR performance than 
example 2.   

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

We have compared our performance to the  
Daubechies (9, 7) wavelet because it is very 
popular in image compression. The PSNR curve 

demonstrates that, for this synthetic test image, the 
adaptive algorithm of example 1 has better 
performance than both, the adaptive algorithm of 
example 2 and Daubechies (9, 7).  
                                                                                             

VI.B.  Real Data 

 
The proposed coding methods were applied to the 

standard monochromatic (8 b/pixel) image Lena of 
size 512×512. Fig. 8 shows the results. The 
performance of the popular Daubechies (9,7) 
transform is shown for reference. Although our 
adaptive algorithm does not match the PSNR 
performance of the Daubechies (9,7) transform, 
example1 goes closer to Daubechies (9,7) in some 
area; this is due to the non linearity characteristic. 
In Fig 9 example2 done better results than 
example1 and  The  PSNR  results of adaptive 
example are than the Daubechies (9,7). To the 
contrary, in fig10, example 1 gives better results 
over a considerable area, on the image montage. 
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 Fig. 8. Comparison of adaptive algorithm 
example 1 and adaptive algorithm example2 
with Bior 9/7 on the Lena image 

Fig.7. Rate distortion curve for the synthetic 
image of fig. 6. This test image was designed to 
compare example 1 with example 2 (adaptive 
case and non adaptive case). 
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VII. CONCLUSION 

 

The lifting scheme is a new framework in 
wavelet research. It develops the concept of 
wavelet. And further, extends  the wavelet research. 
It could be used to implement existing wavelets and 
to construct completely new wavelets, and allows 
us to combine, nonlinear and adaptive properties.   

 

Within this scheme, we used an algorithm that 
switches between various linear update filters in 
lossy image compression. This adaptive lifting 
scheme using seminorms, have produced good 
results in synthetic images, and promising results 
on certain test images. 

 
Future work aims to develop an application of 

adaptive wavelet transforms that map integers to 
integers based on the adaptive update lifting 
scheme, in lossy image compression.. 
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MARKET STOCHASTIC BOUNDS WITH
ELLIPTICAL DISTRIBUTIONS

Abstract: This paper explores and analyzes the implications and the advan-
tages of safety first analysis in portfolio choice problems. In particular, we de-
scribe the market bounds in order to examine the evolution of investor’s choices
in relation with the market trend. Thus, first we prove the uniqueness in dis-
tribution of market bounds when limited short sales are allowed. Then we
analytically determine the link between stochastic choices and market bounds
when the returns are elliptical distributed and no short sales are allowed.
Key words: Stochastic bounds, efficient frontier, stochastic dominance, ellip-
tical distributions.

1 Introduction
The aim of this paper is to provide a comprehensive presentation of the measure-
ment and applications of the market stochastic bounds in order to understand
and forecast the investors’ choices changes. In particular, the paper proposes
some new tools to manage return portfolios considering the evolution of the
optimal choices related to the market trend.
The paper describes some management tools to forecast the behavior of

future choices. In particular, we study the evolution of investors’ optimal choices
depending on the market stochastic bounds when no short sales are allowed.
The distribution functions of market stochastic bounds are the envelopes of
the portfolio distribution functions and the upper stochastic bound represents
optimal choices of all admissible investors. When the returns are elliptically
distributed, we can analytically describe how choices change in relation with
the upper market stochastic bound even if the process requires to rewrite the
Markowitz’ efficient frontier in terms of the mean (see Markowitz [11], [12]).
So, first we describe an alternative algorithm to Markowitz’ one in order to
rewrite recursively the efficient frontier when no short sales are allowed. The
algorithm describes analytically the evolution of optimal choices as a function
of the upper stochastic bound that is generated by the optimal choices of the
efficient frontier.
In the next section, 2, we define the stochastic bounds of the market. The

third section introduces the analysis of market trend when returns are elliptically
distributed. All the proofs of the results are described in the appendix.

2 Stochastic Bounds
In this section we describe the stochastic bounds of all admissible choices. In par-
ticular, we show that the stochastic bound distributions represent the envelopes
of all portfolio distribution functions and, for this reason, they are strictly re-
lated to stochastic ordering theory. Recall that X first stochastically dominates

2

LOZZA-PELLEREY294



Y (X FSD Y ), if and only if E(φ(X)) ≥ E(φ(Y )) for every non-decreasing func-
tion φ such that the two expectations exist, i.e., if and only if FX(t) ≤ FY (t)
for every real t. More generally, we say that X dominates Y in the sense of the
α ( α ≥ 1) stochastic dominance order ( X ≥

α
Y ) iff F

(α)
X (t) ≤ F

(α)
Y (t) for every

real t, where

F
(α)
X (t) =

1

Γ(α)

tZ
−∞

(t− y)α−1dFX(y) =
E
¡
(t−X)α−1+

¢
Γ(α)

(see Fishburn [9]).
Suppose we have a frictionless market without arbitrage opportunities where

all investors act as price takers. Suppose that all investors have the same tem-
poral horizon at a fixed date in the future. Given n risky securities, we indicate
with ri the rate of return of the ith security and Zi = 1+ ri the respective gross
return. The random vector of the gross returns Z = [Z1, ..., Zn]

0 is defined on
the Polish probability space (Ω,=, P ). In a market with limited short selling op-
portunities every admissible vector of portfolio weights x = [x1, ..., xn]0 belongs
to the compact set

T =

(
y ∈ <n/

X
i

yi = 1 ; gi ≤ yi ≤ hi

)
,

where (g1, . . . , gn) and (h1, . . . , hn) are fixed vectors belonging to <n. Under
these assumptions the portfolios are stochastically bounded, i.e., there exist two
random variables YU and YL such that for every admissible vector of portfolio
weights x = [x1, ..., xn]

0 belonging to the set T we have YU FSD x0Z FSD
YL. As we can observe in the following theorem we can express analytically the
distribution functions of the optimal bounds which are given by

FU (λ) = inf
x∈T

IP(x0Z ≤ λ) and FL(λ) = Q(λ+) = lim
λ→λ+

Q(λ) = sup
x∈T

IP(x0Z ≤ λ).

and they are related to the vectors of portfolio weights

xU (λ) ∈ arg
µ
inf
x∈T

IP(x0Z ≤ λ)

¶
and xL(λ) ∈ arg

µ
sup
x∈T

IP(x0Z ≤ λ)

¶

Theorem 1
Assume limited short sales are allowed in the market. Then FU is the "smallest"
cumulative distribution (in FSD sense) which FSD dominates all portfolios, and
it has support [a, b] where a = sup

x∈T
c(x), b = sup

x∈T
d(x), and

c(x) = sup
©
c ∈ < | IP(x0Z ≤ c) = 0

ª
d(x) = inf

©
d ∈ < | IP(x0Z > d) = 0

ª
.
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Similarly, FL is the "greatest" cumulative distribution (in FSD sense) which is
FSD dominated by all portfolios, and it has support [ea,eb] where ea = inf

x∈T
c(x),

and eb = inf
x∈T

d(x). Moreover, when a riskless gross return z0 is allowed, then

a ≥ z0 and
∼
b ≤ z0.

Note that two cases are possible:

i) there exists a portfolio x0Z that FSD dominates all the others (or is FSD
dominated by all the others), then it should have FU as distribution (it
should have FL as distribution);

ii) in the market it does not exist a portfolio x0Z that FSD dominates (or is
FSD dominated by) all the others.

Next, we will focus our attention on case ii), that is the most common one.
When only limited short sales are allowed, we call FU the stochastically dom-
inating distribution of all the admissible portfolios and FL the stochastically
dominated distribution. Let YU and YL be two random variables (unique in dis-
tribution) defined on (Ω,=, P ), with respectively the stochastically dominating
distribution FU and the stochastically dominated distribution FL. We call them
stochastic bounds of all admissible portfolios. In particular we call YU preferen-
tial market growth since it represents the maximum factor of growth of future
wealth. In some sense, YU is the maximum price that we can give at the future
risky wealth for a unity of wealth invested today. By definition YU FSD x0Z
FSD YL for every portfolio weight x belonging to the bounded set of admissible
choices T. Clearly, the same considerations can be easily extended to a given
category of investors. As a matter of fact, when limited short selling opportu-
nities are allowed, we can consider the non-dominated choices in the sense of a
given α−stochastic order (see Fishburn [9]) belonging to Tα

, closure of the set

Tα =

½
x(α)(t) ∈ T

Á
t ∈ R, x(α)(t) ∈ arg

µ
inf
x∈T

E
¡
(t− x0Z)α−1+

¢¶¾
.

Note that T
α
is a compact subspace of T. Thus, we can easily prove the following

theorem.
Theorem 2

Assume limited short sales are allowed in the market. Then

FU,(α)(λ) = inf
y∈Tα

IP(y0Z ≤ λ)

is the "smallest" distribution (in FSD sense) which FSD dominates all portfolios
in T

α
. Similarly,

FL,(α)(λ) = Q(α)(λ
+), where Q(α)(λ) = sup

x∈Tα
IP(x0Z ≤ λ),

is the "greatest" cumulative distribution (in FSD sense) which is FSD domi-
nated by all portfolios in T

α
.
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As for the stochastic bounds of all admissible portfolios, we can define on the
probability space (Ω,=, P ) two random variables YU,(α) and YL,(α) (unique in
distribution) with respectively the stochastically dominating distribution FU,(α)
and the stochastically dominated distribution FL,(α).

3 Market trend analysis with elliptically dis-
tributed returns

In this and in the following sections we will consider portfolio choice among n
risky assets with returns Z = [Z1, ..., Zn]

0 when no short sales are allowed, i.e.
portfolio weights

x ∈ S =

(
y ∈ Rn : yi ≥ 0;

nX
i=1

yi = 1

)
.

Even if this hypothesis can be relaxed allowing limited short sales. We also
assume that it does not exist a portfolio x0Z in the market that FSD dominates
(or is FSD dominated by) all the others, and we examine stochastic bounds
for all admissible portfolios. First of all we discuss the uniqueness, for every λ
belonging to [a, b], of the portfolio weight

xU (λ) ∈ arg
µ
inf
x∈S

IP(x0Z ≤ λ)

¶
when limited short sales are allowed. Actually, the uniqueness is not always
satisfied in presence of riskless assets. As a matter of fact, we can easily find
a counter example. Let us consider a scalar and translation invariant family
of unbounded distribution functions Ξ = {FX} (i.e., such that if FX ∈ Ξ then
also FαX and FX+t belong to Ξ for any real t and any α > 0) that is uniquely
determined by the first k moments, then the following statement holds.
Corollary 1

Let the portfolios of risky gross returns x0Z belong to a scalar and translation
invariant family of unbounded distribution functions absolutely continuous and
uniquely determined by the the mean μ and the first k central moments σ2,
μ3, ..., μk. Suppose a riskless portfolio is allowed with gross return z0 and suppose
there exists a risky portfolio with mean greater than z0. Then xU (λ) with λ = z0
is not unique.
The above Corollary can be further extended to more general scalar and

translation invariant families of distribution functions (see Ortobelli [14]). On
the other hand, we can guarantee the uniqueness when the risk-free asset is
not allowed and the risky returns are elliptically distributed (see Ortobelli and
Rachev [15]). For this reason in all the following considerations we assume that
risk-free assets are not allowed.
Since the stochastic bounds are the market limits, then the market trend

is implicitly described by them and it has sense to study the evolution of in-
vestor’s choices in relation with the market trend. Assume now that xU (λ) =

5
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arg

µ
inf
x∈S

IP(x0Z ≤ λ)

¶
is a measurable vectorial function. Then, by the defini-

tion of the stochastically dominating distribution FU it follows that

FYU (λ) = FU (λ) = IP(x0U (λ)Z ≤ λ) ∀λ ∈ <.
Next, we say that it is satisfied the based target axiom when we assume non
satiable investors minimize the probability that their returns are lower than a
given value of the preferential market growth. The based-target axiom can be
justified even in terms of the classic von Neumann—Morgenstern approach. As
a matter of fact, Castagnoli and LiCalzi [4] and Bordley and LiCalzi [3] have
shown that the based-target approach is a generalization of the von Neumann—
Morgenstern (vNM) one and even the vNM investors minimize the probability
of being under a given target. Assuming that the based-target axiom holds,
optimal choices are well represented by the random vectorial surjective function
XU defined on (Ω,=, P ) by

XU (ω) = xU (YU (ω)) = arg

µ
inf
x∈S

IP(x0Z ≤ YU (ω))

¶
for every ω ∈ Ω.

We call the random vectorial functionXU dominating portfolio of all admissible
choices. The dominating portfolio is a random indicator of the investors’ optimal
choices, since it represents all the "safety first" choices (see Roy [19], Tesler [21]).
Moreover, we can distinguish different market indicators that can be interpreted
by an economic point of view:

a) The vector of the expected values of the dominating portfolio

xD = E(XU ) =

Z
Ω

xU ◦ YUdP =
Z
[a,b]

xU (λ)dFU (λ),

represents the portfolio weights where the investors’ preferences collapse
in average. In addition, when the set of all optimal safety first portfolios

U =

½
x : x = arg

µ
inf
x∈S

IP(x0Z ≤ λ)

¶
, λ ∈ <

¾
is convex, then xD belongs to the portfolio weight efficient frontier U , since
it is a convex combination of optimal portfolios.

b) The average of the upper stochastic bound

∼
λ = E(YU ) =

Z
Ω

YUdP =

Z
[a,b]

λdFU (λ),

is another interesting indicator of the market growth, since YU is the first

random variable which dominates all portfolios. Then
∼
λ can be considered

as the average of the maximum future price of risky wealth for a unity of
wealth invested today.

6

LOZZA-PELLEREY298



Clearly, it could be important to understand how optimal allocations vary
among the n risky assets under preferential market growth changes. Since we
have no idea of the behavior of X as function of the upper bound, we can think
to use the least square estimator (LSE) to get polynomial approximation of any
component XU,i

XU,i = a
(0)
U,i + a

(1)
U,i(YU −E(YU )) + a

(2)
U,i(YU −E(YU ))2+

...+ a
(s)
U,i(YU − E(YU ))s + εi, i = 1, . . . , n,

While this is only an approximation, when the distributions are elliptical we
can also give an analytical expression for the dominating portfolio XU .
It is well-known that asset returns are not normally distributed, since the

excess kurtosis found in many empirical investigations led them to reject the
normality assumption and to propose alternative distributional assumption for
asset returns (see Mandelbrot [10] and Fama [8]). There exist many elliptical
distribution families which present heavier tails than Gaussian distribution, for
example stable sub-Gaussian distributions and t-student families (see, among
others, Rachev and Mittnik [18]). This is the main reason why we suppose that
the vector Z of risky returns admits a joint unbounded elliptical distribution (see
Chamberlain [5] and Owen and Rabinovitch [17]). Thus every risky portfolio
return x0Z is an unbounded random variable with cumulative distribution:

IP(x0Z ≤ λ) =

λZ
−∞

1

C0(x0Qx)1/2
g

µ
(t− x0μ)2

x0Qx

¶
dt, (1)

where g is a non-negative integrable function, μ = E(Z) is the mean of the vector
Z, Q is the positive definite dispersion matrix of the primary asset returns, and

C0 :=

+∞Z
−∞

1

(x0Qx)1/2
g

µ
(t− x0μ)2

x0Qx

¶
dt.

Under this distributional assumption, the vectorial application

xU (λ) = arg

µ
inf
x∈S

IP(x0Z ≤ λ)

¶
= arg

µ
inf
x∈S

λ− x0μ

(x0Qx)1/2

¶
is a measurable vectorial function. Clearly, in order to understand the relation
between XU and YU we need to find the function xU (λ) because XU = xU (YU ).
In some special cases we can easily represent the frontier U as we evince by the
following proposition.
Proposition 1

Assume the primary gross returns to be unbounded random variables jointly el-
liptically distributed with non singular dispersion matrix and with distribution
function (1). Suppose that there are risky assets traded in a frictionless econ-
omy where only limited short sales are allowed. Thus, if all the components of
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portfolio weights on the Markowitz-Tobin efficient frontier are positive and the
return portfolio with global maximum mean x0∗Z admits also global maximum
dispersion, then

XU =

(
YUQ

−1e−Q−1μ
YUC−B if YU ≤ E(x0∗Z)B−A

E(x0∗Z)C−B

x∗ if YU >
E(x0∗Z)B−A
E(x0∗Z)C−B

(2)

and

FYU (λ) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

R
(−∞,λ)

λC−B
C0(λ2C−2λB+A)1/2

g

µ
(tλ2C−−tB−λB+A)2

(λ2C−2λB+A)

¶
dt,

if λ <
E(x0∗Z)B−A
E(x0∗Z)C−B

λR
−∞

1
C0(x0∗Qx∗)

1/2 g
³
(t−x0∗μ)2
x0∗Qx∗

´
dt if λ ≥ E(x0∗Z)B−A

E(x0∗Z)C−B
,

where A = μ0Q−1μ, B = e0Q−1μ; C = e0Q−1e and x∗ = ei (i.e., the vector with
1 in the i-th component and 0 in the other components assuming that the i-th
component corresponds to the gross return with maximum mean and maximum
dispersion).
Note that under the assumptions of Proposition 1 the choices of non-satiable

investors are the same as those of non-satiable risk averse investors (see Bawa
[1]), thus YU = YU,(2) and XU = XU,(2). Generally, Markowitz- Tobin efficient
frontier presents switching points on the components of optimal portfolios, thus
the analysis of the dependence betweenXU and YU is more complex. Traditional
wisdom says that each switching point corresponds to a kink, while Dybvig [6]
has shown that there is a kink at a risky portfolio only if that portfolio is
a portfolio of securities of equal expected return. Thus, if all securities have
a different expected return, a kink on the frontier can occur only if a single
security is held at that point.
Markowitz [11], [12] has proposed an algorithm to determine recursively the

efficient frontier. The Markowitz-Tobin efficient frontier was not expressed by
Markowitz in terms of the mean and of a dispersion measure as we do in the
next subsection. Moreover, the following extension permits us to describe the
efficient frontier using, for example, the stable sub-Gaussian dispersion measure
instead of the variance (see Ortobelli et al. [16]), i.e., using a more realistic
approximation of return distributions.

3.1 A general analytical formulation for XU(YU) and FU

Let us assume that the vector of returns z is ordered in the sense of the mean, i.e.
E(Z1) < E(Z2) < ... < E(Zn). Therefore, we assume that the securities have
different expected returns in order to limit the presence of kinks on the efficient
frontier (see Markowitz [11], [12], Dybvig [6], [7], Vörös [22], [23]). Markowitz
has shown that when:
- there are not redundant assets and variance covariance matrix Q is definite
positive;

8
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- there is one portfolio for each mean-variance combination;
then the mean-variance efficient frontier obtained solving the optimization prob-
lem

minx x
0Qx

subject to
xi ≥ 0; x0e = 1, x0μ = m,

(3)

for different values of the mean m, is described by some parabolic arcs where
the variance is an increasing function of the mean. The same analysis holds in
a mean-dispersion plane when returns are elliptically distributed and matrix Q
is a definite positive dispersion matrix (see Ortobelli and Rachev [15]).
In particular, let us denote with ik ∈ Ik = {i ∈ I = {1, 2, ..., n} | xi = 0}

the null components of the optimal portfolio x for the k-th parabolic arc. Then
the optimal solutions of k-th parabolic arc are univocally determined by the
optimization problem

minx
1
2

¡
x(k)

¢0
Q(k)x(k)

subject to¡
x(k)

¢0
e(k) = 1,

¡
x(k)

¢0
μ(k) = m,

(4)

for some opportune values of the mean m, where Q(k) is the matrix obtained
by Q eliminating every ik-th row and every ik-th column ∀ik ∈ Ik, while e(k),
x(k) and μ(k) are the vectors obtained eliminating every ik-th element by e =
[1, ..., 1]0, x = [x1, ..., xn]

0 and μ = E(Z). Problem (4) can be analytically
described using the Merton’s derivation [13], thus the portfolio weights of the
k-th arc are given, for m ∈ (mk,mk+1], by

x(k) =

³
C(k)

¡
Q(k)

¢−1
μ(k) −B(k)

¡
Q(k)

¢−1
e(k)

´
m

A(k)C(k) − ¡B(k)
¢2 + (5)

+
A(k)

¡
Q(k)

¢−1
e(k) −B(k)

¡
Q(k)

¢−1
μ(k)

A(k)C(k) − ¡B(k)
¢2 ,

where

A(k) =
¡
μ(k)

¢0 ¡
Q(k)

¢−1
μ(k); B(k) =

¡
e(k)

¢0 ¡
Q(k)

¢−1
μ(k)

and C(k) =
¡
e(k)

¢0 ¡
Q(k)

¢−1
e(k),

while mk is the mean in a switching point i.e., it is the mean of a portfolio
where the components are changing (see the Appendix on how to get the means
mk and the sets Ik). Such x(k) represents the portfolio weights of positive
portfolio components, and we denote with ex(k) the previous portfolio valued in
m = mk. Since we assume that all securities have different mean, then portfolioex(k) represents a kink in the mean-dispersion frontier only if a single security
is held at that point. Here k varies from 1 to k, the value m1 is the mean of
the global minimum dispersion portfolio xmin, and mk = E(Zn) is mean of the
return with the greatest mean. Moreover, if the asset return with the greatest
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mean has also the greatest dispersion, then the efficient frontier of non satiable
investors is equal to the frontier of non-satiable risk averse investors (see Bawa
[1]). Otherwise, we have to consider further optimal portfolios in order to obtain
the optimal choices of all non-satiable investors. For this last case, recall that
Bawa [2] has shown that the optimal portfolios for non-satiable investors is
equivalent to

U =

½
x : x = arg

µ
inf
x∈S

IP(x0Z ≤ λ)

¶
, λ ∈ <

¾
when returns’ distributions are elliptical, and these portfolios are given by:
a) the Markowitz-Tobin efficient frontier;
b) some parabolic arcs of maximum dispersion portfolios obtained as the linear
combination of couple of risky returns with dispersion greater than σn (disper-
sion associated to the maximum mean return).
Thus, in order to describe the frontier U we can use Bawa’s recursive al-

gorithm. In particular, in each additional arc of the non-satiable efficient
frontier we obtain that the components of portfolio are all null except for
two assets (see Bawa [1]). At the extremes of these arcs we have portfolio
composed by an unique security that creates a kink. If we distinguish with
ip ∈ Jp = {i ∈ I = {1, 2, ..., n} | xi = 0} the null components of the optimal
portfolio x for the p-th parabolic arc, then the optimal solutions of the p-th
additional parabolic arc are xi = 0 ∀ip ∈ Jp and, for ip /∈ Jp,

x(p) =

³
C(p)

¡
Q(p)

¢−1
μ(p) −B(p)

¡
Q(p)

¢−1
e(p)

´
m

A(p)C(p) − ¡B(p)
¢2 +

+
A(p)

¡
Q(p)

¢−1
e(p) −B(p)

¡
Q(p)

¢−1
μ(p)

A(p)C(p) − ¡B(p)
¢2 ,

if m ∈ (mp+1,mp], where Q(p) is the 2×2 matrix obtained by Q eliminat-
ing every ip-th row and every ip-th column, ∀ip ∈ Jp; e

(p), x(p) and μ(p)

are the vectors obtained eliminating every ip-th element from e = [1, ..., 1]0,

x = [x1, ..., xn]
0 and μ = E(Z), respectively, while A(p) =

¡
μ(p)

¢0 ¡
Q(p)

¢−1
μ(p),

B(p) =
¡
e(p)

¢0 ¡
Q(p)

¢−1
μ(p) and C(p) =

¡
e(p)

¢0 ¡
Q(p)

¢−1
e(p). We denote withexmp the portfolio composed by an unique security with mean mp. The proce-

dure concludes with the asset return having the greatest dispersion (that we
assume is represented by portfolio x∗). Note that in order to determine mp+1

we can apply Bawa’s algorithm. This can be summarized in the following theo-
rem, where the dominating portfolio XU is expressed as function of YU . In the
statement the means mk and the sets Ik and Imin (set of the null components of
the global minimum dispersion portfolio xmin = [xmin1 , ..., xminn ]) are assumed to
be known, but a procedure to get them is described in the proof of this theorem
given in the Appendix.
Theorem 3

10
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Assume that the primary gross returns are unbounded random variables jointly
elliptically distributed with non singular dispersion matrix. Suppose that there
are risky assets with different expected returns E(Z1) < E(Z2) < ... < E(Zn)
traded in a frictionless economy where no short sales are allowed. Thus, we
have the following analytical expression for the distribution function of FU :

FU (λ) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

λR
−∞

1
C0((xmin)0Qxmin)1/2

g
³
(t−(xmin)0μ)2
(xmin)0Qxmin

´
dt,

if Imin 6= I1 and λ ≤ m1B
(1)−A(1)

m1C(1)−B(1) ;
λR
−∞

λC(1)−B(1)

C0(λ2C(1)−2λB(1)+A(1))
1/2 g

µ
(tλ2C(1)−tB(1)−λB(1)+A(1))2

(λ2C(1)−2λB(1)+A(1))

¶
dt,

if Imin = I1 and λ ≤ m2B
(1)−A(1)

m2C(1)−B(1) ;
λR
−∞

1
C0((x(k))0Qx(k))1/2

g
³
(t−(x(k))0μ)2
(x(k))0Qx(k)

´
dt,

if mkB
(k−1)−A(k−1)

mkC(k−1)−B(k−1) < λ ≤ mkB
(k)−A(k)

mkC(k)−B(k) ;
λR
−∞

λC(k)−B(k)

C0(λ2C(k)−2λB(k)+A(k))
1/2 g

µ
(tλ2C(k)−tB(k)−λB(k)+A(k))

2

(λ2C(k)−2λB(k)+A(k))

¶
dt,

if mkB
(k)−A(k)

mkC(k)−B(k) < λ ≤ mk+1B
(k)−A(k)

mk+1C(k)−B(k) ;
λR
−∞

1
C0(x0∗Qx∗)

1/2 g
³
(t−x0∗μ)2
x0∗Qx∗

´
dt, if λ ≥ m∗B(p∗)−A(p∗)

m∗C(p∗)−B(p∗) .

Moreover, we can obtain the following analytical formulations for the vector
XU as function of YU .
¦ If Imin 6= I1 then
-XU,i(YU ) = 0, ∀i ∈ Imin and XU,i(YU ) = xmini ∀i /∈ Imin, for YU ≤ m1B

(1)−A(1)

m1C(1)−B(1) ;

- XU,i(YU ) = 0, ∀i ∈ I1 and XU,i(YU ) =
YU(Q(1))−1

(i)
e(1)−(Q(1))−1

(i)
μ(1)

YUC(1)−B(1) ∀i /∈ I1,

for m1B
(1)−A(1)

mkC(1)−B(1) < YU ≤ m2B
(1)−A(1)

m2C(1)−B(1) ,
¦ If Imin = I1 then

- XU,i(YU ) = 0, ∀i ∈ I1 and XU,i(YU ) =
YU(Q(1))

−1
(i)

e(1)−(Q(1))
−1
(i)

μ(1)

YUC(1)−B(1) ∀i /∈ I1,

for YU ≤ m2B
(1)−A(1)

m2C(1)−B(1) .

Then for k = 2, ..., k − 1 (Imin = I1 or Imin 6= I1)

- XU,i(YU ) = 0, ∀i ∈ Ik and XU,i(YU ) =ex(k)i , ∀i ∈ I − Ik,

for mkB
(k−1)−A(k−1)

mkC(k−1)−B(k−1) < YU ≤ mk+1B
(k)−A(k)

mk+1C(k)−B(k) ;

- XU,i(YU ) = 0, ∀i ∈ Ik and XU,i(YU ) =
YU(Q(k))

−1
(i)

e(k)−(Q(k))
−1
(i)

μ(k)

YUC(k)−B(k) , ∀i ∈ I − Ik,

for mkB
(k)−A(k)

mkC(k)−B(k) < YU ≤ mk+1B
(k)−A(k)

mk+1C(k)−B(k) .
¦When the portfolio with the greatest mean is also the portfolio with the greatest
dispersion, then the last step is given by :

- XU (YU ) = [0, 0,..,0, 1]
0, for YU >E(Zn)B

(k)−A(k)

E(Zn)C(k)−B(k)

Otherwise, we have maximum dispersion arcs and:

- XU,j(YU ) = 0, ∀j ∈ Jp and XU,j(YU ) =
YU(Q(p))−1

(j)
e(p)−(Q(p))−1

(j)
μ(p)

YUC(p)−B(p) ∀j /∈ Jp,
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for mpB
(p)−A(p)

mpC(p)−B(p) < YU ≤ mp+1B
(p)−A(p)

mp+1C(p)−B(p) ;

- XU (YU ) = exmp for mpB
(p−1)−A(p−1)

mpC(p−1)−B(p−1) < YU ≤ mpB
(p)−A(p)

mpC(p)−B(p)

and the last step is given by:
- XU,j(YU ) = 0, ∀j 6= j∗ and XU,j∗(YU ) = 1, for YU > m∗B(t)−A(t)

m∗C(t)−B(t) ,
where m∗ is the mean of the primary gross return with the greatest dispersion.
Note that with Theorem 3 we implicitly obtain an analytical formulation of

the vectorXU,(2) as a function of YU,(2), since YU,(2) = YU for YU <E(Zn)B
(k)−A(k)

E(Zn)C(k)−B(k)
.

Thus,

XU,(2)(YU,(2)) = X
U
(YU ) for YU,(2) <

E(Zn)B
(k) −A(k)

E(Zn)C(k) −B(k)

and

XU,(2)(YU,(2)) = [0, 0, .., 0, 1]
0 if YU,(2) ≥E(Zn)B

(k) −A(k)

E(Zn)C(k) −B(k)
.

Example. Suppose we have three risky assets which are Gaussian distributed
with vector of means μ and variance covariance matrix Q given by

μ =

⎛⎝ 1
3
4

⎞⎠ and Q =

⎛⎝ 0.1 0 0
0 1.1 2
0 2 4.1

⎞⎠ .

This example does not satisfy the condition of Propostion 1, since the compo-
nents of portfolio weights on the Markowitz-Tobin efficient frontier are not all
positive. As observed by Dybvig [6], under these assumptions the mean variance
frontier with no short sales consists of two arcs: the first arc given by convex
combinations of assets 1 and 2 and the second one by convex combinations of as-
sets 2 and 3 (being m2 = 3 the frontier between these two arcs). Solving the op-
timization problem (3) one can get the portfolio with global minimum variance,
which is xmin = [0.9167, 0.0833, 0], having mean m1 = 1.1667 (and variance
equal to 0.091667). Since for this case it holds I0 = I1 = {3}, I2 = {1}, and since
A(1) = 18.1819, B(1) = 12.7273, C(1) = 10.9091,and A(2) = 12.7451, B(2) =
5.2941, C(2) = 2.3529,(as one can easily verify), we get

m2B
(1) −A(1)

m2C(1) −B(1)
= 1,

m2B
(2) −A(2)

m2C(2) −B(2)
= 1.7778 and

m3B
(2) −A(2)

m3C(2) −B(2)
= 2.0476.

Thus we can subdivide the support of YU in the sets S1 = (−∞, 1], eS1 =
(1, 1.7778], S2 = (1.7778, 2.0476] and eS2 = (2.0476,+∞), obtaining the follow-
ing expression for XU (YU ):
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XU (YU ) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎛⎝ 10YU−10
10,9091YU−12,7273
0,9091YU−2,7273
10,9091YU−12,7273

0

⎞⎠ if YU ∈ S1,⎛⎝ 0
1
0

⎞⎠ if YU ∈ eS1,⎛⎝ 0
4,1176YU−8.4314
2.3529YU−5.2941−1,7647YU+3.1373
2.3529YU−5.2941

⎞⎠ if YU ∈ S2,⎛⎝ 0
0
1

⎞⎠ if YU ∈ eS2.
¥

Once we determined the mean mk for k=1,..., k, we have determined a
closed form solution for the efficient frontier, and the algorithm described in
the Appendix can be furthermore extended to the most general case analyzed
by Markowitz. In addition, we can easily determine the portfolio on the risky
efficient frontier that maximizes the Sharpe ratio E(x0Z)−z0√

x0Qx
when no short sales

are allowed (see Sharpe [20] and the references therein) and there are risky as-
sets with return mean greater than z0. As a matter of fact, when unlimited
short sales are allowed then the portfolio weights that maximize the Sharpe
ratio are given by ex = Q−1(μ−z0e)

B−z0C with mean m = A−z0B
B−z0C and dispersion

σ =

√
A−2Bz0+Cz20
B−Cz0 . Thus the portfolio that maximizes the Sharpe ratio when

no short sales are allowed should be either a tangent portfolio or a portfolio
corresponding to a kink. For it, recall that the "tangent" portfolio obtained
with the assets belonging to I − Ik is given by

v(k) =

¡
Q(k)

¢−1 ¡
μ(k) − z0e

(k)
¢

B(k) − z0C(k)
(k = 1, ..., k),

and it presents the Sharpe ratio

E(v0(k)Z)− z0q
v0(k)Qv(k)

=
q
A(k) − 2B(k)z0 + C(k)z20 .

This portfolio is on the k -th arc if E(v0(k)Z) =
A(k)−z0B(k)

B(k)−z0C(k) ∈ (mk,mk+1), other-
wise v(k) presents negative components. Let SRk denote the maximum Sharpe
ratio on the k -th arc, then

SRk =

⎧⎨⎩
p
A(k) − 2B(k)z0 + C(k)z20 if A(k)−z0B(k)

B(k)−z0C(k) ∈ (mk,mk+1)

max
³
mk−z0
σk

, mk+1−z0
σk+1

´
otherwise

,
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where σk is dispersion of the optimal portfolio with mean mk. Then the max-
imum Sharpe ratio is given by max

1<k≤k
(SRk) and the optimal portfolio weights

that maximize the Sharpe ratio should be the corresponding arguments.

4 Appendix
Proof of Theorem 1. In order to prove that FU and FL are not decreasing,
let us consider λ1 ≤ λ2. Thus

FU (λ1) = IP(x0U (λ1)Z ≤ λ1) ≤ IP(x0U (λ2)Z ≤ λ1) ≤ IP(x0U (λ2)Z ≤ λ2) = FU (λ2) ,

where the first inequality is a consequence of the definition of xU (λ1), while
the second inequality follows from the properties of every distribution function
(which is a non decreasing function). We see that FL is right continuous by
definition, and that FL is not decreasing if and only if Q(λ) is not decreasing.
Since,

Q (λ1) = IP(x0L(λ1)Z ≤ λ1) ≤ IP(x0L(λ1)Z ≤ λ2) ≤ IP(x0L(λ2)Z ≤ λ2) = Q (λ2) ,

we get that FL is a not decreasing function. In addiction, FU is right continuous
since if λn & λ0, we have that

FU (λ0) ≤ lim
n→+∞

FU (λn) = lim
n→+∞

IP(x0U (λn)Z ≤ λn) ≤
≤ lim

n→+∞
IP(x0U (λ0)Z ≤ λn) = FU (λ0) ,

where the first inequality is a consequence of the fact that FU is a non decreasing
function, the second inequality is due to the definition of xU (λn), while the final
equality follows from the properties of every distribution function (which is a
right continuous function). Hence, lim

n→+∞
FU (λn) = FU (λ0) .

From definition of a (or
∼
a), for every λ < a , we have FU (λ) = 0, and for every

λ > a (or
∼
a), it is FU (λ) > 0 (or FL (λ) > 0). Moreover, by right continuous

property it is also FU (a) ≥ 0 (or FL(
∼
a) ≥ 0). Similarly, from definition of b

(or
∼
b), for every λ < b (or

∼
b) we have FU (λ) < 1 (or FL (λ) < 1), and, from

definition of
∼
b for every λ >

∼
b , FL (λ) = 1. Considering the random portfolios

x0(b)Z, y0(
∼
b)Z, x0U (a)Z and x0L(

∼
a)Z, then

lim
λ→+∞

IP(x0L(
∼
b)Z ≤ λ) = lim

λ→+∞
IP(x0U (b)Z ≤ λ) = 1

and
0 = lim

λ→−∞
IP(x0L(

∼
a)Z ≤ λ) = lim

λ→−∞
IP(x0U (a)Z ≤ λ).

Thus, FU and FL are distribution functions. Finally, for every portfolio weight
vector x we get

FU (λ) ≤ IP(x0Z ≤ λ) ≤ FL(λ)

14
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for every λ and the inequality is strict for some λ. If we consider portfolio weights
that includes a weight for the riskless gross return z0, we have IP(z0 = z0) = 1
and for every λ < z0, IP(z0 ≤ λ) = 0. Then in this case FU (λ) = 0, which
implies that a ≥ z0. Similarly, for every λ > z0, IP(z0 ≤ λ) = 1 and FL(λ) = 1,

which implies that
∼
b ≤ z0. ¥

Proof of Theorem 2. Similar to the proof of Theorem 1. ¥

Proof of Corollary 1. Let us call f(t, μ(x0Z), σ2(x0Z), μ3(x0Z), ..., μk(x0Z))
the density of the portfolio x0Z valued in the point t. Then

IP((1− x0e)z0 + x0Z ≤ λ) =

=
λR
−∞

f(t, (1− x0e)z0 + x0E(Z), σ2(x0Z), μ3(x
0Z), ..., μk(x

0Z))dt

=

λ−(1−x0e)z0−μ(x0Z)
σ(x0Z)Z
−∞

f(u, 0, 1, μ3(x
0Z)

σ3(x0Z) , ...,
μk(x

0Z)
σk(x0Z) )du

since the parameters μi(x
0Z)

σi(x0Z) are scalar and translation invariant. Thus, when
there exists a portfolio with mean μ(x0Z) = (1− x0e)z0 + x0E(Z) greater than
λ, then all the portfolios that minimize IP((1 − x0e)z0 + x0Z ≤ λ) also max-
imize (1−x0e)z0+x0E(Z)−λ√

x0Qx
for some given ratios μi(x

0Z)
σi(x0Z) . Let us consider now a

portfolio weights ex, with components in the risky assets exi ≥ 0;Pn
i=1 exi ≤ 1

that minimizes the probability IP((1 − x0e)z0 + x0Z ≤ z0), and assume it has
mean eμ, and the other central moments eσ2, eμ3, ..., eμk. This portfolio maximizes
(1−x0e)z0+x0E(Z)−λ√

x0Qx
with λ = z0 for the fixed ratios

μ3(x
0Z)

σ2(x0Z)
. However, all the

portfolios (1 − αex0e)z0 + αex0Z, (with α ∈ (0, 1
n
i=1 xi

)) have portfolio weights
belonging to

S =
©
(x, 1− x0e) ∈ Rn+1 : x ∈ Rn; 1− x0e ≥ 0, xi ≥ 0

ª
have the same ratios μ3(x

0Z)
σ2(x0Z)

and maximize the Sharpe ratio x0(E(Z)−ez0)√
x0Qx

(see
Sharpe [20]). Hence they belong to arg inf IP((1− x0e)z0 + x0Z ≤ z0). ¥

Proof of Proposition 1. In any arc of the efficient frontier we can use the
analytical form deducted by the case in which short sales are allowed (see Bawa
[2] and Ortobelli and Rachev [15]). Since the efficient frontier does not present
kinks, we know that

xU (λ) =

(
λQ−1e−Q−1μ

λC−B if λ <
E(x0∗Z)B−A
E(x0∗Z)C−B

x∗ if λ ≥ E(x0∗Z)B−A
E(x0∗Z)C−B

,

while formulation of

FU (λ) =

λZ
−∞

1

C0(x0U (λ)QxU (λ))
1/2

g

µ
(t− x0U (λ)μ)

2

x0U (λ)QxU (λ)

¶
dt
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holds by the substitution of the mean and dispersion formulas

E(x0U (λ)z) =
λB −A

λC −B
and σ2(λ) = x0U (λ)QxU (λ) =

λ2C − 2λB +A

(λC −B)2
.

Thus, we can easily deduce the desired results. ¥

Proof of Theorem 3. In order to prove Theorem 3 we first need to explain
how one can compute recursively the values mk+1. For it, assume that mk is
known (see below on how to compute m1). The composition of the optimal
portfolio with mean mk+1 could change:
1. because some strictly positive components of the optimal portfolio weights
become null;
2. because some components of the optimal portfolio weights contribute to
minimize the dispersion becoming strictly positive.
As observed by Markowitz [11], [12] one can prosecute recalling that the

limits of each arc are determined by the constrains:

a) xi ≥ 0, i = 1, ..., n;
∂L
∂xi

= 0 if xi > 0 (i.e., for i ∈ I − Ik) and ∂L
∂xi
≥ 0 if xi = 0 (i.e., for i ∈ Ik),

where
L =

1

2
x0Qx− λ1 (x

0e− 1)− λ2 (x
0μ−m) .

Since the efficient portfolios could change their components that are strictly
positive, we want to know what components (among those strictly positive, i.e.,
i ∈ I − Ik) become null when the mean is mk+1. Thus from the constraints a)
we have that

mk+1 ≤ m−k+1 = min
i∈I−Ik

⎧⎨⎩ti > mk | ti =
B(k)

¡
Q(k)

¢−1
(i)

μ(k) −A(k)
¡
Q(k)

¢−1
(i)

e(k)

C(k)
¡
Q(k)

¢−1
(i)

μ(k) −B(k)
¡
Q(k)

¢−1
(i)

e(k)

⎫⎬⎭ ,

where
¡
Q(k)

¢−1
(i)
is the i-th row of the matrix

¡
Q(k)

¢−1
and ti is the mean de-

rived by equating to zero the portfolio weight xi as expressed in the Merton’s
formulation (5).
In order to get those new components of the optimal portfolio weights that
contribute to minimize the dispersion becoming strictly positive, we consider
the constraint b). In fact:
- from the condition ∂L

∂xi
= 0 ∀i ∈ I − Ik, we can calculate the Lagrangian

coefficients

λ1 =
A(k) −mB(k)

A(k)C(k) − ¡B(k)
¢2 and λ2 =

mC(k) −B(k)

A(k)C(k) − ¡B(k)
¢2

(this derivation follows because the expected returns are different for different
assets, see Vörös [22] and Dybvig [6]);
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- the conditions ∂L
∂xi
≥ 0, ∀i ∈ Ik, can be used to determine if an additional asset

has to be considered in optimal efficient frontier. As a matter of fact, we can
consider the partial derivatives ∂L

∂xi
, ∀i ∈ Ik, evaluated on an optimal portfolio

with mean belonging to [mk,mk+1]. It holds

∂L

∂xi
= Q(i)x− λ1 − λ2E(Zi) =

X
p∈I−Ik

σpixp − A(k) −mB(k)

A(k)C(k) − ¡B(k)
¢2−

− mC(k) −B(k)

A(k)C(k) − ¡B(k)
¢2E(Zi),

where xp =
C(k)(Q(k))

−1
(p)

μ(k)−B(k)(Q(k))
−1
(p)

e(k) m

A(k)C(k)−(B(k))
2 +

A(k)(Q(k))
−1
(p)

e(k)−B(k)(Q(k))
−1
(p)

μ(k)

A(k)C(k)−(B(k))
2

is determined by the Merton’s formulation (5) letting xi = 0 ∀i ∈ Ik. If the
i-th asset, i ∈ Ik, enters in the composition of the optimal portfolio when the
portfolio mean is given by m = mk+1, then it should be ∂L

∂xi
= 0. Thus we can

get the mean ti of this optimal portfolio by equating to zero ∂L
∂xi

, ∀i ∈ Ik, and
observing that
mk+1 ≤ m+

k+1 = mini∈Ik
{ti > mk /

ti =
A(k)−B(k)E(zi)+ p∈I−Ik

σpi B(k)(Q(k))−1
(p)

μ(k)−A(k)(Q(k))−1
(p)

e(k)

B(k)−C(k)E(zi)+ p∈I−Ik
σpi C(k)(Q(k))−1

(p)
μ(k)−B(k)(Q(k))−1

(p)
e(k)

)
Now we can set

mk+1 = min
©
m−k+1,m

+
k+1

ª
,

observing that if mk+1 = m−k+1 < m+
k+1 then Ik+1 = Ik ∪ I−k , where

I−k = arg

⎛⎝ min
i∈I−Ik

⎧⎨⎩ti > mk | ti =
B(k)

¡
Q(k)

¢−1
(i)

μ(k) −A(k)
¡
Q(k)

¢−1
(i)

e(k)

C(k)
¡
Q(k)

¢−1
(i)

μ(k) −B(k)
¡
Q(k)

¢−1
(i)

e(k)

⎫⎬⎭
⎞⎠ ,

while, if mk+1 = m+
k+1 < m−k+1, then Ik+1 = Ik − I+k where

I+k = arg

µ
min
i∈Ik

{ti > mk /

ti =
A(k)−B(k)E(zi)+ p∈I−Ik

σpi B(k)(Q(k))
−1
(p)

μ(k)−A(k)(Q(k))
−1
(p)

e(k)

B(k)−C(k)E(zi)+ p∈I−Ik
σpi C(k)(Q(k))

−1
(p)

μ(k)−B(k)(Q(k))
−1
(p)

e(k)

)!
.

In the particular case that mk+1 = m+
k+1 = m−k+1 then we consider eIk+1 =

Ik − I+k and we define

em−k+1 = min
i∈I−Ik+1

⎧⎪⎪⎨⎪⎪⎩ti ≥ mk+1 | ti =
gB(k)

³gQ(k)´−1
(i)

gμ(k) −gA(k) ³gQ(k)´−1
(i)

ge(k)
gC(k) ³gQ(k)´−1

(i)

gμ(k) − gB(k)
³gQ(k)´−1

(i)

ge(k)
⎫⎪⎪⎬⎪⎪⎭ ,

where gQ(k), gμ(k), ge(k), are, respectively, the matrix or vectors obtained elimi-
nating every ik-th row and every ik-th column, ∀ik ∈ eIk+1, in the matrix Q
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and in the vectors μ and e, respectively, while the values gA(k), gB(k), gC(k) are
defined in the usual way from the matrix gQ(k) and the vectors gμ(k) and ge(k)
(observe that the matrix gQ(k) is dimensionally greater than matrix Q(k), since
it considers the aport of the new components in the optimal portfolios). Now,
it could be that em−k+1 > mk+1; in this case we set Ik+1 = eIk+1. Otherwise we
assign mk+1 = em−k+1 and Ik+1 = eIk+1 ∪ eI−k , whereeI−k = arg

Ã
min

i∈I−Ik+1

(
ti ≥ mk+1 | ti =

B(k) Q(k)
−1

(i)
μ(k)−A(k) Q(k)

−1

(i)
e(k)

C(k) Q(k)
−1

(i)
μ(k)−B(k) Q(k)

−1

(i)
e(k)

)!
.

Then the set Ik+1 is given by

Ik+1 =

⎧⎪⎪⎨⎪⎪⎩
Ik ∪ I−k if mk+1 = m−k+1 < m+

k+1

Ik − I+k if mk+1 = m+
k+1 < m−k+1

Ik − I+k if mk+1 = m+
k+1 = m−k+1 < em−k+1¡

Ik − I+k
¢ ∪ eI−k if mk+1 = m+

k+1 = m−k+1 = em−k+1 .
Considering that the efficient frontier of non satiable risk averse investors is
bounded from below by the global minimum dispersion portfolio, and from
above by risky return with the greatest mean, then we can determine the efficient
frontier with the following recursive algorithm.
Step 1 First we determine the global minimum dispersion portfolio xmin =
[xmin1 , ..., xminn ] of the efficient frontier, which is the solution of the system

minx x
0Qx

subject to
xi ≥ 0; x0e = 1.

Let Imin =
©
i ⊆ I = {1, 2, ..., n} ¯̄ xmini = 0

ª
denotes the set of the null compo-

nents of xmin, and let imin denotes the elements of Imin. We can easily compute:
— the dispersion matrix Q(min) obtained eliminating every imin-th row and every
imin-th column from Q, for all imin ∈ Imin;
— the vectors e(min), x(min) and μ(min), obtained eliminating every imin-th ele-
ment from e = [1, ..., 1]0, x = [x1, ..., xn]

0 and μ = E(Z);
— the values

A(min) =
¡
μ(min)

¢0 ¡
Q(min)

¢−1
μ(min),

B(min) =
¡
e(min)

¢0 ¡
Q(min)

¢−1
μ(min) and C(min) =

¡
e(min)

¢0 ¡
Q(min)

¢−1
e(min);

— the mean of the global minimum dispersion portfolio, which is given by m1 =
B(min)

C(min) .

Since we do not know if xmin is associated or not to a switching point, we have
to compute the portfolio weights ey(1) solution of the problem

minx x
0Qx

subject to
xi ≥ 0; x0e = 1, x0μ = m1 + ε.
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for an opportune little ε > 0. As a consequence, we get I1 =
n
i ∈ I

¯̄̄ey(1)i = 0
o
.

Clearly, the global minimum portfolio is a point where the optimal portfolio
weights change its components only if I1 6= Imin. ¦
Step 2 Once we know I1, then we should calculate m2 = min

©
m−2 ,m

+
2

ª
as

mentioned above. The portfolio weights of the first arc that are given, for
m ∈ (m1,m2], by

x(1) =

³
C(1)

¡
Q(1)

¢−1
μ(1) −B(1)

¡
Q(1)

¢−1
e(1)

´
m

A(1)C(1) − ¡B(1)
¢2 +

+
A(1)

¡
Q(1)

¢−1
e(1) −B(1)

¡
Q(1)

¢−1
μ(1)

A(1)C(1) − ¡B(1)
¢2 ,

where Q(1), μ(1), e(1), are respectively the matrix and vectors obtained elimi-
nating every i1-th row and every i1-th column ∀i1 ∈ I1 in the matrix Q and
in the respective vectors, while the values A(1), B(1), C(1) are obtained by the
matrix Q(1), and vectors μ(1), e(1). In the case I1 6= Imin, then A(1), B(1), C(1)

are generally different by A(min), B(min) and C(min). The new set of the new null

components is given by I2 =

⎧⎪⎪⎨⎪⎪⎩
I1 ∪ I−1 if m2 = m−2 < m+

2

I1 − I+1 if m2 = m+
2 < m−2

I1 − I+1 if m2 = m+
2 = m−2 < em−2¡

I1 − I+1
¢ ∪ eI−1 if m2 = m+

2 = m−2 = em−2 . ¦
Step 3 We can proceed in the same way in order to find the other arcs of the
efficient frontier, until, after a finite number k of recursive steps, we arrive at
the last portfolio of the Markowitz-Tobin efficient frontier, that corresponds to
the asset with the greatest expected return Zn (since the vector of returns Z is
ordered in the sense of the mean, i.e. E(Z1) < E(Z2) < ... < E(Zn)). This part
of the efficient frontier represents the non-satiable risk averse investors’ choices.
If the portfolio with the greatest mean is also the portfolio with the greatest
dispersion then the efficient choices of non-satiable investors are the same choices
of non-satiable risk averse investors, otherwise we need to compute the arcs with
maximum dispersion using Bawa’s algorithm in order to get optimal choices of
non-satiable investors who are not necessarily risk averse. ¦
Once the meansmk and the sets Ik are known, it is possible to get the analytical
formulation for XU (YU ) and FU . In fact, when returns are elliptically and

unbounded distributed then every portfolio xU (λ) ∈ arg
µ
inf
y∈S

IP(y0z ≤ λ)

¶
is

on the non-satiable efficient frontier and, for each mean-dispersion arc, it holds

x(k)(λ) =
λ(Q(k))

−1
e(k)−(Q(k))

−1
μ(k)

λC(k)−B(k) with mk(λ) =
λB(k)−A(k)

λC(k)−B(k) (see Ortobelli and

Rachev [15]). Thus, λ as function of the mean is given by λ(m) = mB(k)−A(k)

mC(k)−B(k) .
Therefore:
xj(λ) = 0, ∀j ∈ Imin and xi(λ) = x

min
i , ∀i ∈ I − Imin , when λ ≤ m1B

(1)−A(1)

m1C(1)−B(1)

(if I1 6= Imin);
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xj(λ) = 0, ∀j ∈ I1 and xi(λ) =
λ(Q(1))

−1
(i)

e(1)−(Q(1))
−1
(i)

μ(1)

λC(1)−B(1) ∀i ∈ I − I1

for m1B
(1)−A(1)

m1C(1)−B(1) < λ ≤ m2B
(1)−A(1)

m2C(1)−B(1) , (or for λ ≤ m2B
(1)−A(1)

m2C(1)−B(1) , if I1 = Imin)

and, for every 2 ≤ k < k,
xj(λ) =ex(k)j when mkB

(k−1)−A(k−1)

mkC(k−1)−B(k−1) < λ ≤ mkB
(k)−A(k)

mkC(k)−B(k) ;

xj(λ) = 0, ∀j ∈ Ik and xi(λ) =
λ(Q(k))−1

(i)
e(k)−(Q(k))−1

(i)
μ(k)

λC(k)−B(k) ∀i ∈ I − Ik

for mkB
(k)−A(k)

mkC(k)−B(k) < λ ≤ mk+1B
(k)−A(k)

mk+1C(k)−B(k) .
If the portfolio with the greatest mean is also the portfolio with the greatest
dispersion, then the last step is given by:

xj(λ) = 0, ∀j < n and xn(λ) = 1 when λ ≥ mkB
(k)−A(k)

mkC
(k)−B(k)

, where mk = E(Zn).

Otherwise we have that in any maximum dispersion arc

xj(λ) = 0, ∀j ∈ Jp and xi(λ) =
λ
¡
Q(p)

¢−1
(i)

e(p) − ¡Q(p)¢−1
(i)

μ(p)

λC(p) −B(p)
∀i ∈ I − Jp

when mpB
(p)−A(p)

mpC(p)−B(p) < λ ≤ mp+1B
(p)−A(p)

mp+1C(p)−B(p) , and

x(λ) =exmp if
mpB

(p−1) −A(p−1)

mpC(p−1) −B(p−1) < λ ≤ mpB
(p) −A(p)

mpC(p) −B(p)
.

In this last case after p∗ steps we arrive to the j∗-th risky return with the
greatest dispersion. Thus the last step is given by

xj(λ) = 0, ∀j 6= j∗ and xj∗(λ) = 1

when λ ≥ m∗B(t)−A(t)

m∗C(t)−B(t) , wherem
∗ = E(Zj∗). Observe that intervals

mpB
(p)−A(p)

mpC(p)−B(p) <

λ ≤ mp+1B
(p)−A(p)

mp+1C(p)−B(p) do never intersect with the others (see Bawa [1] and Ortobelli
and Rachev [15]). Thus, from definition of xU (λ), and similarly as we did in the
proof of Proposition 1, we get the expression of XU (YU ) and of the distribution
function of preferential market growth stated in the assertion. ¥
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POINTWISE APPROXIMATION BY THE
GENERALIZATION OF PICARD AND

GAUSS-WEIERSTRASS SINGULAR INTEGRALS

ALI ARAL

Abstract. In a recent generalization of Picard and Gauss - Weier-
strass singular integrals, obtained as exponential functions replace by
the q-exponential functions, are de�ned as depending on the q-parameter
where 0 < q < 1 and it is called q-Picard and q-Gauss-Weierstrass
singular integrals (see [3]). This adds �exibility on the approximation
properties of these operators that is, as depending on choosing the pa-
rameter q; the rate of convergence of these operators in Lp-norm and
weighted Lp-norm is better than the classical case while retaining their
basic properties. In this paper, as a continuation of the previous paper
[3], we �rst study the pointwise approximation properties in the polyno-
mial weighted space by the q-Picard and q�Gauss-Weierstrass singular
integrals. Then, we deduce Voronovskaya type theorems related to the
second q-derivatives of a function exists in any point.

1. Introduction and notations

Recently the author [3] introduced the generalization of the well known
Picard and Gauss-Weierstrass singular integrals (their di¤erent generaliza-
tion and basic properties are explained widely in Anastassiou and Gal�s book
[2]) via the q-exponential functions. Research results show that they possess
good convergence and approximation properties on Lp (R) and weighted-
Lp;m (R). Brie�y we recall these constructions by replacing [�]q with 1= [�]q.
For a real valued function f , the q-generalization of Picard and Gauss-
Weierstrass singular integrals of f are introduced in [3] and de�ned as

P� (f ; q; x) � P� (f ; x) :=
[�]q (1� q)
2 ln q�1

1Z
�1

f (x+ t)

Eq

�
[�]q (1� q) jtj

�dt (1.1)

and

W� (f ; q; x) �W� (f ; x) :=

q
[�]q

�
�
q1=2; q

�
1=2

1Z
�1

f (x+ t)

Eq

�
[�]q t

2
�dt; (1.2)

for 0 < � <1 and 0 < q < 1.

1991 Mathematics Subject Classi�cation. Primary 41A25, 41A35; Secondary 41A17.
Key words and phrases. Picard and Gauss-Weierstrass Singular Integrals, q-

Exponential Function, q-Derivative, Voronovskaya Type Theorem.
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2 ALI ARAL

Now, we collect some well known de�nitions and formulas for the q-
calculus used throughout the paper. For q > 0; q-number is

[�]q =

(
1�q�
1�q ; q 6= 1
�; q = 1

for all nonnegative �: If � is an integer, i.e. � = n for some n; we write [n]q
and call it q�integer. Also, we de�ne a q�factorial as

[n]q! =

�
[n]q [n� 1]q � � � [1]q ; n = 1; 2; :::

1 n = 0:
:

For integers 0 � k � n; the q-binomial coe¢ cients are given by�
n
k

�
q

=
[n]q!

[k]q! [n� k]q!
:

Furthermore, the q-extension of exponential function ex is

Eq (x) :=
1X
n=0

q
n(n�1)

2

(q; q)n
xn = (�x; q)1 ; (1.3)

where (a; q)n =
nQ
k=0

�
1� aqk

�
and (�x; q)1 =

1Q
k=0

�
1 + xqk

�
: More details

on these can be found in the monograph [9] by G. Gasper and M. Rahman
and [8] by T. Ernst.
Following two integrals will play an important role throughout the paper.

For 0 < q < 1, the �rst integral, called the q-extension of Euler integral
representation for the gamma function given in [6] and [1] that we use to
de�ne the q-Picard singular integral, is

cq (x) �q (x) =
1� q
ln q�1

q
x(x�1)

2

1Z
0

tx�1

Eq ((1� q) t)
dt ; Rx > 0 (1.4)

where �q (x) is the q-gamma function de�ned by

�q (x) =
(q; q)1
(qx; q)1

(1� q)1�x ; 0 < q < 1

and cq (x) satis�es the following conditions:

(1) cq (x+ 1) = cq (x)
(2) cq (n) = 1; n = 0; 1; 2; :::
(3) lim

q!1�
cq (x) = 1:

When x = n+ 1 with n a non-negative integer, we obtain

�q (n+ 1) = [n]q!: (1.5)
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PICARD AND GAUSS-WEIERSTRASS SINGULAR INTEGRALS 3

The second integral that we use to de�ne the q-Gauss-Weierstrass singular
integral and is given in [7] is

1Z
�1

t2k

Eq (t2)
dt = �

�
q1=2; q

�
1=2
q�

k2

2

�
q1=2; q

�
k
; k = 0; 1; 2::: (1.6)

where

(a; q)� =
(a; q)1
(aq�; q)1

for any real number �:
We denote by Lp;m (R) the linear space of p-absolutely integrable func-

tions on R with respect to the weight function ! (x) =
�
1 + x2m

��1 with
the norm

kfkp;m :=

8>><>>:
�R
R

��� f(t)
1+t2m

���p dt� 1
p

<1 for 1 � p <1:

sup
t2R

jf(t)j
1+t2m

for p =1

Our aim to present new approximation properties of the operators de�ned
in (1.1) and (1.2). First we deal with the pointwise estimation of the rate of
convergence of these approximation processes under the condition that the
approximating function satisfy the some smoothness conditions at a �xed
point. We note that another generalization of Gauss-Weierstrass singular
integral, called �-Gauss Weierstrass singular integral, in which the kernel
depends on nonisotropic distance de�ned in [4] and [5] , and some point-
wise approximation results in Lp and exponential weighted-Lp spaces are
investigated. The results show that the pointwise order of convergence does
not change depending on nonisotropic distance. However, we show that the
pointwise order of convergences in the polynomial weighted space Lp;m (R)
of our operators can be made better depending on the selection of q. Sec-
ond, we prove that a Voronovskaya type theorems for twice q-di¤erentiable
functions in L1;m (R). As a particular case, we obtain the theorems for
twice di¤erentiable functions in L1;m (R). These theorems show that for
our operators de�ned by (1.1) and (1.2) pointwise convergence speed is at
least so faster than classical case.

2. Pointwise Approximation

Principal step in this section is the integral inequality given in the follow-
ing lemma connected with �-Hardy-Littewood maximal function.
For g 2 L [0; 1) (integrable function on [0; 1) ) and x 2 R, we de�ne

following �-Hardy-Littewood maximal function (see [12, pp. 62])

M� (g) (x) := sup
t>0

1

� (t)

tZ
0

jg (z � x)j dz;
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4 ALI ARAL

where � (t) is a nondecreasing function on (0;1) such that
� (t)! 0 as t! 0 and � (t)!1 as t!1 (2.1)

Lemma 1. Let g 2 L [0; 1) and � 2 Lloc. If positive decreasing function
� de�ned on (0;1) satis�es the condition

� (t)� (t)! 0 as t! 0 and t!1; (2.2)

then we have
1Z
0

jg (x)j� (x) dx �M� (g) (0)

1Z
0

� (x)�
0
(x) dx:

Proof. Let U (x) =
xR
0

jg (t)j dt. By the method of integration by parts, we
get

1Z
0

jg (x)j� (x) dx =

1Z
0

� (x) dU (x)

= lim
x!1

� (x)U (x) +

1Z
0

U (x) d (�� (x)) :

De�nition of M� shows that

U (x) �M� (g) (0)� (x) :

This inequality, the condition (2.2) and the fact that � is a decreasing func-
tion imply that
1Z
0

jg (x)j� (x) dx � M� (g) (0)

1Z
0

� (x) d (�� (x))

� M� (g) (0)

0@ lim
x!1

� � (x)� (x) +
1Z
0

� (x)�
0
(x) dx

1A :
Using again (2.2) we have desired result. �
Corollary 1. Suppose that the assumptions of Lemma 1 is satis�ed and
x0 2 R. Then we have

1Z
0

jg (x� x0)j� (x) dx �M� (g) (x0)

1Z
0

� (x)�
0
(x) dx:

Theorem 1. Let be q� 2 (0; 1) such that q� ! 1 as � ! 1: Suppose that
for every � > 0

� (t)

Eq

�
[�]q� (1� q�) t

� ! 0 as t! 0 and t!1 (2.3)
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and

�1q� (�) =
[�]q� (1� q�)

ln q�1�

1Z
0

�
0
(t)

Eq

�
[�]q� (1� q�) t

�dt! 0; as �!1 (2.4)

where � (t) is de�ned as in (2.1). If f 2 Lp; m (R) with some 1 � p < 1
and positive integer m and also for some � > 0 and �xed point x0 2 R

sup
0<�<�

1
�(�)

Z
jtj<�

jf (t� x0) + f (t+ x0)� 2f (x0)j
1 + t2m

dt = A� (x0) <1; (2.5)

then we have

jP� (f; q�; x0)� f (x0)j = O
�
�1q� (�)

�
; as �!1:

Proof. Let x0 satisfy (2.5) for f 2 Lp; m (R) and choose � > 0: Then

jP� (f; q�; x0)� f (x0)j �
[�]q� (1� q�)

ln q�1�

1Z
0

jf (x0 � t) + f (x0 + t)� 2f (x0)j
Eq

�
[�]q� (1� q�) t

� dt

=

�Z
0

� � �+
1Z
�

� � �

= I1 + I2:

We estimate, below, I1and I2.
For I1; we introduce the function g de�ned by

g (t� x0) =
(

f(x0�t)+f(x0+t)�2f(x0)
1+t2m

0 � t < �
0 � � t <1

:

Since 1=Eq
�
[�]q� (1� q�) t

�
is decreasing on (0; 1) then we have from (2.3)

and Corollary 1

I1 �
[�]q� (1� q�)

ln q�1�

1Z
0

jg (t� x0)j
1 + �2m

Eq

�
[�]q� (1� q�) t

�dt
�

�
1 + �2m

�
A� (x0)

[�]q� (1� q�)
ln q�1�

1Z
0

�
0
(t)

Eq

�
[�]q� (1� q�) t

�dt
= O

�
�1q� (�)

�
; as �!1: (2.6)
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6 ALI ARAL

Now we consider I2: Applying Hölder�s inequality with 1
p +

1
s = 1; then we

have

I2 � 2 jf (x0)j
[�]q� (1� q�)

ln q�1�

1Z
0

�� (t)
dt

Eq�

�
[�]q� (1� q�) t

�
+22m

�
1 + x2m0

�
kfkp; m

[�]q� (1� q�)
ln q�1�







�� 1 + t2m

Eq

�
[�]q� (1� q�) t

�







s; m

;(2.7)

where �� is the characteristic function of the interval [�; 1) :
Since lim

q!1
Eq ((1� q) t) = et (see [9, pp.9, (1.3.16)]) we apply Lebesgue

Dominated Convergence theorem, the �rst term of above inequality satis�es

[�]q� (1� q�)
ln q�1�

1Z
0

�� (t)
dt

Eq�

�
[�]q� (1� q�) t

� =
(1� q�)
ln q�1�

1Z
�[�]q�

dt

Eq� ((1� q�) t)

! 0 as �!1: (2.8)

For the second term in (2.7), we get

[�]q� (1� q�)
ln q�1�







�� 1 + t2m

Eq�

�
[�]q� (1� q�) t

�







s; m

=
[�]q� (1� q�)

ln q�1�

0B@1Z
�

1 + t2m

Eq�

�
[�]q� (1� q�) t

�
24 1 + t2m

Eq�

�
[�]q� (1� q�) t

�
35 s
p

1CA
1
s

�

24sup
t>�

1 + t2m

Eq�

�
[�]q� (1� q�) t

�
35 1
p
[�]q� (1� q�)

ln q�1�







�� 1 + t2m

Eq�

�
[�]q� (1� q�) t

�







1
s

1

;

where kfk1 =
R
R jf (x)j dx:

As in (2.6) the right hand side of above inequality tends to 0 as �!1:
Thus we have

I2 ! 0 as �!1: (2.9)

From (2.6) and (2.9), the proof of Theorem 1 is completed. �

Similarly we can prove the following theorem for the operator W� (f; �)

Theorem 2. Let be q� 2 (0; 1) such that q� ! 1 as � ! 1. Suppose that
for every � > 0

� (t)

Eq

�
[�]q� t

2
� ! 0 as t! 0 and t!1
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and

�2q� (�) =

q
[�]q�

�
�
q
1=2
� ; q�

�
1=2

1Z
0

�
0
(t)

Eq�

�
[�]q� t

2
�dt! 0; as �!1

where � (t) is de�ned as in (2.1). If f 2 Lp; m (R) with some 1 � p < 1
and positive integer m and also for some � > 0 and a �xed point x0 2 R

sup
0<�<�

1
�(�)

Z
jtj<�

jf (t� x0) + f (t+ x0)� 2f (x0)j
1 + t2m

dt = A� (x0) <1;

then we have

jW� (f; q�; x0)� f (x0)j = O
�
�2q� (�)

�
; as �!1:

Example 1. When � (t) = t�+1; � > 0 from (2.4) and (1.4) it follows that

�1q� (�) =
cq� (�+ 1)�q� (�+ 1)

q
�(�+1)

2

(�+ 1)

[�]�q�

which from the property (3) tends to 0 for q� ! 1 as � ! 1: As a depend
of choosing q� this speed can be better (see [3]).

3. Axillary results

We will give here some properties of the operators (1.1) and (1.2). In the
classical case similar theorem for exponential weighted space given in [10].

Lemma 2. ([3]) If f 2 Lp; m (R) for some 1 � p < 1 and positive integer
m, then

kP� (f; q; �)kp; m � A (�; q;m) kfkp; m
and

kW� (f; q; �)kp; m � B (�; q;m) kfkp; m
for 0 < q < 1 and 0 < � <1; where

A (�; q;m) = 22m�1

 
1 +

[2m]q!

[�]2mq qm(2m+1)

!
and

B (�; q;m) = 22m�1

0@1 + q�m2

2

�
q1=2; q

�
m

[�]mq

1A
Following lemma follows immediately from the de�nitions (1.1)-(1.6).
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8 ALI ARAL

Lemma 3. For x 2 R and 0 < q < 1 , the operators P� and W� satisfy the
relations
P� (1; x) = 1; W� (1; x) = 1;
P� (t; x) = x; W� (t; x) = x;

P�
�
t2; x

�
= x2 +

[2]q
[�]2qq

3
; W�

�
t2; x

�
= x2 +

q�
1
2

�
q
1
2 ; q

�
1

[�]q
;

P�
�
t3; x

�
= x3 +

3[2]q
[�]2qq

3
x; W�

�
t3; x

�
= x3 +

3q�
1
2

�
q
1
2 ; q

�
1

[�]q
x;

P�
�
t4; x

�
= x4 +

6[2]q
[�]2qq

3
x2 +

[4]q !

[�]4qq
10
; W�

�
t4; x

�
= x4 +

6q�
1
2

�
q
1
2 ; q

�
1

[�]q
x2

+
q�2

�
q
1
2 ; q

�
2

[�]2q
:

Lemma 4. Let be q� 2 (0; 1) such that q� ! 1 as �!1: Suppose that x0
is a �xed point in R and h 2 L1; m (R). If

lim
(t; q�)!(x0; 1)

h (t; x0; q�) = 0 (3.1)

then
lim
�!1

P� (h (t; x0; q�) ; q�; x0) = 0:

Proof. Let " > 0 and the constant A (�; q�;m) be as in Lemma 2. Then
from (3.1) and properties of h (t; x0; q�) there exist positive constants
� � �(";A); bq� 2 (0; 1) and M such that�

1 + t2m
��1 jh (t; x0; q�)j < "

2A (�; q�;m)
(3.2)

holds for jt� x0j < � and all q� 2 (bq�; 1) ; and�
1 + t2m

��1 jh (t; x0; q�)j �M (3.3)

for t 2 R:
Also we can write�

1 + x2m0
��1 jP� (h (t; x0; q�) ; q�; x0)j

�
�
1 + x2m0

��1
[�]q� (1� q�)

2 ln q�1�

1Z
�1

jh (t; x0; q�)j
Eq�

�
[�]q� (1� q�) jt� x0j

�dt
�
�
1 + x2m0

��1
[�]q� (1� q�)

2 ln q�1�

0B@ Z
� � �

jt�x0j<�

+

Z
� � �

jt�x0j��

1CA
= I1 + I2:

From (3.2), (1.4) and (1.5) we have

I1 < 2
2m�1

 
1 +

[2m]q!

[�]2mq qm(2m+1)

!
"

2A (�; q�;m)
=
"

2
:
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Moreover, by using (3.3) we get

I2 =

�
1 + x2m0

��1
[�]q� (1� q�)

2 ln q�1�

Z
jt�x0j��

jh (t; x0; q�)j
Eq�

�
[�]q� (1� q�) jt� x0j

�dt
�

�
1 + x2m0

��1
[�]q� (1� q�)

2 ln q�1�
M

Z
jt�x0j��

1 + t2m

Eq�

�
[�]q� (1� q�) jt� x0j

�dt:
Using the inequality

1 + t2m � 22m�1
�
1 + (t� x0)2m

� �
1 + x2m0

�
;

(1.4) and (1.5), we get

I2 �
22m�1 [�]q� (1� q�)

2 ln q�1�

M

�2

Z
jt�x0j��

h
1 + (t� x0)2m

i
(t� x0)2

Eq�

�
[�]q� (1� q�) jt� x0j

�dt
� 22m�1

M

�2
1

[�]2q�

 
[2]q�
q3�

+
1

[�]2mq�

[2m+ 2]q� !

q
(m+1)(2m+3)
�

!
:

Thus, for �xed positive numbers "; �; M and x0 2 R there exists positive
real number �0; depending on "; � and M such that

I2 <
"

2
for all � > �0;

i.e lim
�!1

P� (h (t; x0; q�) ; q�; x0) = 0: This completes the proof of lemma

4. �
Lemma 5. Let be q� 2 (0; 1) such that q� ! 1 as �!1: Suppose that x0
is a �xed point in R and h 2 L1; m (R). If

lim
(t; q�)!(x0; 1)

h (t; x0; q�) = 0

then
lim
�!1

W� (h (t; x0; q�) ; q�; x0) = 0:

4. Voronovskaya type theorems

In this section we give an asymptotic formula of Voronovskaya type for
the generalized operators de�ned by (1.1) and (1.2). We know that the
Voronovskaya type asymptotic formula provides an exhaustive description of
the speed of pointwise convergence of the considered operators. We will show

that this asymptotic expression of the type P� (f; q�; x)�f (x) = O
�

1
[�]2q�

�
for every x 2 R assuming that the second q�derivative of f exists at such
a point. From this result we say that the speed of pointwise convergence of
P� (f; q�; x) to f (x) is 1

[�]2q�
thus, can be better depending of choosing of
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10 ALI ARAL

q� and which results in higher speed rate than the classical case in which
the rate is 1

�2
. Similar situation exists for the operator W� (f ; �).

We recall that the q�derivative operator Dq is given by

(Dqf) (x) :=
f (qx)� f (x)
(q � 1)x ; x 6= 0

and (Dqf) (0) := f 0 (0).
Higher q�derivatives are

D0qf := f; Dnq f := D
�
Dn�1q f

�
; n = 1; 2; 3; : : : :

Note that

lim
q!1

�
Dnq f

�
(x)) = f (n) (x) ; n = 1; 2; 3; : : : : (4.1)

if f is n times di¤erentiable.

Theorem 3. Let q� 2 (0; 1) such that q� ! 1 as � ! 1: Suppose that
f and its �rst and second q-derivatives belong to L1;m (R) :Then for every
�xed x 2 R we have

lim
�!1

[�]2q� (P� (f; q�; x)� f (x)) = lim
q�!1

D2q�f (x) :

Proof. Let x0 be a �xed point in R. By the q-Taylor formula (see [11, thm 5.2])
we have

f (t) = f (x0) +Dq�f (x0) (t� x0) +
1

[2]q�
D2q�f (x0) (t� x0) (t� q�x0)

+' (t; x0; q�) (t� x0) (t� q�x0) ; (4.2)

where ' (t; x0; q�) � ' (t) 2 Lq�; m (R) and

lim
(t; q�)!(x0; 1)

' (t; x0; q�) = 0:

From (4.2) and (1.1) we get

P� (f; q�;x0)� f (x0) = Dq�f (x0)P� (t� x0; q�;x0)

+
1

[2]q�
D2q�f (x0)P� ((t� x0) (t� q�x0) ; q�;x0)

+P� (' (t) (t� x0) (t� q�x0) ; q�;x0) :

Using Lemma 3 we obtain

P� (f; q�;x0)� f (x0) =
1

[�]2q� q
3
�

D2q�f (x0) + P� (' (t) (t� x0) (t� q�x0) ; q�;x0)

=
1

[�]2q� q
3
�

D2q�f (x0) + P�
�
' (t) (t� x0)2 ; q�;x0

�
+x0 (1� q�)P� (' (t) (t� x0) ; q�;x0) : (4.3)
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From the Hölder inequality, we can write���[�]2q� P� �' (t) (t� x0)2 ; q�;x0���� � �P� �'2 (t) ; q�x0��1=2
�
�
[�]2q� P�

�
(t� x0)4 ; q�;x0

��1=2
(4.4)

and ���x0 (1� q�) [�]2q� P� (' (t) (t� x0) ; q�;x0)���
� x0

�
(1� q�)2 [�]4q� P�

�
(t� x0)2 ; q�;x0

��1=2
�
�
P�
�
'2 (t) ; q�;x0

��1=2
(4.5)

The function h (t; x0; q�) = '2 (t; x0; q�), t � 0; satis�es the conditions of
Lemma 4; therefore

lim
�!1

P�
�
'2 (t) ; q�;x0

�
= 0: (4.6)

Also using Lemma 3 we easily show that

P�

�
(t� x0)4 ; q�;x0

�
=

[4]q� !

[�]4q� q
10
�

and

P�

�
(t� x0)2 ; q�; x0

�
=

[2]q�
[�]2q� q

3
�

:

Thus using these equalities we obtain

lim
�!1

[�]4q� P�

�
(t� x0)4 ; q�;x0

�
= 4! (4.7)

and

lim
�!1

(1� q�)2 [�]4q� P�
�
(t� x0)2 ; q�;x0

�
= lim

�!1

[2]q�
q3�

(1� q�)2 [�]2q�

= 2 lim
�!1

�
1� q��

�2
= C; (4.8)

where 0 � C < 2: Combining (4.8), (4.7), (4.6), (4.5) and (4.4) we have

lim
�!1

[�]2q� P�

�
' (t) (t� x0)2 ; q�;x0

�
= 0

and
lim
�!1

x0 (1� q�) [�]2q� P� (' (t) (t� x0) ; q�;x0) = 0

From these equalities and (4.3) we have the desired result. �

In a similar fashion, using Theorem 3 and Lemma 5 we can prove the
following Voronovskaya theorem for the operator W� (f ; �) :
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Theorem 4. Let q� 2 (0; 1) such that q� ! 1 as � ! 1: Suppose that f
and its �rst and second q-derivatives belong to L1; m (R) : Then, for every
�xed x 2 R, we have

lim
�!1

[�]q� (W� (f; q�; x)� f (x)) = lim
q�!1

D2q�f (x) :

From (4.1) and in view of Theorem 3 and Theorem 4 we obtain following
immediate results.

Corollary 2. Let q� 2 (0; 1) such that q� ! 1 as � ! 1: Suppose that f
and its �rst and second q-derivatives belong to L1; m (R) : Then, for every
�xed x 2 R, we have

lim
�!1

[�]2q� (P� (f; q�; x)� f (x)) = f
00
(x) :

Corollary 3. Let q� 2 (0; 1) such that q� ! 1 as � ! 1: Suppose that
f and its �rst and second derivatives belong to L1; m (R) : Then, for every
�xed x 2 R, we have

lim
�!1

[�]q� (W� (f; q�; x)� f (x)) = f
00
(x) :
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REMARKS ON BROWDER AND PROLLA TYPE BEST
APPROXIMATION PROBLEM

HEMANT KUMAR NASHINE AND RITU SHRIVASTAVA

Abstract. The aim of this paper is to present improved and extended

version of the Browder and Prolla type best approximation and coinci-
dence points problem by using relative almost p-quasiconvex map. Some

important remarks are given as consequences.

1. INTRODUCTION

The well known best approximation theorem of Ky Fan [4] has been of
great importance in Nonlinear analysis, approximation theory, mininmax the-
ory, game theory, fixed point theory, and variational inequalities. Interesting
extensions have been given by several researchers and variety of applications
has also been given by a number of authors. For detail see [13].

One of the most interesting extensions were given by Prolla [11] for a pair
of functions. Several extensions of Prolla’s theorem have been given, and its
application in fixed point theory, approximation and coincidence theory are
also given by many authors. Most of the celebrated fixed point theorems in
the field of nonlinear analysis were proved for the mappings whose domain and
range were same(see [10]). The importance of Ky Fan’s best approximation
theorem [4] has attracted the analysts because many of these celebrated fixed
point theorems were obtained under weaker assumption with the help of Ky
Fan’s theorem. Motivated by those new results, Park [9] generalize, improve
and unify several existing Fan or Prolla type best approximation theorems for
single- valued maps and applied them to get existence theorem of fixed or co-
incidence points.

On the other hand, Sehgal and Singh [12] applied KKM principle to obtain
a theorem on the best approximation of a continuous function with respect to
a p-affine type map. This result provides extensions of some well-known fixed
point theorems of Browder [1] and many others.

Recently, Chen and Park [2] unify and extend the Browder type best ap-
proximation result of Sehgal and Singh [12, Theorem 5], and Prolla type best
approximation and coincidence point problem of Park [9] and many others.

1991 Mathematics Subject Classification. Primary 47H10, Secondary 54H25.
Key words and phrases. Convex space, inward set, almost p-quasiconvex map, relative

almost p-quasiconvex map, topological vector space, seminormed sapce.
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2 HEMANT KUMAR NASHINE AND RITU SHRIVASTAVA

The purpose of the this paper is to improve and extend the results of Chen
and Park [2], Park [9], Sehgal and Singh [12] and many others by considering
relative almost p-quasiconvex mappings with respect to multifunction. For this
reason, we use Allen type variational inequality of Park [6, Theorem 0]. To proof
the theorem, we follow the method of Chen and Park [2]. In the third section, we
prove Browder type best approximation theorem for topological vector spaces
and in the fourth section, we prove Prolla type best approximation theorem in
the seminormed spaces for relative almost p-quasiconvex mappings with respect
to multifunction in both. Some important results are obtained as consequences.
In the fifth section, we present coincidence theorem in topological vector spaces
having sufficient many linear functionals. Further, many important points on
the recent work of Ding and Tarafdar [3] are obtained as remarks.

2. PRELIMINARIES

Let us recall the definitions:

For a subset X of a vector space E and x ∈ E , the inward set of X at x is
defined by

IX (x) = {x + r(u− x) ∈ E : u ∈ X , r > 0}.
Let X be a convex space, E a topological vector space, and p : X × E → R a

function which is convex in the second variable. A function g : X → E is said
to be almost p-quasi convex [6] or p-affine [7] if for any x, x1, x2 ∈ X , z ∈ E ,
and r ∈ [0, 1], we have

p(x, z − g(rx1 + (1− r)x2)) ≤ max{p(x, z − gxi) : i = 1, 2}.

Let F be a mapping from X to 2E . A mapping g from X to E is said to be
almost p-quasiconvex with respect to F [14], if

p(x,Fz − gy) ≤ max{p(x,Fz − gxi) : i = 1, 2}.

where y = rx1 + (1− r)x2, x, x1, x2 ∈ X , r ∈ [0, 1] and z ∈ X .

A convex space X is a nonempty convex set with any topology that includes
the Euclidean topology on the convex hulls of its subsets. For such spaces, we
have the following version of the Allen type variational inequality which will be
used to prove our main result in the sequel:

Theorem 2.1. [6, Theorem 0]. Let X be a convex space, Ψ : X × X → R a
real function, and K a nonempty compact subset of X . Suppose that

(i) Ψ(x, x) ≤ 0 for all x ∈ X ;

(ii) for each y ∈ X , {x ∈ X : Ψ(x, y) > 0} is compactly open;

(iii) for each x ∈ X , {y ∈ X : Ψ(x, y) > 0} is convex or empty; and

(iv) for each N ∈< X >( the set of all nonempty finite subsets of X ),
there exists a compact convex subset LN of X containing N such that, for each
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x ∈ LN\K, there exists y ∈ LN satisfying Ψ(x, y) > 0.

Then there exists an x0 ∈ K such that Ψ(x0, y) ≤ 0 for all y ∈ X .

3. BROWDER TYPE BEST APPROXIMATION

We begin with the following Browder type best approximation theorem
which improves and extends the main result of Chen and Park [2, Theorem 1]
to a relative p-almost quasiconvex mapping with respect to multifunction:

Theorem 3.1. Let X be a convex space, K a nonempty compact subset of X , E
a topological vector space, and p : X ×E → R a continuous map, and g : X → E
be a continuous map. Let F : X → E be a continuous multifunction. Suppose
that

(i) for each x ∈ X , p(x, .) is a convex function on E;

(ii) g is almost p-quasiconvex with respect to F ; and

(iii) for each N ∈< X >, there exists a compact convex subset LN of X
containing N such that, for each x ∈ LN\K, there exists a y ∈ LN such that

p(x,Fx− gx) > p(x,Fx− gy).

Then there exists u ∈ K such that

p(u,Fu− gu) = inf{p(u,Fu− gy) : y ∈ X}.
Further, if g(X ) is convex, then

p(u,Fu− gu) = inf{p(u,Fu− z) : z ∈ Ig(X )(gu)}.

Proof. Define Ψ : X × X → R by

Ψ(x, y) = p(x,Fx− gx)− p(x,Fx− gy)
for (x, y) ∈ X × X . Then

By (i), 0 ∈ Ψ(x, x) for all x ∈ X . For each fixed y ∈ X , the set {x ∈
X : Ψ(x, y) > 0}, i.e., {x ∈ X : p(x,Fx − gx) > p(x,Fx − gy)} is open since
x → Ψ(x, y) is continuous. For each fixed y ∈ X , the set {x ∈ X : Ψ(x, y) > 0},
i.e., {x ∈ X : p(x,Fx − gx) > p(x,Fx − gy)} is convex. Indeed, let y1 and y2

are the elements in the set and 0 < λ < 1, we have

p(x,Fx− gy1) < p(x,Fx− gx)
and

p(x,Fx− gy2) < p(x,Fx− gx).
Since g is almost p-quasiconvex with respect to F , it follows that

p(x,Fx− g(λy1 + (1− λy2) ≤ max{p(x,Fx− gyi) : i = 1, 2}.
Hence
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p(x,Fx− g(λy1 + (1− λy2) < {p(x,Fx− gy)}
for each x ∈ X . Thus the set {x ∈ X : Ψ(x, y) > 0} is convex.
Therefore, Theorem 2.1 guarantees that there exists u ∈ K such that

Ψ(u, y) = p(u,Fu− gu)− p(u,Fu− gy) ≤ 0

holds for all y ∈ X , i.e.,

p(u,Fu− gu) = inf{p(u,Fu− gy) : y ∈ X}.
Further, if g(X ) is convex, then for any z ∈ Ig(X )(gu)\g(X ), there exist

w ∈ g(X ) and λ > 1 such that z = gu+λ(w−gu). Suppose that p(u,Fu−gu) >
p(u,Fu− z). Since

w =
1
λ

z + (1− 1
λ

)gu ∈ g(X )

and p is convex(in the second variable) by (i), we have

p(u,Fu− w) ≤ 1
λp(u,Fu− z) + (1− 1

λ )p(u,Fu− gu)

< p(u,Fu− gu),

a contradiction. Therefore, p(u,Fu − gu) ≤ p(u,Fu − z) for all z ∈ Ig(X )(gu)
and hence for all z ∈ Ig(X )(gu) by the continuity of p. Since gu ∈ Ig(X )(gu),
we have

p(u,Fu− gu) = inf{p(u,Fu− z) : z ∈ Ig(X )(gu)}.
This completes the proof. �

Remark 3.2. In certain cases, the inward set in the conclusion can be replaced
by the outward set. For detail see [1, 10].

Remark 3.3. The continuities of F , g and p are used only to assure the com-
pactly openness of {x ∈ X : Ψ(x, y) > 0} and that p(u,Fu−gu) ≤ p(u,Fu−z)
holds for all z ∈ Ig(X )(gu).

A variant of Theorem 3.1 is as follows:

Theorem 3.4. Under the hypothesis of Theorem 3.1, let X be a subset of E.
If gu ∈ X , then we have

p(u,Fu− gu) = inf{p(u,Fu− z) : z ∈ Ig(X )(gu)}.

Proof. If gu ∈ X , then for any z ∈ IX (gu)\X , there exits w ∈ X and λ > 1
such that z = gu + λ(w − gu. Therefore, as in the last part of the proof of
Theorem 3.1, we have p(u,Fu − gu) ≤ p(u,Fu − z) for all z ∈ Ig(X )(gu) and
hence for all z ∈ Ig(X )(gu). This completes the proof. �

Remark 3.5. In Theorem 3.4, X may not have the relative topology with respect
to E .
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Remark 3.6. Theorem 3.4 generalizes the main result of Sehgal and Singh [12,
Theorem 5], where X is a convex subset of a locally convex topological vector
space E , and g : X → X . Moreover, they adopted a more strict coercivity
condition than (iii).

Remark 3.7. As in [12], Theorem 3.4 can be applied to obtain some general
forms of known results due to Fan, Browder, and Sehgal-Singh-Gastle.

4. PROLLA TYPE BEST APPROXIMATION

In the following, we prove Prolla type best approximation theorem in
the setting of seminormed vector space which improves and extends the The-
orem 3 of Chen and Park [2] to a relative p-almost quasiconvex mapping with
respect to multifunction:

Theorem 4.1. Let X be a convex space, K a nonempty compact subset of X ,
(E , q) a seminormed vector space, where q : E → [0,∞) is a seminorm, and
g : X → (E , q) be a continuous. Let F : X → E be a continuous multifunction.
Suppose that

(i) g is almost q-quasiconvex with respect to F ; and

(ii) for each N ∈< X >, there exists a compact convex subset LN of X
containing N such that, for each x ∈ LN\K, there exists a y ∈ LN satisfying

q(Fx− gx) > q(Fx− gy).

Then there exists u ∈ K such that

q(Fu− gu) = inf{q(Fu− gx) : x ∈ X}.

Further, if g(X ) is convex, then

q(Fu− gu) = inf{q(Fu− z) : z ∈ Ig(X )(gu)}.

In this case, gu ∈ Bd g(X ) and Fu 6∈ Ig(X )(gu) if q(Fu− gu) > 0.

Proof. Define p : X × E → [0,∞) by p(x, z) = q(z) for (x, z) ∈ X × E . Then
the conclusion follows from Theorem 3.1. Note that if gu ∈ Int g(X ), then
Ig(X )(gu) = E and Fu ∈ E , whence we have q(Fu − gu) = 0 This completes
the proof. �

Remark 4.2. Theorem 4.1 includes earlier works of Fan, Prolla, Hadzic, Sehgal-
Singh-Smithson, Sessa, Roux-Sing, Sehgal-Singh-Gastle, Carbone, Sessa-Singh,
Park and Lin, even when X is a subset of E(see [9]).

Remark 4.3. In Theorem 4.1, if X ⊂ E and g = IX , then we get Theorem 5 of
Lin and Tian [5]. Also, other results in [5] are all consequences of corresponding
ones of [6, 7].

A variant of Theorem 4.1 is as follows:
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6 HEMANT KUMAR NASHINE AND RITU SHRIVASTAVA

Theorem 4.4. Under the hypothesis of Theorem 4.1, let X be a subset of E.
If gu ∈ X , then we have

p(u,Fu− gu) = inf{p(u,Fu− z) : z ∈ Ig(X )(gu)}.

In this case, gu ∈ Bd g(X ) and Fu 6∈ Ig(X )(gu) if q(Fu− gu) > 0.

Remark 4.5. In Theorem 4.1, X may not have the relative topology with respect
to E .

Remark 4.6. Same as theorem 4.1, Theorem 4.4 also has a lot of known partic-
ular form in the literature.

5. COINCIDENCE THEOREMS

In the following, we prove Coincidence theorem in the setting of topolog-
ical vector space having sufficient many linear functionals which improves and
extends the Theorem 5 of Chen and Park [2] to a relative p-almost quasiconvex
mapping with respect to multifunction, using Theorem 4.1:

Let (E , τ) be a topological vector space, E∗ its topological dual, w the weak
topology of E , and S(E , w) the family of all continuous seminorms on (E , w).

Theorem 5.1. Let X be a convex space, K a nonempty compact subset of X ,
(E , τ) a topological vector space on which E∗ separates points and g : X → (E , w)
be a continuous. Let F : X → (E , w) be a continuous multifunction. Suppose
that

(i) g is almost q-quasiconvex with respect to F for each q ∈ S(E , w); and

(ii) for each q ∈ S(E , w) and N ∈< X >, there exists a compact convex
subset LN of X containing N such that, for each x ∈ LN\K, there exists a
y ∈ LN satisfying

q(Fx− gx) > q(Fx− gy).

Then either

(a) F and g have a coincidence point u ∈ K, or

(b) there exist a q ∈ S(E , w) and a u ∈ K such that gu ∈ Bd g(X )( Bd
denotes the boundary) and

0 < q(Fu− gu) = inf{q(Fu− z) : gu ∈ Bd g(X )}.

Further, if g(X ) is convex, the above inequality in (b) can be replaced by

0 < q(Fu− gu) = inf{q(Fu− z) : z ∈ Ig(X )(gu)}.

Proof. It follows by simply modifying the proof of [9, Theorem 7].
�
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Remark 5.2. Theorem 5.1 is a slightly different version of [9, Theorem 7] and
a sharpened form of Ding and Tarafdar [3, Theorem 3.1].

Remark 5.3. We can deduce coincidence theorems like [9, Theorem 8], from
Theorem 5.1, which generalizes [3, Theorem 3.2].

Remark 5.4. Similarly, other results in [3] can be improved with much simpler
proofs. For example, [3, Lemma 2.1] is a simple consequence of the well-known
result of Berge.
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Abstract. The purpose of this paper is to introduce the some interesting properties of
q-Euler numbers and polynomials, cf. [1, 2, 5]. Finally, we will consider the “ sums of

products of q-Euler polynomials”.

1. Introduction

Let p be a fixed odd prime, and let Cp denote the p-adic completion of the algebraic
closure of Qp. For d a fixed positive integer with (p, d) = 1, let

X = Xd = lim←−
N

Z/dpNZ, X1 = Zp,

X∗ =
⋃

0<a<dp
(a,p)=1

a + dpZp,

a + dpNZp = {x ∈ X | x ≡ a (mod dpN )},

where a ∈ Z lies in 0 ≤ a < dpN , (cf. [1], [2], [15]).
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2

The p-adic absolute value in Cp is normalized so that |p|p = 1
p . Let q be variously

considered as an indeterminate a complex number q ∈ C, or a p-adic number q ∈ Cp. If
q ∈ C, we always assume |q| < 1. If q ∈ Cp, we always assume |q−1|p < p−

1
p−1 , so that

qx = exp(x log q) for |x|p ≤ 1. Throughout this paper, we use the following notation :

[x]q = [x : q] =
1− qx

1− q
.

We say that f is uniformly differentiable function at a point a ∈ Zp– and denote this
property by f ∈ UD(Zp)– if the difference quotients

Ff (x, y) =
f(x)− f(y)

x− y
,

have a limit l = f ′(a) as (x, y) → (a, a), cf. [1, 11, 12]. For f ∈ UD(Zp), let us start
with the expression

1
[pN ]q

∑
0≤j<pN

qif(j) =
∑

0≤j<pN

f(j)µq(j + pNZp), cf. [2, 4],

representing q-analogue of Riemann sums for f .
The integral of f on Zp will be defined as limit (n → ∞) of these sums, when it

exists. An invariant p-adic q-integral of a function f ∈ UD(Zp) on Zp is defined by∫
Zp

f(x)dµq(x) = lim
N→∞

1
[pN ]q

∑
0≤j<pN

f(j)qj .

Note that if fn → f in UD(Zp); then∫
Zp

fn(x)dµq(x)→
∫

Zp

f(x)dµq(x).

It was well known that the ordinary Euler numbers are defined by

F (t) =
2

et + 1
= eEt =

∞∑
n=0

En
tn

n!
,

where we use the technique method notation by replacing Em by Em (m ≥ 0), sym-
bolically, cf.[2, 6]. In this paper, we introduce the definitions and properties of q-Euler
numbers and polynomials. Finally we introduce formulae for the “ sums of products
of q-Euler polynomials” .
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§2. q-Euler and Genocchi numbers associated with p-adic q-integrals

The Euler polynomials are defined by means of the following generating function:
2

et−1ext =
∑∞

n=0 En(x) tn

n! . Note that En(0) = En. From these Euler polynomials, we
can evaluate the value of the below alternating sums of powers of consecutive integers:
(1)

−1m + 2m − 3m + · · ·+ (−1)m−1(n− 1)m =
1
2
(
(−1)n+1Em(n)− Em

)
, cf. [ 11, 2, 3] .

In the meaning of fermionic, we now consider the below p-adic q-integrals:

(2)
∫

Xf

[x]kqdµ−q(x) =
∫

Zp

[x]kqdµ−q(x) = Ek,q for k, f ∈ N, cf. [7, 8, 11, 13, 14] .

From the computation of this p-adic q-integral, we derive the below Eq.(3):

(3) Ek,q = [2]q

(
1

1− q

)k k∑
l=0

(
k

l

)
(−1)l 1

1 + ql+1
, cf. [8, 11],

where
(
k
i

)
is the binomial coefficient. Note that limq→1 Ek,q = Ek. Hence, Ek,q is q-

extension of Euler numbers which are called q-Euler numbers. Let Fq(t) =
∑∞

n=0 En,q
tn

n!
be the generating function of q-Euler numbers. Then we easily see that

(4) Fq(t) = e
t

1−q

∞∑
n=0

[2]q
[2]qj+1

(
1

q − 1

)j
tj

j!
= [2]q

∞∑
l=0

(−q)le[l]qt, cf. [6, 8, 9, 10.]

By using an invariant p-adic q-integral on Zp, we can also consider the q-extension
of ordinary Euler polynomials which are called q-Euler polynomials. For x ∈ Zp, we
define q-Euler polynomials as follows:

(5)
∫

Zp

[x + y]kqdµ−q(y) = Ek,q(x), cf. [7, 8].

By (5), we easily see that

Ek,q(x) =
k∑

n=0

(
k

n

)
[x]k−n

q qnxEn,q.
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In Eq.(5), it is easy to see that

En,q(x) =
∫

Zp

[x + y]nq dµ−q(y) = [2]q

(
1

1− q

)n n∑
k=0

(
n

k

)
(−1)kqxk 1

1 + qk+1
.

By using the definition of Eq.(5), we will give the distribution of q-Euler polynomials.
From the definition of p-adic q-integral , , we derive the below formula:∫

Xm

[x + y]nq dµ−q(y) =
[m]nq
[m]−q

m−1∑
a=0

(−1)aqa

∫
Zp

[
a + x

m
+ y]nqmdµ−qm(y), if m is odd.

Thus, if m is the odd integer, then we have

En,q(x) =
[m]nq
[m]−q

m−1∑
a=0

(−1)aqaEn,qm(
a + x

m
).

From the definition of the q-Euler polynomials, we note that

Fq(x, t) =
∞∑

n=0

En,q(x)
tn

n!
= [2]q

∞∑
n=0

(−1)nqne[n+x]qt, cf. [8].

It is well known that Genocchi numbers are defined by

2t

et + 1
=

∞∑
n=0

Gn
tn

n!
.

Thus, we easily see that Gn =
∑n−1

l=0

(
n
l

)
2lBl, where Bl are ordinary Bernoulli num-

bers. We now define the q-extension of Genocchi number which are called q-Genocchi
numbers as follows:

(6) F ∗
q (t) = [2]qt

∞∑
l=0

(−1)nqne[n]qt =
∞∑

n=0

Gn,q
tn

n!
.

By Eq.(6), we easily see that
(7)

Gn,q = n[2]q

(
1

1− q

)n−1 n−1∑
l=0

(
n− 1

l

)
(−1)l

[2]ql+1
= [2]qn

∫
Zp

[x]n−1
q dµq(x), when n is odd .
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From Eq.(6), we can also derive the definition of q-Genocchi polynomials as follows:

(8) F ∗
q (x, t) = [2]qt

∞∑
n=0

(−1)nqn+xe[n+x]qt =
∞∑

n=0

Gn,q(x)
tn

n!
, when n is odd.

Let a1, a2, · · · , ak, b1, b2, · · · , bk be positive integers . For w ∈ Zp, we define multiple
Daehee q-Euler polynomials by using the invariant p-adic q-integrals as follows, cf. [7]:
(9)

E(k)
n (w, q|a1, a2, · · · , ak : b1, b2, · · · , bk) =

∫
Zk

p

q
∑k

j=1(bj−1)xj [w +
k∑

j=1

ajxj ]nq dµ−q(x),

and

E(k)
n (q|a1, · · · , ak : b1, · · · , bk) =

∫
Zk

p

q
∑k

j=1(bj−1)xj [
k∑

j=1

ajxj ]nq dµ−q(x),

where ∫
Zk

p

f(x)dµ−q(x) =
∫

Zp

∫
Zp

· · ·
∫

Zp︸ ︷︷ ︸
k times

f(x)dµ−q(x1) · · · dµ−q(xr).

From the Eq.(9), we can derive the below theorem:

Proposition. Let a1, a2, · · · , ak, b1, b2, · · · , bk be positive integers. Then we have

(10) E(k)
n (w, q|a1, · · · , ak : b1, · · · , bk) =

[2]kq
(1− q)n

n∑
r=0

(
n

r

)
(−qw)r

k∏
j=1

(
1

[2]qbj+raj

)
.

Given elements α1, · · · , αm ∈ Cp and positive integers N1, · · · , Nm, n, it is easy to
see that

[N1(x1 + α1) + · · ·+ Nm(xm + αm)]nq

=
∑

i1,··· ,im≥0
i1+···+im=n

n−i1∑
k1=0

n−i1−i2∑
k2=0

· · ·
n−i1−···−im−1∑

km−1=0

×
(

n
i1, · · · , im

)(
n− i1

k1

)(
n− i1 − i2

k2

)
· · ·
(

n− i1 − i2 − · · · − im−1

km−1

)

× (q − 1)k1+···+km−1 [N1]i1+k1
q · · · [Nm−1]im−1+km−1

q [Nm]im
q

× [x1 + α1 : qN1 ]k1+i1 · · · [xm−1 + αm−1 : qNm−1 ]km−1+im−1 [xm + αm : qNm ]im .

(11)
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Hence, we have∫
Zp

· · ·
∫

Zp︸ ︷︷ ︸
m times

[N1(x1 + α1) + · · ·+ Nm(xm + αm)]nq dµ−qN1 (x1) · · · dµ−qNm (xm)

=
∑

i1,··· ,im≥0
i1+···+im=n

n−i1∑
k1=0

n−i1−i2∑
k2=0

· · ·
n−i1−···−im−1∑

km−1=0

×
(

n
i1, · · · , im

)(
n− i1

k1

)(
n− i1 − i2

k2

)
· · ·
(

n− i1 − i2 − · · · − im−1

km−1

)
× (q − 1)k1+···+km−1 [N1]i1+k1

q · · · [Nm−1]im−1+km−1
q [Nm]im

q

× Ek1+i1,qN1 (α1) · · ·Ekm−1+im−1,qNm−1 (αm−1)Eim,qNm (αm).
(12)

From (9), (10), (11) and (12), we can derive the below theorem:

Theorem. ( Sums of products of q-Euler polynomials)
Given elements α1,· · · ,αm∈ Cp and positive integers N1, · · · , Nm, n,

∑
i1,··· ,im≥0

i1+···+im=n

n−i1∑
k1=0

n−i1−i2∑
k2=0

· · ·
n−i1−···−im−1∑

km−1=0

×
(

n
i1, · · · , im

)(
n− i1

k1

)(
n− i1 − i2

k2

)
· · ·
(

n− i1 − i2 − · · · − im−1

km−1

)

× (q − 1)k1+···+km−1 [N1]i1+k1
q · · · [Nm−1]im−1+km−1

q [Nm]im
q

× Ek1+i1,qN1 (α1) · · ·Ekm−1+im−1,qNm−1 (αm−1)Eim,qNm (αm)

= E(m)
n (N1α1 + · · ·+ Nmαm, q|N1, · · · , Nm : 1, 1, · · · , 1),

where
(

n
i1, · · · , im

)
is multinomial coefficient.

§3. Further Remarks and Observations

In this section, we assume that q ∈ C with |q| < 1. Let Γ(s) be the ordinary gamma
function given by Γ(s) =

∫∞
0

e−tts−1dt, s ∈ C. From (8) and complex integral, we can
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derive the below formula:

(13)
1

Γ(s)

∫ ∞

0

ts−2F ∗
q (x,−t)dt = [2]q

∞∑
n=0

(−1)n+1qn+x

[n + x]q
, for s ∈ C.

For s ∈ C, we define the(Hurwitz’s type ) q-Genocchi zeta function as follows:

(14) ζq,G(s, x) = [2]q
∞∑

n=0

(−1)n+1qx+n

[n + x]sq
, where x ∈ R with 0 < x < 1.

By (8), (13) and (14), we easily see that

(15) ζq,G(s, x) =
1

Γ(s)

∫ ∞

0

ts−2F ∗
q (x,−t)dt =

∞∑
n=0

Gn,q(x)
n!

(
1

Γ(s)

∫ ∞

0

tn+s−2dt

)
.

By using the residue theorem in Eq.(15), we easily see that

ζq,G(1− n, x) =
(−1)n−1

n
Gn,q(x), n ∈ N .
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(h)
n,q(z).
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1. Introduction

Throughout this paper we use the following notations. By Zp we denote the ring of p-adic
rational integers, Q denotes the field of rational numbers, Qp denotes the field of p-adic rational
numbers, C denotes the complex number field, and Cp denotes the completion of algebraic
closure of Qp. Let νp be the normalized exponential valuation of Cp with |p|p = p−νp(p) = p−1.
When one talks of q-extension, q is considered in many ways such as an indeterminate, a
complex number q ∈ C, or p-adic number q ∈ Cp. If q ∈ C one normally assume that |q| < 1.

If q ∈ Cp, we normally assume that |q − 1|p < p
− 1

p−1 so that qx = exp(x log q) for |x|p ≤ 1.

[x]q = [x : q] =
1− qx

1− q
, cf. [1,2,3,4,5,9] .

Hence, limq→1[x] = x for any x with |x|p ≤ 1 in the present p-adic case. The Euler numbers
En are usually defined by means of the following generating function:

F (t) = eEt =
2

et + 1
=

∞X

n=0

En
tn

n!
, cf. [1,3,5,6,7]

where the symbol En is interpreted to mean that En must be replaced by En when we expand
the one on the left. These numbers are classical and important in mathematics and in various
places like analysis, number theory. The Euler polynomials En(z) are usually defined by
means of the following generating function:

F (t, z) =
2

et + 1
ezt =

∞X

n=0

En(z)
tn

n!
.

For g ∈ UD(Zp) = {g|g : Zp → Cp is uniformly differentiaable function }, the p-adic q-
integral was defined by [6]

Iq(g) =

Z

Zp

g(x)dµq(x) = lim
N→∞

1

[pN ]

X

0≤x<pN

g(x)qx, cf. [1,2,3,4,5,8,9].

1
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Now, we consider the case q ∈ (−1, 0) corresponding to q-deformed fermionic certain and
annihilation operators and the literature given therein [2,3,4,6,7]. The expression for the
Iq(g) remains same, so it is tempting to consider the limit q → −1. That is,

I−1(g) = lim
q→−1

Iq(g) =

Z

Zp

g(x)dµ−1(x) = lim
N→∞

X

0≤x<pN

g(x)(−1)x. (1.1)

If we take g1(x) = g(x + 1) in (1.1), then we easily see that

I−1(g1) + I−1(g) = 2g(0). (1.2)

Ryoo, Kim and Agarwal [6] treated analogue of Euler numbers, which is called q-Euler numbers
in this paper. By using p-adic q-integral, we defined the q-Euler numbers En,q as follows:

En,q =

Z

Zp

[t]nq dµ−q(t), for n ∈ N. (1.3)

The q-Euler numbers En,q are defined by means of the generating function

Fq(t) = [2]q

∞X

n=0

(−1)nqne[n]qt. (1.4)

Similarly, the generating function Fq(t, z) of the q-Euler polynomials En,q(z) is defined anal-
ogously as follows:

Fq(t, z) =
∞X

n=0

En,q(z)
tn

n!
= [2]q

∞X

n=0

(−1)nqne[n+z]qt, (1.5)

see [6], for details. In this paper, we introduce the (h, q)-extension of the q-Euler numbers E
(h)
n,q

and polynomials E
(h)
n,q(z). We study some properties which are related to the (h, q)-extension

of the q-Euler numbers and polynomials. Our aim in this paper is to we investigate the roots

of the E
(h)
n,q(z) for values of the index n by using computer.

2. (h, q)-extension of the q-Euler numbers and polynomials

Our primary goal of this section is to construct the (h, q)-extension of the q-Euler numbers
and polynomials. We also find generating functions of the (h, q)-extension of the q-Euler

numbers and polynomials. For h ∈ Z, q ∈ Cp with |1 − p|p ≤ p
− 1

p−1 , the (h, q)-extension of

the q-Euler numbers E
(h)
n,q are defined by

E
(h)
n,q =

Z

Zp

qx(h−1)[x]nq dµ−q(x). (2.1)

By using p-adic q-integral, we have

E
(h)
n,q =

[f ]nq

[f ]−q

f−1X

a=0

(−1)aqhaE
(h)

n,qf

�
a

f

�
.

Note that
Z

Zp

qx(h−1)[x]nq dµ−q(x) = [2]q

�
1

1− q

�n nX

l=0

�n

l

�
(−1)l 1

1 + q(h+l)
.

Hence we have

E
(h)
n,q = [2]q

�
1

1− q

�n nX

l=0

�n

l

�
(−1)l 1

1 + q(h+l)
.

2
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By using above equation, we have

F
(h)
q (t) =

∞X

n=0

E
(h)
n,q

tn

n!
= [2]q

∞X

n=0

 �
1

1− q

�n nX

l=0

�n

l

�
(−1)l 1

1 + qh+1

!
tn

n!

= [2]q

∞X

n=0

∞X

m=0

(−1)mqhm[m]nq
tn

n!
= [2]q

∞X

m=0

(−1)mqhme[m]qt

(2.2)

Here is the list of the first the (h, q)-extension of the q-Euler numbers E
(h)
n,q .

E
(h)
1,q = − qh(1 + q)

(1 + qh)(1 + q1+h)
, E

(h)
2,q =

qh(1 + q)(−1 + q1+h)

(1 + qh)(1 + q1+h)(1 + q2+h)
,

E
(h)
3,q = − qh(1 + q)(1− 2q1+h − 2q2+h + q3+2h)

(1 + qh)(1 + q1+h)(1 + q2+h)(1 + q3+h)
,

E
(h)
4,q =

qh(1 + q)(−1 + q2+h)(1− 3q1+h − 4q2+h − 3q3+h + q4+2h)

(1 + qh)(1 + q1+h)(1 + q2+h)(1 + q3+h)(1 + q4+h)
, · · ·

We display the shapes of the (h, q)-extension of the q-Euler numbers E
(h)
n,q . For n = 1, · · · , 10,

we can draw a curve of E
(h)
n,q , 1/10 ≤ q ≤ 9/10 , respectively. This shows the ten curves

combined into one. We display the shape of E
(h)
n,q . (Figures 1, 2). Thus (h, q)-extension of the
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Figure 1: Curvers of E
(1)
n,q
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q
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Figure 2: Curvers of E
(2)
n,q

q-Euler numbers E
(h)
n,q are defined by means of the generating function

F
(h)
q (t) = [2]q

∞X

n=0

(−1)nqhne[n]qt. (2.3)

Note that, if q → 1, then F
(h)
q (t) → F (t). By using (2.1), we have

∞X

n=0

E
(h)
n,q

tn

n!
=

∞X

n=0

Z

Zp

qx(h−1)[x]nq dµ−q(x)
tn

n!

=

Z

Zp

∞X

n=0

qx(h−1)[x]nq
tn

n!
dµ−q(x) =

Z

Zp

qx(h−1)e[x]qtdµ−q(x).

(2.4)

By (2.2), (2.4), we have
Z

Zp

qx(h−1)e[x]qtdµ−q(x) = [2]q

∞X

m=0

(−1)mqhme[m]qt.
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Observe that if h = 1, then (2.3) reduces (1.4). Next, we introduce the (h, q)-extension of

the q-Euler polynomials E
(h)
n,q(z). The (h, q)-extension of the q-Euler polynomials E

(h)
n,q(z) are

defined by

E
(h)
n,q(z) =

Z

Zp

qx(h−1)[z + x]nq dµ−q(x). (2.5)

By using p-adic q-integral, we obtain

E
(h)
n,q(z) = [2]q

�
1

1− q

�n nX

l=0

�n

l

�
(−1)lqzl 1

1 + q(h+l)
. (2.6)

Here is the list of the first the (h, q)-extension of the q-Euler polynomials E
(h)
n,q(z).

E
(h)
1,q (z) = − (1 + q)(1 + q1+h − qz − qh+z)

(−1 + q)(1 + qh)(1 + q1+h)
,

E
(h)
2,q (z) =

(1 + q)(1 + q1+h + q2+h + q3+2h

(−1 + q)2(1 + qh)(1 + q1+h)(1 + q2+h))

+
(1 + q)(−2qz + q2z − 2qh+z − 2q2+h+z − 2q2+2h+x + qh+2z + q1+h+2z + q1+2h+2z)

(−1 + q)2(1 + qh)(1 + q1+h)(1 + q2+h)
,

· · · .

We set

F
(h)
q (t, z) =

∞X

n=0

E
(h)
n,q(z)

tn

n!
. (2.7)

By using (2.6) and (2.7), we obtain

F
(h)
q (t, z) =

∞X

n=0

E
(h)
n,q(z)

tn

n!
= [2]q

∞X

m=0

(−1)mqhme[m+z]qt.

Observe that, if q → 1, then F
(h)
q (t, z) → F (t, z). Similarly, the generating function F

(h)
q (t, z)

of the (h, q)-extension of the q-Euler polynomials E
(h)
n,q(z) is defined analogously as follows:

F
(h)
q (t, z) =

∞X

n=0

En,q(z)
tn

n!
= [2]q

∞X

n=0

(−1)nqhne[n+z]qt. (2.8)

By (2.5), we obtain

E
(h)
n,q(z) =

[f ]nq

[f ]−q

f−1X

a=0

(−1)aqhaE
(h)

n,qf

�
a + z

f

�
.

Note that, if h = 1, then (2.8) reduces (1.5). By using (2.8), we easily see that
Z

Zp

qx(h−1)e[z+x]qtdµ−q(x) = [2]q

∞X

n=0

(−1)nqhne[n+z]qt.

Since [x + z]q = [z]q + qz [x]q , we have

∞X

n=0

E
(h)
n,q(z)

tn

n!
=

Z

Zp

qx(h−1)e[x+z]qtdµ−q(x)

=
∞X

n=0

 
nX

l=0

�n

l

�
qlz [z]n−l

q

Z

Zp

qx(h−1)[x]lqdµ−q(x)

!
tn

n!
.

By using comparing coefficients tn

n!
, we easily see that

E
(h)
n,q(z) =

nX

l=0

�n

l

�
qlz [z]n−l

q E
(h)
n,q .

Observe that, if q → 1, then E
(h)
n,q → En and E

(h)
n,q(z) → En(z), where En(z) are the Euler

polynomials.
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3. Distribution and Structure of the Zeros

In this section, we investigate the zeros of the (h, q)-extension of the q-Euler polynomials

E
(h)
n,q(z) by using computer. For n = 1, · · · , 10, we can draw a curve of E

(h)
n,q(z), q = 1/2,−1 ≤

z ≤ 1 , respectively. This shows the ten curves combined into one. We display the shape of

E
(h)
n,q(z). (Figures 3, 4). We plot the zeros of E

(h)
n,q(z), z ∈ C for n = 10, 20, 30, 40, q = 1/2,

-1 -0.5 0 0.5 1

z

-6

-4

-2

0

2

4

6

8

En,q
H1L HzL

Figure 3: Curvers of E
(1)
n,q(z)

-1 -0.5 0 0.5 1

z

-3

-2

-1

0

1

2

3

4

En,q
H2L HzL

Figure 4: Curvers of E
(2)
n,q(z)

and h = 4. (Figures 5, 6, 7, and 8). Next, we plot the zeros of E
(h)
n,q(z), z ∈ C for

-1 0 1 2 3 4

ReHZL
-1.5

-1

-0.5

0

0.5

1
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ImHZL

Figure 5: Zeros of E
(4)
10,q
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ReHZL
-1.5
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0
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1
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ImHZL

Figure 6: Zeros of E
(4)
20,q

n = 40, h = 5, 7, 9, 11, q = 1/2. (Figures 9, 10, 11, and 12). In Figures 5, 6, 7, 8, 9, 10, 11,

and 12, E
(h)
n,q(z), z ∈ C, has Im(z) = 0 reflection symmetry. This translates to the following

open problem: Prove or disprove that E
(h)
n,q(z), z ∈ C, has Im(z) = 0 reflection symmetry.

Our numerical results for numbers of real and complex zeros of E
(h)
n,q(z) are displayed in Table

1. In general, how many roots does E
(h)
n,q(z) have ? Prove or disprove: E

(h)
n,q(z) has n distinct

solutions. Find the numbers of complex zeros C
E

(h)
n,q(z)

of E
(h)
n,q(z), Im(z) 6= 0. Prove or give a
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Figure 7: Zeros of E
(4)
30,q
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Figure 8: Zeros of E
(4)
40,q
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Figure 9: Zeros of E
(5)
40,q

-1 0 1 2 3 4

ReHZL
-1.5

-1

-0.5

0

0.5

1

1.5

2

ImHZL

Figure 10: Zeros of E
(7)
40,q

counterexample: Conjecture: Since n is the degree of the polynomial E
(h)
n,q(z), the number of

real zeros R
E

(h)
n,q(z)

lying on the real plane Im(z) = 0 is then R
E

(h)
n,q(z)

= n−C
E

(h)
n,q(z)

, where

C
E

(h)
n,q(z)

denotes complex zeros. See Table 1 for tabulated values of R
E

(h)
n,q(z)

and C
E

(h)
n,q(z)

.

We calculated an approximate solution satisfying E
(h)
n,q(z), q = 1/2, z ∈ R. The results are

given in Table 2 and Table 3.
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Figure 11: Zeros of E
(9)
40,q
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Figure 12: Zeros of E
(11)
40,q

Table 1. Numbers of real and complex zeros of E
(h)
n,q(z)

h = 5 h = 7
degree n real zeros complex zeros real zeros complex zeros

1 1 0 1 0
2 2 0 2 0
3 1 2 1 2
4 2 2 2 2
5 1 4 1 4
6 2 4 2 4
7 3 4 1 6
8 2 6 2 6
9 3 6 1 8
10 2 8 2 8
11 3 8 3 8
12 2 10 2 10
13 3 10 3 10

Table 2. Approximate solutions of E
(h)
n,q(z) = 0, h = 5, z ∈ R

degree n z

1 0.0220263

2 −0.108814, 0.141981

3 −0.108814

4 −0.21906, 0.432345

5 0.566711

6 −0.242223, 0.691324

7 −0.286074, −0.19714, 0.806877

8 −0.0856786, 0.914321

9 −0.379364, 0.0145838, 1.01458

10 0.108493, 1.10849
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Table 3. Approximate solutions of E
(h)
n,q(z) = 0, h = 7, z ∈ R

degree n z

1 0.00560271

2 −0.059284, 0.0676963

3 0.166937

4 −0.173491, 0.274515

5 0.380837

6 −0.234947, 0.482881

7 0.579819

8 −0.255598, 0.671612

9 0.75851

10 −0.159105, 0.84086

Finally, we shall consider the more general problems. Find the equation of envelope curves
bounding the real zeros lying on the plane, and the equation of a trajectory curve running

through the complex zeros on any one of the arcs. We can draw a plot of zeros of the E
(h)
n,q(z),

respectively (Figures 5, 6, 7, 8, 9, 10, 11, and 12) . These figures give mathematicians an
unbounded capacity to create visual mathematical investigations of the behavior of roots of

the E
(h)
n,q(z). Moreover, it is possible to create a new mathematical ideas and analyze them

in ways that generally are not possible by hand. The author has no doubt that investigation
along this line will lead to a new approach employing numerical method in the field of research

of the E
(h)
n,q(z) to appear in mathematics and physics. For related topics the interested reader

is referred to [6], [7], [8].
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FIXED POINT THEOREM IN M-FUZZY METRIC SPACES FOR
A CLASS MAPS

SHABAN SEDGHI AND NABI SHOBE

——————————————————————————————————–

Abstract. In this paper, we give some new definitions of M-fuzzy metric

spaces and we prove a common fixed point theorem for six mappings under

the condition of weak compatible mappings of type first or second in complete
M-fuzzy metric spaces. We get some improved versions of several fixed point

theorems in complete M-fuzzy metric spaces.

——————————————————————————————————–

1. Introduction and Preliminaries

Dhage [1] introduced the notion of generalized metric or D-metric as follows:
Let X be a nonempty set. A generalized metric (or D-metric) on X is a function
D : X3 −→ [0,∞) that satisfies the following conditions for each x, y, z, a ∈ X ,

(1) D(x, y, z) = 0 if and only if x = y = z,
(2) D(x, y, z) = D(p{x, y, z}), where p is a permutation function,(symmetry)
(3) D(x, y, z) ≤ D(x, y, a) + D(x, a, z) + D(a, y, z) ( Tetrahedral inequality).

The pair (X, D) is called a generalized metric space or a D-metric space .
A sequence {xn} in (X, D) is said to be convergent to x in X if and only if
D(xn, xm, x) → 0 as n, m → ∞. {xn} in X is called D- Cauchy sequence if
D(xn, xm, xp) → 0 as n, m, p → ∞. The D-metric space (X, D) is said to be
complete if every D-Cauchy sequence in X is convergent in X.
Let (X, D) be a D-metric space. For xo in X and r > 0,the set

B(xo, r) = {y ∈ X : D(xo, y, y) < r}
is called an open ball with center xo and radius r.
Dhage [2] claimed that D-metric convergence defines a Hausdorff topology and
D-metric is sequentially continuous in all the three variables. Several authors have
taken these claims for granted and used them in proving some fixed point theorems
in D-metric spaces. Unfortunately, almost all theorems in D-metric spaces are
either false or of doubtful validity (see [7, 8, 9] ). Recently Sedghi,Rao and Shobe
[6] introduced D∗-metric space by modifying the tetrahedral inequality in D-metric
space and proved some basic results in it, which are not true in D-metric space.In
this paper with using D∗-metric concepts, we define M-fuzzy metric space and
prove some results in it. We need some definitions and lemmas given by Sedghi,Rao
and Shobe [6].Let R+ be the set of all positive real numbers and N be the set of all
natural numbers.

2000 Mathematics Subject Classification. 54E40; 54E35; 54H25.
Key words and phrases. M-Fuzzy contractive mapping; CompleteM-fuzzy metric space; Com-

mon fixed point theorem.
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2 SEDGHI, SHOBE

Definition 1.1. Let X be a nonempty set. A generalized metric (or D∗-metric)
on X is a function: D∗ : X3 −→ [0,∞) that satisfies the following conditions for
each x, y, z, a ∈ X,

(1) D∗(x, y, z) = 0 if and only if x = y = z,
(2) D∗(x, y, z) = D∗(p{x, y, z}),(symmetry) where p is a permutation function,
(3) D∗(x, y, z) ≤ D∗(x, y, a) + D∗(a, z, z).

The pair (X, D∗) is called a generalized metric (or D∗-metric) .

Immediate examples of such a function are
(a) D∗(x, y, z) = max{d(x, y), d(y, z), d(z, x)},
(b) D∗(x, y, z) = d(x, y) + d(y, z) + d(z, x).

Here, d is the ordinary metric on X.
(c) If X = Rn then we define

D∗(x, y, z) = (||x− y||p + ||y − z||p + ||z − x||p)
1
p

for every p ∈ [1,∞).
(d) If X = R+ then we define

D∗(x, y, z) =
{

0 if x = y = z,
max{x, y, z} otherwise ,

Remark 1.2. In a D∗-metric space, we have D∗(x, x, y) = D∗(x, y, y) .

Remark 1.3. Let (X, D∗) be a D∗-metric space. If we define f : X2 −→ [0,∞) as
f(x, y) = D∗(x, x, y) for all x, y ∈ X then f is an ordinary metric on X.

Let (X, D∗) be a D∗-metric space. For r > 0 define

BD∗(x, r) = {y ∈ X : D∗(x, y, y) < r}.

Example 1.4. Let X = R. Denote D∗(x, y, z) = |x− y|+ |y − z|+ |z − x| for all
x, y, z ∈ R. Thus

BD∗(1, 2) = {y ∈ R : D∗(1, y, y) < 2}
= {y ∈ R : |y − 1|+ |y − 1| < 2}
= {y ∈ R : |y − 1| < 1} = (0, 2).

Definition 1.5. Let (X, D∗) be a D∗-metric space and A ⊂ X.
(1) If for every x ∈ A there exists r > 0 such that BD∗(x, r) ⊂ A, then subset

A is called open subset of X.
(2) Subset A of X is said to be D∗-bounded if there exists r > 0 such that

D∗(x, y, y) < r for all x, y ∈ A.
(3)A sequence {xn} in X converges to x if and only if D∗(xn, xn, x) → 0 as

n →∞.
(4)A sequence {xn} in X is called a Cauchy sequence D∗(xn, xm, xp) → 0 as

n, m, p →∞. The D∗-metric space (X, D∗) is said to be complete if every Cauchy
sequence in X is convergent in X .

Let τ be the set of all A ⊂ X with x ∈ A if and only if there exists r > 0 such
that BD∗(x, r) ⊂ A. Then τ is a topology on X (induced by the D∗-metric D∗).

Lemma 1.6. Let (X, D∗) be a D∗-metric space. If r > 0 , then the ball BD∗(x, r)
with center x ∈ X and radius r is an open subset of X.
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FIXED POINT THEOREM IN M-FUZZY METRIC SPACES 3

Lemma 1.7. Let (X, D∗) be a D∗- metric space. Then D∗ is continuous function
on X3.

Lemma 1.8. Let (X, D∗) be a D∗-metric space. If sequence {xn} in X converges
to x,then x is unique.

Lemma 1.9. Let (X, D∗) be a D∗-metric space. If sequence {xn} in X is converges
to x ,then sequence {xn} is a Cauchy sequence.

Definition 1.10. [4] A binary operation ∗ : [0, 1]× [0, 1] −→ [0, 1] is a continuous
t-norm if it satisfies the following conditions

(1) ∗ is associative and commutative,
(2) ∗ is continuous,
(3) a ∗ 1 = a for all a ∈ [0, 1],
(4) a ∗ b ≤ c ∗ d whenever a ≤ c and b ≤ d, for each a, b, c, d ∈ [0, 1].

Two typical examples of continuous t-norm are a ∗ b = ab and a ∗ b = min(a, b).
Also the following definitions and lemmas given by Sedghi,Rao and Shobe [6].

Definition 1.11. A 3-tuple (X,M, ∗) is called a M-fuzzy metric space if X is
an arbitrary (non-empty) set, ∗ is a continuous t-norm, and M is a fuzzy set on
X3 × (0,∞), satisfying the following conditions for each x, y, z, a ∈ X and t, s > 0,

(1) M(x, y, z, t) > 0,
(2) M(x, y, z, t) = 1 if and only if x = y = z,
(3) M(x, y, z, t) = M(p{x, y, z}, t),(symmetry) where p is a permutation func-

tion,
(4) M(x, y, a, t) ∗M(a, z, z, s) ≤M(x, y, z, t + s),
(5) M(x, y, z, .) : (0,∞) −→ [0, 1] is continuous.

Remark 1.12. Let (X,M, ∗) be a M-fuzzy metric space. We prove that for every
t > 0 , M(x, x, y, t) = M(x, y, y, t). Because for each ε > 0 by triangular inequality
we have

(i) M(x, x, y, ε + t) ≥M(x, x, x, ε) ∗M(x, y, y, t) = M(x, y, y, t)
(ii) M(y, y, x, ε + t) ≥M(y, y, y, ε) ∗M(y, x, x, t) = M(y, x, x, t).
By taking limits of (i) and (ii) when ε −→ 0, we obtainM(x, x, y, t) = M(x, y, y, t).

Let (X,M, ∗) be a M-fuzzy metric space . For t > 0, the open ball BM(x, r, t)
with center x ∈ X and radius 0 < r < 1 is defined by

BM(x, r, t) = {y ∈ X : M(x, y, y, t) > 1− r}.
A subset A of X is called open set if for each x ∈ A there exist t > 0 and 0 < r < 1
such that BM(x, r, t) ⊆ A.
A sequence {xn} in X converges to x if and only if M(x, x, xn, t) −→ 1 as n −→
∞,for each t > 0. It is called a Cauchy sequence if for each 0 < ε < 1 and
t > 0, there exist n0 ∈ N such that M(xn, xn, xm, t) > 1 − ε for each n, m ≥ n0.
The M-fuzzy metric (X,M, ∗) is said to be complete if every Cauchy sequence is
convergent.

Example 1.13. Let X is a nonempty set and D∗ is the D∗-metric on X. Denote
a ∗ b = a.b for all a, b ∈ [0, 1]. For each t ∈]0,∞[, define

M(x, y, z, t) =
t

t + D∗(x, y, z)
for all x, y, z ∈ X. It is easy to see that (X,M, ∗) is a M-fuzzy metric space.
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Lemma 1.14. Let (X, M, ∗) is a fuzzy metric space. If we define M : X3 ×
(0,∞) −→ [0, 1] by

M(x, y, z, t) = M(x, y, t) ∗M(y, z, t) ∗M(z, x, t)

for every x, y, z in X, then (X,M, ∗) is a M-fuzzy metric space.

Definition 1.15. Let (X,M, ∗) is a M-fuzzy metric space, then M is called of
first type if for every x, y ∈ X we have

M(x, x, y, t) ≥M(x, y, z, t)

for every z ∈ X.
Also it is called of second type if for every x, y, z ∈ X we have

M(x, y, z, t) = M(x, y, t) ∗M(y, z, t) ∗M(z, x, t).

Let a ∗ b = min(a, b) for every a, b ∈ [0, 1] in this case it is easy to see that, if M
is second type then M is first type.

Example 1.16. If we defineM(x, y, z, t) = t
t+D∗(x,y,z) where D∗(x, y, z) = d(x, y)+

d(y, z) + d(x, z), or define M(x, y, z, t) = t
t+max{x,y,z} then M is first type .

If (X, M, ∗) is a fuzzy metric and M(x, y, t) = t
t+d(x,y) , then

M(x, y, z, t) =
t

t + d(x, y)
∗ t

t + d(y, z)
∗ t

t + d(x, z)

is second type.

Remark 1.17. Let (X,M, ∗) be a M-fuzzy metric space. If M is second type,
sequence {xn} in X converges to x if and only if M(x, x, xn, t) −→ 1 or if and only
if M(x, xn, t) −→ 1.
For

M(x, x, xn, t) = M(x, x, t) ∗M(x, xn, t) ∗M(x, xn, t) = M(x, xn, t) ∗M(x, xn, t)

Lemma 1.18. Let (X, M, ∗) be a fuzzy metric space. If we define Eλ,M : X2 →
R+ ∪ {0} by

Eλ,M (x, y) = inf{t > 0 : M(x, y, t) > 1− λ}
for each λ ∈ (0, 1) and x, y ∈ X. Then we have

(i) For any µ ∈ (0, 1) there exists λ ∈ (0, 1) such that

Eµ,M (x1, xn) ≤ Eλ,M (x1, x2) + Eλ,M (x2, x3) + · · ·+ Eλ,M (xn−1, xn)

for any x1, x2, ..., xn ∈ X.
(ii) The sequence {xn}n∈N is convergent in fuzzy metric space (X, M, ∗) if and

only if Eλ,M (xn, x) → 0. Also the sequence {xn}n∈N is Cauchy sequence if and
only if it is Cauchy with Eλ,M .

Proof. See [5] �

Lemma 1.19. Let (X,M,*) be a fuzzy metric space. If

M(xn, xn+1, t) ≥ M(x0, x1, k
nt)

for some k > 1 and for every n ∈ N. Then sequence {xn} is a Cauchy sequence.
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2. The Main Results

Lemma 2.1. [6] Let (X,M, ∗) be a M-fuzzy metric space. Then M(x, y, z, t) is
nondecreasing with respect to t, for all x, y, z in X.

Definition 2.2. Let (X,M, ∗) be a M-fuzzy metric space. M is said to be con-
tinuous function on X3 × (0,∞) if

lim
n→∞

M(xn, yn, zn, tn) = M(x, y, z, t)

Whenever a sequence {(xn, yn, zn, tn)} in X3 × (0,∞) converges to a point
(x, y, z, t) ∈ X3 × (0,∞) i.e.

lim
n→∞

xn = x, lim
n→∞

yn = y, lim
n→∞

zn = z and lim
n→∞

M(x, y, z, tn) = M(x, y, z, t)

Lemma 2.3. [6]Let (X,M, ∗) be a M-fuzzy metric space. Then M is continuous
function on X3 × (0,∞).

In 1998, Jungck and Rhoades [3] introduced the following concept of weak com-
patibility.

Definition 2.4. Let A and S be mappings from a M-fuzzy metric space (X,M, ∗)
into itself. Then the mappings are said to be weak compatible if they commute at
their coincidence point, that is, Ax = Sx implies that ASx = SAx.

Definition 2.5. Let A and S be mappings from a M-fuzzy metric space (X,M, ∗)
into itself. Then the mappings are said to be compatible if

lim
n→∞

M(ASxn, SAxn, SAxn, t) = 1,∀t > 0

whenever {xn} is a sequence in X such that

lim
n→∞

Axn = lim
n→∞

Sxn = x ∈ X.

Lemma 2.6. Let (X,M, ∗) be a M-fuzzy metric space. If we define Eλ,M : X3 →
R+ ∪ {0} by

Eλ,M(x, y, z) = inf{t > 0 : M(x, y, z, t) > 1− λ}

for every λ ∈ (0, 1), then
(i) for each µ ∈ (0, 1) there exists λ ∈ (0, 1) such that

Eµ,M(x1, x1, xn) ≤ Eλ,M(x1, x1, x2)+Eλ,M(x2, x2, x3)+· · ·+Eλ,M(xn−1, xn−1, xn)

for any x1, x2, ..., xn ∈ X

(ii) The sequence {xn}n∈N is convergent in M-fuzzy metric space (X,M, ∗) if
and only if Eλ,M(xn, xn, x) → 0. Also the sequence {xn}n∈N is Cauchy sequence if
and only if it is Cauchy with Eλ,M.

Lemma 2.7. Let (X,M, ∗) be a M-fuzzy metric space. If M is first type and

M(xn, xn+1, xn+2, t) ≥M(x0, x1, x2, k
nt)

for some k > 1 and for every n ∈ N. Then sequence {xn} is a Cauchy sequence.
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Proof. Since M is first type hence for every λ ∈ (0, 1) and xn, xn+1 ∈ X, we have

Eλ,M(xn, xn, xn+1) = inf{t > 0 : M(xn, xn, xn+1, t) > 1− λ}
≤ inf{t > 0 : M(xn, xn+1, xn+2, t) > 1− λ}
≤ inf{t > 0 : M(x0, x1, x2, k

nt) > 1− λ}

= inf{ t

kn
> 0 : M(x0, x1, x2, t) > 1− λ}

=
1
kn

inf{t > 0 : M(x0, x1, x2, t) > 1− λ}

=
1
kn

Eλ,M(x0, x1, x2).

By Lemma 2.6, for every µ ∈ (0, 1) there exists λ ∈ (0, 1) such that

Eµ,M(xn, xn, xm) ≤ Eλ,M(xn, xn, xn+1) + Eλ,M(xn+1, xn+1, xn+2) + · · ·+ Eλ,M(xm−1, xm−1, xm)

≤ 1
kn

Eλ,M(x0, x1, x2) +
1

kn+1
Eλ,M(x0, x1, x2) + · · ·+ 1

km−1
Eλ,M(x0, x1, x2)

= Eλ,M(x0, x1, x2)
m−1∑
j=n

1
kj
−→ 0.

Hence sequence {xn} is Cauchy sequence. �

Lemma 2.8. Let (X,M, ∗) be a M-fuzzy metric space. If M is second type and

M(xn, xn+1, xn+2, t) ≥M(x0, x1, x2, k
nt)

for some k > 1 and for every n ∈ N. Then sequence {xn} is a Cauchy sequence.

Proof. Since M is second type hence for every λ ∈ (0, 1) and xn, xn+1 ∈ X, we
have

Eλ,M (xn, xn+1) = inf{t > 0 : M(xn, xn+1, t) > 1− λ}
≤ inf{t > 0 : M(xn, xn+1, xn+2, t) > 1− λ}
≤ inf{t > 0 : M(x0, x1, x2, k

nt) > 1− λ}

= inf{ t

kn
> 0 : M(x0, x1, x2, t) > 1− λ}

=
1
kn

inf{t > 0 : M(x0, x1, x2, t) > 1− λ}

=
1
kn

Eλ,M(x0, x1, x2).

By Lemma 1.18, for every µ ∈ (0, 1) there exists λ ∈ (0, 1) such that

Eµ,M (xn, xm) ≤ Eλ,M (xn, xn+1) + Eλ,M (xn+1, xn+2) + · · ·+ Eλ,M (xm−1, xm)

≤ 1
kn

Eλ,M(x0, x1, x2) +
1

kn+1
Eλ,M(x0, x1, x2) + · · ·+ 1

km−1
Eλ,M(x0, x1, x2)

= Eλ,M(x0, x1, x2)
m−1∑
j=n

1
kj
−→ 0.

Hence sequence {xn} is Cauchy sequence w.r.t M .Since

M(xn, xn+1, xn+2, t) = M(xn, xn+1, t) ∗M(xn+1, xn+2, t) ∗M(xn, xn+2, t)

Thus {xn} is Cauchy sequence w.r.t M. �
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Remark 2.9. Let (X,M, ∗) be a M-fuzzy metric space. If M is first or second
type and

M(xn, xn+1, xn+2, t) ≥M(x0, x1, x2, k
nt)

for some k > 1 and for every n ∈ N. Then sequence {xn} is a Cauchy sequence.

A class of implicit relation. Let Φ denotes a family of mappings such that each
φ ∈ Φ, φ : [0, 1] −→ [0, 1], such that φ is continuous and φ(s) > s for every s ∈ [0, 1).

Theorem 2.10. Let A,B,C, S, Tand R be self-mappings of a complete M-fuzzy
metric space (X,M, ∗) where M is first or second type with :

(i)A(X) ⊆ R(X), B(X) ⊆ S(X), C(X) ⊆ T (X) and A(X) or B(X) or C(X)
is a closed subset of X,

(ii) M(Ax, By,Cz, t) ≥ φ(M(Tx,Ry, Sz, kt)) , for every x, y, z ∈ X ,k > 1 and
φ ∈ Φ,

(iii) the pair (A, T ) , (B,R) and (S, C) are weak compatible.
Then A,B,C, S, Tand R have a unique common fixed point in X.

Proof. Let x0 ∈ X be an arbitrary point . By (i), there exists x1, x2, x3 ∈ X such
that

Ax0 = Rx1 = y0, Bx1 = Sx2 = y1 and Cx2 = Tx3 = y2.

Inductively, construct sequence {yn} in X such that

y3n = Ax3n = Rx3n+1, y3n+1 = Bx3n+1 = Sx3n+2 and y3n+2 = Cx3n+2 = Tx3n+3,

for n = 0, 1, 2, · · · .
Now, we prove {yn} is a Cauchy sequence. Let dm(t) = M(ym, ym+1, ym+2, t).

Then, we have

d3n(t) = M(y3n, y3n+1, y3n+2, t) = M(Ax3n, Bx3n+1, Cx3n+2, t)
≥ φ(M(Tx3n, Rx3n+1, Sx3n+2, kt))
= φ(M(y3n−1, y3n, y3n+1, kt))
≥ M(y3n−1, y3n, y3n+1, kt) = d3n−1(kt)

d3n+1(t) = M(y3n+1, y3n+2, y3n+3, t) = M(y3n+3, y3n+1, y3n+2, t) = M(Ax3n+3, Bx3n+1, Cx3n+2, t)
≥ φ(M(Tx3n+3, Rx3n+1, Sx3n+2, kt))
= φ(M(y3n+2, y3n, y3n+1, kt))
≥ M(y3n+2, y3n, y3n+1, kt) = d3n(kt)

d3n+2(t) = M(y3n+2, y3n+3, y3n+4, t) = M(y3n+3, y3n+4, y3n+2, t) = M(Ax3n+3, Bx3n+4, Cx3n+2, t)
≥ φ(M(Tx3n+3, Rx3n+4, Sx3n+2, kt))
= φ(M(y3n+2, y3n+3, y3n+1, kt))
≥ M(y3n+2, y3n+3, y3n+1, kt) = d3n+1(kt)

Hence for every n ∈ N we have dn(t) ≥ dn−1(kt). That is

dn(t) = M(yn, yn+1, yn+1, t) ≥M(yn−1, yn, yn+1, kt) ≥ · · · ≥ M(y0, y1, y2, k
nt)
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Since M is a first or second type , hence by Remark 2.9 {yn} is Cauchy and the
completeness of X, {yn} converges to y in X. That is,limn→∞ yn = y

lim
n→∞

yn = lim
n→∞

Ax3n = lim
n→∞

Bx3n+1 = lim
n→∞

Cx3n+2

= lim
n→∞

Tx3n+3 = lim
n→∞

Rx3n+1 = lim
n→∞

Sx3n+2 = y

Let C(X) be a closed subset of X , hence there exist u ∈ X such that Tu = y. We
prove that Au = y. For

M(Au, Bx3n+1, Cx3n+2, t) ≥ φ(M(Tu,Rx3n+1, Sx3n+2, kt))

On making n −→∞ we get

M(Au, y, y, t) ≥ φ(M(y, y, y, kt)) = φ(1) = 1.

Thus Au = y. By weak compatible the pair (T,A) we have ATu = TAu, hence
Ay = Ty. We prove that Ay = y, if Ay 6= y , then

M(Ay, Bx3n+1, Cx3n+2, t) ≥ φ(M(Ty, Rx3n+1, Sx3n+2, kt))

As n −→∞ we have

M(Ay, y, y, t) ≥ φ(M(Ay, y, y, kt)) > M(Ay, y, y, kt)

is a contradiction. Therefore,Ty = Ay = y, that is, y is a common fixed of T,A .
Since y = Ay ∈ A(X) ⊆ R(X), hence there exist v ∈ X such that Rv = y. We
prove that Bv = y. For

M(y, Bv,Cx3n+2, t) = M(Ay, Bv,Cx3n+2, t) ≥ φ(M(Ty, Rv, Sx3n+2, kt))

On making n −→∞ we get

M(y, Bv, y, t) ≥ φ(M(y, y, y, kt)) = φ(1) = 1.

Thus Bv = y. By weak compatible the pair (B,R) we have RBv = BRv, hence
By = Ry. We prove that By = y, if By 6= y , then

M(Ay, By, Cx3n+2, t) ≥ φ(M(Ty, Ry, Sx3n+2, kt))

As n −→∞ we have

M(y, By, y, t) ≥ φ(M(y, By, y, kt)) > M(y, By, y, kt)

is a contradiction. Therefore,By = Ry = y, that is, y is a common fixed of B,R .
Similarly, since y = By ∈ B(X) ⊆ S(X),hence there exist w ∈ X such that Sw = y.
We prove that Cw = y. For

M(y, y, Cw, t) = M(Ay, By, Cw, t) ≥ φ(M(Ty, Ry, Sw, kt)) = φ(1) = 1

Thus Cw = y. By weak compatible the pair (C,S) we have CSw = SCw, hence
Cy = Sy. We prove that Cy = y, if Cy 6= y , then

M(y, y, Cy, kt) = M(Ay, By, Cy, t) ≥ φ(M(Ty, Ry, Sy, kt)) > M(y, y, Cy, kt)

is a contradiction. Therefore,Cy = Sy = y, that is, y is a common fixed of
C,S.Thus

Ay = Sy = Ty = By = Cy = Ry = y
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Uniqueness, let v be another common fixed point of T,A, B, C, R, S.
If M(y, v, v, t) < 1, hence

M(y, v, v, t) = M(Ay,Bv,Cv, t)) ≥ φ(M(Ty, Rv, Sv, kt))
> M(y, v, v, kt)

a contradiction. Therefore, y = v is the unique common fixed point of self-maps
T,A, B, C, R, S. �

Corollary 2.11. Let S, T, R and {Aα}α∈I , {Bβ}β∈J and {Cγ}γ∈K be the set of
all self-mappings of a complete M-fuzzy metric space (X,M, ∗), where M is first
or second type satisfying :

(i)there exists α0 ∈ I , β0 ∈ J and γ0 ∈ K such that Aα0(X) ⊆ R(X), Bβ0(X) ⊆
S(X) and Cγ0(X) ⊆ T (X),

(ii)Aα0(X) or Bβ0(X) or Cγ0(X) is a closed subset of X,
(iii) M(Aαx,Bβy, Cγz, t) ≥ φ(M(Tx,Ry, Sz, kt)) for every x, y, z ∈ X , some

k > 1 and every α ∈ I, β ∈ J ,γ ∈ K , φ ∈ Φ,
(iv) the pair (Aα0 , T ) or (Bβ0 , R) or (Cγ0 , S) are weak compatible.

Then A,B,C, S, Tand R have a unique common fixed point in X.

Proof. By Theorem 2.10 R,S, T and Aα0 , Bβ0 and Cγ0 for some α0 ∈ I, β0 ∈
J, γ0 ∈ K have a unique common fixed point in X. That is there exist a unique
a ∈ X such that R(a) = S(a) = T (a) = Aα0(a) = Bβ0(a) = Cγ0(a) = a. Let there
exist λ ∈ J such that λ 6= β0 and M(a,Bλa, a, t) < 1 then we have

M(a,Bλa, a, t) = M(Aα0a,Bλa,Cγ0a, t) ≥ φ(M(Ta,Ra, Sa, kt)) = φ(1) = 1

is a contradiction. Hence for every λ ∈ J we have Bλ(a) = a. Similarly for every
δ ∈ I and η ∈ K we get Aδ(a) = Cη(a) = a. Therefore for every δ ∈ I, λ ∈ J and
η ∈ K we have

Aδ(a) = Bλ(a) = Cη(a) = R(a) = S(a) = T (a) = a.

�
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Abstract

Karakuş, Demirci, Duman [Chaos, Solitons and Fractals (2006), doi:
10.1016/j.chaos.2006.05.046.] has recently introduced the notion of statis-
tical convergence on intuitionistic fuzzy normed spaces. Using this notion,
we study the concept of statistical limit points, statistical cluster points
on intuitionistic fuzzy normed spaces and then we give the relations be-
tween these and limit points of sequence on intuitionistic fuzzy normed
spaces and also we give some topological properties.

1 Introduction1

The fuzzy sets theory �rst introduced by Zadeh [28] in 1965. Then many authors
have developed the theory of fuzzy set and applications. The fuzzy logic has
been used in metric and topological spaces [6] ; [7] ; [13] ; [16], in the theory of
functions [4] ; [15] ; [27] and also in computer programming [14], in the quantum
physics [19] and preference ordering have been the object of extensive study
in econometrics and other �elds [1] ; [2] ; [3] ; [5] ; [21]. Furthermore, Park [22]
introduced the notion of intuitionistic fuzzy metric space and also recently the
concept of intuitionistic fuzzy normed space have been given by Saadati and
Park [23].
In this paper, we introduced the statistical limit points, statistical cluster

points and limit points on intuitionistic fuzzy normed spaces. Then we give the
relations between these.
Now we give some de�nitions which we use through the paper:

1Key words and phrases. Natural density, statistical convergence, statistical limit
point,statistical cluster point, limit point, continuous t�norm, continuous t�conorm, intu-
itionistic fuzzy normed space.
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De�nition 1 [25]A binary operation � : [0; 1] � [0; 1] ! [0; 1] is said to be a
continuous t�norm if it satis�es the following conditions:

(a) � is associative and commutative,

(b) � is continuous,

(c) a � 1 = a for all a 2 [0; 1];

(d) a � b � c � d whenever a � c and b � d for each a; b; c; d 2 [0; 1]:

We can give two examples for continuous t�norm which are a � b = ab,
a � b = minfa; bg for all a; b 2 [0; 1]:

De�nition 2 [24]A binary operation � : [0; 1] � [0; 1] ! [0; 1] is said to be a
continuous t�conorm if it satis�es the following conditions:

(a) � is associative and commutative,

(b) � is continuous,

(c) a � 0 = a for all a 2 [0; 1];

(d) a � b � c � d whenever a � c and b � d for each a; b; c; d 2 [0; 1]:

We can give two examples for continuous t�conorm which are a�b = minfa+
b; 1g and a � b = maxfa; bg for all a; b 2 [0; 1]:
Now we give the de�nition of intuitionistic fuzzy normed space which have

been introduced by Saadati and Park [23]

De�nition 3 [23]The 5�tuple (V; �; �; �; �) is said to be an intuitionistic fuzzy
normed space (IFNS) if V is a vector space, � is a continuous t�norm, � is a
continuous t�conorm, and �; � fuzzy sets on V � (0;1) satisfying the following
conditions for every x; y 2 V and s; t > 0 :

(a) �(x; t) + �(x; t) � 1;

(b) �(x; t) > 0;

(c) �(x; t) = 1 if and only if x = 0;

(d) �(�x; t) = �
�
x; t

j�j

�
for each � 6= 0,

(e) �(x; t) � �(y; s) � �(x+ y; t+ s);

(f) �(x; �) : (0;1)! [0; 1] is continuous,

(g) lim
t!1

�(x; t) = 1 and lim
t!0

�(x; t) = 0;

(h) �(x; t) < 1;

2

KARAKUS ET AL376



(i) �(x; t) = 0 if and only if x = 0;

(j) �(�x; t) = �
�
x; t

j�j

�
for each � 6= 0,

(k) �(x; t) � �(y; s) � �(x+ y; t+ s);

(l) �(x; �) : (0;1)! [0; 1] is continuous,

(m) lim
t!1

�(x; t) = 0 and lim
t!0

�(x; t) = 0:

In this case (�; �) is called an intuitionistic fuzzy norm. We can give an
example as follows:
Let (V; k�k) be a normed space, and let a � b = ab and a � b = minfa+ b; 1g

for all a; b 2 [0; 1]: For all x; y 2 V and every t > 0; consider

�0(x; t) :=
t

t+ kxk and �0(x; t) :=
kxk

t+ kxk :

Then (V; �; �; �; �) is an intuitionistic fuzzy normed space.

De�nition 4 [23]Let (V; �; �; �; �) be an IFNS. A sequence x = fxkg is said to
be convergent to L 2 V with respect to the intuitionistic fuzzy norm (�; �) if,
for every " > 0 and t > 0; there exists k0 2 N such that �(xk � L) > 1 � "
and �(xk � L) < " for all k � k0: In this case we write (�; v) � limx = L or

xk
(�;�)! L as k !1:

2 Statistical Convergence on IFNS

Fast introduced an extension of the usual concept of sequential limits which
is called statistical convergent [9]. Schoenberg gave some basic properties of
statistical convergence [24]. In this section we give some fundemantel properties
of statistical convergence on IFNS.
Natural density � of a set K of positive integers:

� (K) : lim
n!1

1

n
jfk � n : k 2 Kgj

(see [20]) . The natural density may not exist for each set K. But the upper

density
_

� always exists for each set K identi�ed as follows

_

� (fKg) := lim sup
n!1

1

n
jfk � n : k 2 Kgj :

Moreover, the natural density ofK is di¤erent from zero which means
_

� (fKg) >
0. It is clear that �nite sets have zero density and � (Kc) = 1� � (K) wherever
either side exista and Kc = N�K. The sequence x is statistical convergent to
L, denoted st� limx = L, if for every " > 0, � fk : jxk � Lj � "g = 0 [10] ; [26].

3
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Statistical convergence has been examined in number theory [8], trigonometric
series [29] and summability theory [12]. It has also been considered in local
convex spaces [18].

De�nition 5 [17]Let (V; �; �; �; �) be an IFNS. A sequence x = fxkg is statis-
tically convergent to L 2 V with respect to the intuitionistic fuzzy norm (�; �)
provided that, for every " > 0 and t > 0;

�fk 2 N : �(xk � L; t) � 1� " or �(xk � L; t) � "g = 0; (1)

i.e.;

lim
n

1

n
jfk � n : �(xk � L; t) � 1� " or �(xk � L; t) � "gj = 0:

In this case we write st(�;�) � limx = L; where L is said to be st(�;�)�limit.

By using (1) and the well-known properties of the density, we easily get the
following lemma.

Lemma 6 [17]Let (V; �; �; �; �) be an IFNS. Then, for every " > 0 and t > 0;
the following statements are equivalent:

(i) st�;� � limx = L

(ii) �fk 2 N : �(xk � L; t) � 1� "g = �fk 2 N : �(xk � L; t) � "g = 0:

(iii) �fk 2 N : �(xk � L; t) > 1� " and �(xk � L; t) < "g = 1:

(iv) �fk 2 N : �(xk � L; t) > 1� "g = �fk 2 N : �(xk � L; t) < "g = 1:

(v) st� lim�(xk � L; t) = 1 and st� lim �(xk � L; t) = 0:�u

We show that statistically convergence on IFNS has some arithmetical
properties similar to properties of the usual convergence on R.

Lemma 7 Let (V; �; �; �; �) be an IFNS. If st(�;�) � limxk = � and st(�;�) �
lim yk = � then st(�;�) � lim (xk + yk) = � + �.

Proof. Let st(�;�)�limxk = �, st(�;�)�lim yk = �, t > 0 and " 2 (0; 1). Choose
r 2 (0; 1) such that (1� r) � (1� r) � 1� " and r � r � ". Then we de�ne the
following sets:

K�;1(r; t) : = fk 2 N : �(xk � �; t) � 1� rg ;
K�;2(r; t) : = fk 2 N : �(yk � �; t) � 1� rg ;
K�;1(r; t) : = fk 2 N : �(xk � �; t) � rg ;
K�;2(r; t) : = fk 2 N : �(yk � �; t) � rg :

Since st�;� � limx = �; we have

�fK�;1("; t)g = �fK�;1("; t)g = 0 for all t > 0:

4
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Similarly, since st�;� � lim yk = �; we get

�fK�;2("; t)g = �fK�;2("; t)g = 0 for all t > 0:

Now let K�;�("; t) := fK�;1("; t) [K�;2("; t)g \ fK�;1("; t) [K�;2("; t)g : Then
observe that �fK�;�("; t)g = 0 which implies �fN=K�;�("; t)g = 1: If k 2
N=K�;�("; t); then we have two possible cases. The former is the case of k 2
N=fK�;1("; t)[K�;2("; t)g; and the letter is k 2 N= fK�;1("; t) [K�;2("; t)g :We
�rst consider that k 2 N= fK�;1("; t) [K�;2("; t)g : Then we have

�((xk � �) + (yk � �) ; t) � �(xk � �;
t

2
) � �(yk � �;

t

2
)

> (1� r) � (1� r) � 1� ":

On the other hand, if k 2 N=fK�;1("; t) [K�;2("; t)g; then we can write that

�((xk � �) + (yk � �) ; t) � �(xk � �;
t

2
) � �(xk � �;

t

2
)

< r � r < ":

This show that

� (fk 2 N : �((xk � �) + (yk � �) ; t) � 1� " or �((xk � �) + (yk � �) ; t) � "g) = 0

so st(�;�) � lim (xk + yk) = � + �.

Lemma 8 Let (V; �; �; �; �) be an IFNS. If st(�;�) � limxk = � and � 2 R,
(� 6= 0) then st(�;�) � lim�xk = ��.

Proof. Let st(�;�) � limxk = � , " 2 (0; 1) and t > 0. From de�nition we can
write

� (fk 2 N : � (xk � �; t) � 1� " or � (xk � �; t) � "g) = 0:

So, if we de�ne the sets:

K�;1("; t) : = fk 2 N : �(xk � �; t) � 1� "g
K�;1("; t) : = fk 2 N : �(xk � �; t) � "g

then we can say � fK�;1 ("; t)g = � fK�;1("; t)g = 0 for all t > 0. Now let
K�;�("; t) = K�;1("; t)[K�;1("; t) then � fK�;�("; t)g = 0 which implies � fN�K�;�("; t)g =
1. If k 2 N�K�;�("; t) then we have

�(�xk � ��; t) = �(xk � �;
t

j�j )

� �(xk � �; t) � �(0;
t

j�j � t)

= �(xk � �; t) � 1
= �(xk � �; t) > 1� ":
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for � 2 R (� 6= 0) :
Similarly, we observe that

�(�xk � ��; t) = �(xk � �;
t

j�j )

� �(xk � �; t) � �(0;
t

j�j � t)

= �(xk � �; t) � 0
= �(xk � �; t) < ":

for � 2 R (� 6= 0) :This show that

� (fk 2 N : �(�xk � ��; t) � 1� " or �(�xk � ��; t) � "g) = 0

so st(�;�) � lim�xk = ��.

Lemma 9 Let (V; �; �; �; �) be an IFNS. If st(�;�) � limxk = � and st(�;�) �
lim yk = � then st(�;�) � lim (xk � yk) = � � �.

Proof. The proof is clear from Lemma 8 and Lemma 9.

De�nition 10 [23]Let (V; �; �; �; �) be an IFNS . We say that a sequence x =
(xk) is IF-bounded if there exist t > 0 and 0 < r < 1 such that � (xk; t) > 1� r
and � (xk; t) < r for every k 2 N.

De�nition 11 [23]Let (V; �; �; �; �) be an IFNS . For t > 0, we de�ne open ball
B (x; r; t) with center x 2 V and radious 0 < r < 1, as

B (x; r; t) = fy 2 V : � (x� y; t) > 1� r ; � (x� y; t) < rg :

It follows from Lemma 8, Lemma 9 and Lemma 10, that the set of all IF-
bounded statistically convergent sequences on IFNS is a linear subspace of the
space `(�;�)1 (V ) of all IF-bounded sequences on IFNS.

Theorem 12 Let (V; �; �; �; �) be an IFNS and the space of statistical conver-
gence IF-bounded sequences show with S(�;�)b (V ). Then the set S(�;�)b (V ) is a

closed linear subspace of the set `(�;�)1 (V ).

Proof. It is clear that S(�;�)b (V ) � S(�;�)b (V ) : Now we show that S(�;�)b (V ) �
S
(�;�)
b (V ). Let y 2 S(�;�)b (V ) . Since B (y; r; t) \ S(�;�)b (V ) 6= ? , there is a

x 2 B (y; r; t) \ S(�;�)b (V ).
Let t > 0 and " 2 (0; 1). Choose r 2 (0; 1) such that (1� r)� (1� r) � 1�"

and r � r � ". Since x 2 B (y; r; t) \ S(�;�)b (V ), there is a set K � N with
� (K) = 1 such that

�

�
yk � xk;

t

2

�
> 1� r and �

�
yk � xk;

t

2

�
< r

6
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and

�

�
xk;

t

2

�
> 1� r and �

�
xk;

t

2

�
< r

for all k 2 K. Then we have

� (yk; t) = � (yk � xk + xk; t)

� �

�
yk � xk;

t

2

�
� �
�
xk;

t

2

�
> (1� r) � (1� r) � 1� "

and

� (yk; t) = � (yk � xk + xk; t)

� �

�
yk � xk;

t

2

�
� �
�
xk;

t

2

�
< r � r � "

for all k 2 K. Hence

� (fk 2 N : � (yk; t) > 1� " and � (yk; t) < "g) = 1

and thus y 2 S(�;�)b (V ).

3 Statistical Limit Points and Statistical Cluster
Points on IFNS.

Fridy [11] introduced the concepts of statistical limit points and statistical clus-
ter points of real number sequences and gave some properties of the sets of
statistical limit and cluster points. Now we study analogues of these on intu-
itionistic fuzzy normed spaces and then we give the relations between these and
limit points of sequence on intuitionistic fuzzy normed spaces.

De�nition 13 Let (V; �; �; �; �) be an IFNS. ` 2 V is called a limit point of the
sequence x = fxkg with respect to the intuitionistic fuzzy norms (�; �) provided
that there is a subsequence of x that converges to ` with respect to the intuition-
istic fuzzy norms (�; �). Let L(�;�) (x) denote the set of all limit points of the
sequence x.

De�nition 14 Let (V; �; �; �; �) be an IFNS. If
�
xk(j)

	
is a subsequence of

x = (xk) and K := fk (j) 2 N : j 2 Ng then we abbreviate
�
xk(j)

	
by fxgK

which in case � (fKg) = 0. fxgK is called a subsequence of density zero or thin
subsequence. On the other hand, fxgK is a nonthin subsequence of x if K does
not have density zero.

7
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De�nition 15 Let (V; �; �; �; �) be an IFNS. Then � 2 V is called a statistical
limit point of sequence x = (xk) with respect to the intuitionistic fuzzy norms
(�; �) provided that there is a nonthin subsequence of x that converges to � with
respect to the intuitionistic fuzzy norms (�; �). In this case we say � is a st(�;�)-
limit point of seqence x = (xk). Let �(�;�) (x) denote the set of statistical limit
points of the sequence x.

De�nition 16 Let (V; �; �; �; �) be an intuitionistic fuzzy normed space.Then

 2 V is called a statistical cluster point of sequence x = (xk) with respect to
the intuitionistic fuzzy norms (�; �) provided that for every " > 0 and t > 0,

_

� (fk 2 N : � (xk � 
; t) > 1� " and � (xk � 
; t) < "g) > 0:

In this case we say 
 is a st(�;�)-cluster point of seqence x = (xk). Let �(�;�) (x)
denote the set of all statistical cluster points of the sequence x.

Theorem 17 Let (V; �; �; �; �) be an IFNS. For any sequence x 2 V , �(�;�) (x) �
�(�;�) (x).

Proof. Suppose � 2 �(�;�) (x), then there is a nonthin subsequence
�
xk(j)

�
of

(xk) that converges to � with respect to the intuitionistic fuzzy norms (�; �) ,
i.e.

�
��
k (j) 2 N : �

�
xk(j) � �; t

�
> 1� " and �

�
xk(j) � �; t

�
< "

	�
= d > 0:

Since
fk 2 N : � (xk � �; t) > 1� " and � (xk � �; t) < "g ��

k (j) 2 N : �
�
xk(j) � �; t

�
> 1� " and �

�
xk(j) � �; t

�
< "

	
for every " > 0, we have

fk 2 N : � (xk � �; t) > 1� " and � (xk � �; t) < "g �

fk (j) 2 N : j 2 Ng n
�
k (j) 2 N : �

�
xk(j) � �; t

�
� 1� " or �

�
xk(j) � �; t

�
� "

	
:

Since
�
xk(j)

�
converges to � with respect to the intuitionistic fuzzy norms (�; �),

the set �
k (j) 2 N : �

�
xk(j) � �; t

�
� 1� " or �

�
xk(j) � �; t

�
� "

	
is �nite for any " > 0. Therefore,

_

� (fk 2 N : � (xk � �; t) > 1� " and � (xk � �; t) < "g) �
_

� fk (j) 2 N : j 2 Ng n�
_

�
�
k (j) 2 N : �

�
xk(j) � �; t

�
� 1� " or �

�
xk(j) � �; t

�
� "

	
:

Hence
_

� (fk 2 N : � (xk � �; t) > 1� " and � (xk � �; t) < "g) > 0

which means that � 2 �(�;�) (x).
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Theorem 18 Let (V; �; �; �; �) be an IFNS. For any sequence x 2 V , �(�;�) (x) �
L(�;�) (x).

Proof. Let 
 2 �(�;�) (x), then

� (fk 2 N : � (xk � 
; t) > 1� " and � (xk � 
; t) < "g) 6= 0

for every " > 0 and t > 0. We set fxgK a nonthin subsequence of x such that

K :=
�
k (j) 2 N : �

�
xk(j) � 
; t

�
> 1� " and �

�
xk(j) � 
; t

�
< "

	
for every " > 0 and � (K) 6= 0. Since there are in�nitely many element in K,

 2 L(�;�) (x).

Theorem 19 Let (V; �; �; �; �) be an IFNS. For a sequence x = (xk), st(�;�)�
limx = x0 then �(�;�) (x) = �(�;�) (x) = fx0g.

Proof. First we show that �(�;�) (x) = fx0g. We suppose that �(�;�) (x) =
fx0; y0g such that � (x0 � y0; t) < 1 � 2" and � (x0 � y0; t) > 2" for every
" > 0 and t > 0. In this case, there exist

�
xk(j)

	
and

�
xl(i)

	
nonthin sub-

sequences of x = (xk) that (�; �)�convergence to x0; y0 respectively. Since�
xl(i)

	
(�; �)�convergence to y0 for every " > 0

K :=
�
l (i) 2 N : �

�
xl(i) � y0; t

�
� 1� " or �

�
xl(i) � y0; t

�
� "

	
is a �nite set so � (K) = 0.Then we observe that

fl (i) 2 N : i 2 Ng =
�
l (i) 2 N : �

�
xl(i) � y0; t

�
> 1� " and �

�
xl(i) � y0; t

�
< "

	
[
�
l (i) 2 N : �

�
xl(i) � y0; t

�
� 1� " or �

�
xl(i) � y0; t

�
� "

	
which implies that

�
��
l (i) 2 N : �

�
xl(i) � y0; t

�
> 1� " or �

�
xl(i) � y0; t

�
< "

	�
6= 0: (2)

Since st(�;�) � limx = x0

� (fk 2 N : � (xk � x0; t) � 1� " or � (xk � x0; t) � "g) = 0 (3)

for every " > 0. Therfore, we can write

� (fk 2 N : � (xk � x0; t) > 1� " and � (xk � x0; t) < "g) 6= 0:

For every � (x0 � y0; t) < 1� 2" and � (x0 � y0; t) > 2"�
l (i) 2 N : �

�
xl(i) � y0; t

�
> 1� " and �

�
xl(i) � y0; t

�
< "

	
\fk 2 N : � (xk � x0; t) > 1� " and � (xk � x0; t) < "g = ?:

Hence �
l (i) 2 N : �

�
xl(i) � y0; t

�
> 1� " and �

�
xl(i) � y0; t

�
< "

	
9
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� fk 2 N : � (xk � x0; t) � 1� " or � (xk � x0; t) � "g :
Therefore

_

�
��
l (i) 2 N : �

�
xl(i) � y0; t

�
> 1� " and �

�
xl(i) � y0; t

�
< "

	�
�

_

� (fk 2 N : � (xk � x0; t) � 1� " or � (xk � x0; t) � "g) = 0:
This contradicts to (2). Hence �(�;�) (x) = fx0g.
Now we assume that �(�;�) (x) = fx0; z0g such that � (x0 � z0; t) < 1 � 2"

and � (x0 � z0; t) > 2" for some " > 0 and all t > 0. Then
_

� (fk 2 N : � (xk � z0; t) > 1� " and � (xk � x0; t) < "g) 6= 0: (4)

Since
fk 2 N : � (xk � x0; t) > 1� " and � (xk � x0; t) < "g

\ fk 2 N : � (xk � z0; t) > 1� " and � (xk � z0; t) < "g = ?
for every � (xk � z0; t) < 1� 2" and � (xk � z0; t) > 2" so

fk 2 N : � (xk � x0; t) � 1� " or � (xk � x0; t) � "g

� fk 2 N : � (xk � z0; t) > 1� " and � (xk � z0; t) < "g :
Therefore

_

� (fk 2 N : � (xk � x0; t) � 1� " or � (xk � x0; t) � "g)

�
_

� (fk 2 N : � (xk � z0; t) > 1� " and � (xk � z0; t) < "g) : (5)

From (4), the right side of (5) is greater than zero and from (3), the left side of
(5) equals to zero. This is a contradiction. Hence �(�;�) (x) = fx0g.

Theorem 20 Let (V; �; �; �; �) be an IFNS. Then the set �(�;�) is closed in V
for each x = (xk) of elements of V .

Proof. Let y 2 �(�;�) (x). Take 0 < r < 1 and t > 0. There exists 
 2
�(�;�) (x) \B (y; r; t) such that

B (y; r; t) = fz 2 V : � (y � z; t) > 1� r and � (y � z; t) < rg :

Choose � > 0 such that B (
; �; t) � B (y; r; t). We have

fk 2 N : � (y � xk; t) > 1� r and � (y � xk; t) < rg �

fk 2 N : � (
 � xk; t) > 1� � and � (
 � xk; t) < �g
hence

� (fk 2 N : � (y � xk; t) > 1� r and � (y � xk; t) < rg) 6= 0

and y 2 �(�;�).
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Abstract 
 In this paper, a mechanical quadrature method has been used for solving a  
class of nonlinear singular integral equations with Hilbert kernel in generalized 
Hölder spaces. The rate of convergence of approximate solution has been determined. 
The method has been applied to a nonlinear and a linear singular integral equation 
with known exact solution. The error has been calculated.   

 
2000 AMS: Subject classification 45F15, 45G10, 47B38 
 
Keywords and phrases: Nonlinear singular integral equations, Mechanical 
quadrature method, Rate of convergence, Generalized Hölder space 
 
Introduction 
 

The theory of singular integral equations has been developed significant 
importance during the last years, it is arise in many problems of mathematical physics, 
such as the theory of elasticity, hydrodynamics, biological problems, population 
genetics and others. Also, nonlinear singular integral equations with Hilbert and 
Cauchy kernel and its related Rimann-Hilbert problems have been studied in works of 
Pogorzelski W. [16], Guseinov A. I. and Mukhtarov Kh. Sh. [8], Wolfersdorf L. V. 
[21] and Wegert E. [20] and others. 

Existence results and approximate solutions for certain classes of nonlinear 
singular integral equations are studied in ([2,3,5-7,9]) and others. The theory of 
approximation methods and its application for the solution of linear and nonlinear 
singular integral equations has been developed by many authors, ([4,8,10,11,13]). 

It is well known that the nonlinear singular integral equations are the much-
complicated forms of the nonlinear integral equations. The mechanical quadrature 
method is one of the basic tools to investigate the approximate solutions of many 
classes of nonlinear and linear equations involving integral operator.  In this paper we 
applied the mechanical quadrature method to a certain class of nonlinear singular 
integral equation (NSIE) with Hilbert kernel in generalized Hölder spaces. The 
method has been applied to a nonlinear and a linear singular integral equation (SIE) 
with known exact solution and the error has been calculated. The obtained results of 
the mechanical quadrature method of SIE are compared with the obtained results of 
the Toeplitz matrix method and the product Nystrom method that have been applied in 
[1] to obtain the approximate solution of the same problem. 
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1- Formulation of the problem  
                       
 This paper is devoted to investigate the approximate solution of the following 
nonlinear singular integral equation: 
 
                                              ))(),(,()( tvtutFtu = ,                                                  (1.1) 
where 

                                   ,
2

cot))(,,(
2

)(
2

0

τ
τ

ττ
π
λ π

dtutgtv −
= ∫                                      (1.2) 

in generalized Hölder spaces mH ,ϕ  and )(
,
N
mHϕ  , λ  is a numerical parameter, under the 

following assumptions: 
 
Assumption I: 
 
 Suppose that the function ))(,,( ττ utg is defined on the domain 

( ){ },0,,2,0;,, >≤≤≤= MMututD πττ  
that has partial derivatives up to −− )1(m order and satisfy the following Hölder-
Lipschitz condition for arbitrary  [ ]πτ 2,0, ∈nnt , [ ] )2,1(,, =−∈ nMMun  

( ) ( ) ( ) ( ) ( )[ ]212121
222111 *,,,, uutt

ut
utg

ut
utg

kjikji −+−+−≤
∂∂∂

∂
−

∂∂∂

∂
ττϕϕβη

τ

τ

τ

τ ββ
  (1.3) 

 
where *,ϕϕ  are non-decreasing functions belong to the class Φ , ,β=++ kji  

1,...,2,1,0 −= mβ  and ( )βη  is a constant depends on β . 
 
Assumption II: 
 Suppose that the function ))(),(,( tvtutF  is defined on the domain  

( ){ },0;,,20;,,* >≤≤≤≤= MMvMutvutD π  
that has partial derivatives up to ( )−−1m order and satisfy the following condition for 
arbitrary [ ]π2,0∈nt , [ ] )2,1(,0,,, =>−∈ nMMMvu nn       

      
( ) ( ) ( ) ( )[ ]2121211

222111 ,,,, vvuutt
vut
vutF

vut
vutF

rqprqp −+−+−≤
∂∂∂

∂
−

∂∂∂

∂
ϕυξ

υυ
    (1.4) 

 
for υ=++ rqp , ,1,...,2,1,0 −= mυ where Φ∈1ϕ and )(υξ is a constant depends on υ .  
Equation (1.1) with Cauchy kernel has been studied by the collocation method in [4], 
the special cases of equation (1.1) have been found in  [17,18]. 
 
2- Some basic definitions and auxiliary results:  
 

In this section we introduce some definitions and results which will be used in 
the sequel 

SALEH-AMER388



 3

 
Definition 2.1 [8,14]. 
 
a- We denote by Φ  to the class of all continuous almost increasing functions ϕ  

defined on ( ]π,0  such that ( ) ( ) 0lim,0
0

=>
+→

δϕδϕ
δ

. 

b- We denote by mΦ  to the class of all functions Φ∈ϕ  such 
that πδδ <<< 210  

implies ( ) ( ) ( )1221 δϕδδϕδ mm mc≤ , where ( )mc  is a constant depends on m .   
c- We denote by π2c  to the space of −π2 periodic continuous functions with the 
norm            
                                                

[ ]
( )tuu

tc ππ ,
max
−∈

= . 

d- The generalized Hölder space mH ,ϕ  is defined as 

                           ( ) ( )( ){ }mm
um HOcuH Φ∈=∈= ϕδϕδωπϕ ,:2, , 

where ( )δω mu is the modulus of continuity of order m of the function u and  

                   ( ) ( ) ( ) ( )












≤+Φ∈=Φ ∫ ∫ +
δϕξ

ξ

ξϕ
δξ

ξ
ξϕ

ϕ
δ π

δ0
1

~: mcddH m
mmm , 

where ( )mc~  is a constant depends on m . 
e- For mHu ,ϕ∈  we define 

                                     
( )
( )δϕ
δω

πδ
ϕ

m
u

cm uu
≤<

+=
0

, sup   

and 
                               { }0,:)( ,,, >≤∈= MMuHuMH mmm ϕϕϕ  
 as a subspace of mH ,ϕ                                
 
Definition 2.2 [17,19] 
a- Let the generalized Hölder space ,,)(

,
mN

m
H Φ∈ϕ

ϕ
 be the space of  2N-

dimensional vectors ( )1210 ,...,, −= Nzzzz  with the norm  

                
( )

( )
( )

( )










=
≠
∈

≠
∈−= Np

pz
Np
pz

zz
m
Y

p
Xp

m
X

p
XpiNoi

N
m /

,
max,

/
,

max,maxmax
00

12,...,

)(
, πϕ

ω
πϕ

ω
ϕ  ,                        

where  

                                         ( )
[ ]
[ ]

i
m
h

Xph

XmhNi

m
X zpz ∆=

∈

−−∈

I

I

,0

12,0
max,ω   

and 

                                         ( )
[ ]
[ ]

i
m
h

Xph

YmhNi

m
Y zpz ∆=

∈

−−∈

I

I

,0

12,0
max,ω  
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are  the modulus of continuity of order m  of the vector z  with respect to the two sets 

{ }22,...,2,0 −= NX , { }12,...,3,1 −= NY and Xp∈ ,  

                                                   ( ) ( )∑
=

+
−−=∆

m

k
hki

m
k

km
i

m
h zz

0
1 . 

For )(
,
N
mHz ϕ∈  we define 

                               ( ) { }0,:)( )(
,

)(
,, >≤∈= MMzHzMH N

m
N
m

N
m ϕϕϕ   

as a subspace of ( )N
mH ,ϕ . 

b- We denote the norm in the space )(N
pL  by 

                                                 1,
/112

0
)( >








= ∑

−

=
pz

N
z

pN

k

p
kL Np

π . 

Theorem 2.1 [15,16] 
 Let mHΦ∈ϕ , then the operator  

                                         ( ) ( ) τ
τ

τ
π

π

dtutAu
2

cot
2
1)(

2

0

−
= ∫  

Transforms )(
,
MH

mϕ
into )~(

,
MH

mϕ
 where 

                           ( ) ( )












++= ∫
π

δ
δ
δϕ

0
211 )(~)()(~ mcmemedmeMM   

where ( )mcandmeme ~)(),( 21  are constants depend on m  
 
 
Lemma 2.1 [17] 

  
Let the condition (1.3) is satisfied and mHtu ,)( ϕ∈  then ( )( ) mHutg ,,, ϕττ ∈ .  

 
Lemma 2.2 [18]                          

 
 Let the condition (1.4) is satisfied and mHtvtu ,)(),( ϕ∈  then mHvutF ,),,( ϕ∈  
 
 
3- The approximate solution in the space mH ,ϕ   
 
Theorem 3.1 
  

Let the function ( ))(),(, tvtutF  satisfy the condition (1.4) and the function 
( )( )ττ utg ,,  satisfy the condition (1.3), then for 0λλ < , ( 0λ  sufficiently small), the 

equation (1.1) has a unique solution in )(, MH mϕ . The solution is uniformly 
convergent and can be obtained by the method of successive approximations. 
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Proof. 
Let ( )MHvu m,, ϕ∈ . Then by Lemmas 2.1, 2.2 and Theorem 2.1, the operator 

                                                ))(),(,()()( tvtutFtPu =                                            (3.1) 
transforms the space )(, MH mϕ  into the space ( )RH m λϕ , . Therefore if MR ≤λ , 
the operator P transforms ( )MH m,ϕ  into itself. Using M. Riesz’s Theeorem [12,17], 
   
                                                1,)(~ >≤ pupu

pp LL γ                                     (3.2) 

where  

                                            τ
τ

τ
π

π

dtutu ∫
−

=
2

0 2
cot)(

2
1)(~ , 

and from the conditions (1.3) , (1.4), we obtain  
                               ( ) ( ) ( )( )

pp LL uuPPuPu 2121 010 −+≤− ηγλξ .              (3.3) 

Choosing  

                                   ( )
( ) ( ) ( ) 000

01,min λ
ξηγ

ξ
λ =







 −

<
PR

M  

and                      
                                              ( ) ( ) ( )( ) ,1010 <+ ηγλξ P  
then the operator P  is a contraction mapping. From the completeness of ( )MH m,ϕ  in 

pL , 1>P , the equation (1.1) has a unique solution in the subspace ( )MH m,ϕ  and 
this solution can be found by the method of successive approximations. 
 
4- The approximate solution in the space )(

,
N
m

H
ϕ

  

By the mechanical quadrature formula, [19], the integral  
 

                                            ( ) τ
τ

τ
π

π

π

dtutuI ∫
−

−
=

2
cot)(

2
1)(                                    (4.1) 

takes the following form 

                                 ( )
2

cot
2

sin1)(
12

0

2 tttt
u

N
tuI ii

N

i
i

−−
= ∑

−

=
                                   (4.2) 

where ( )
N
ittuu iii
π

== , , 

the formula (4.2) at node points it  takes the form: 

                                       ( )
2

cot
2
1)(

12

0

ji
ji

N

ji
i

ij
tt

u
N

tuI
−

= −

−

≠
=
∑ α                                 (4.3) 

where                                  




−
−

=− .,2
,,0

oddji
evenji

jiα  

 
Applying the quadrature formula (4.3) to the equation (1.1) at the node points, we 
obtain 
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            )),(
2

cot))(,,(
2

),(,()(
12

0
jN

ji
ji

N

ji
i

iijjjj tgR
tt

tuttg
N

tutFtu +
−

= −

−

≠
=
∑ α

λ , 

where ),( jN tgR  is the remainder term, 12,0 −= Nj . If we put jj ztu =)( , and the 
( )jN tgR , is negligible, we obtain the following system of nonlinear algebraic 

equations 

                       















−

= −

−

≠
=
∑ 2

cot),,(
2

,,
12

0

ji
ji

N

ji
i

iijjjj
tt

zttg
N

ztFz α
λ .                         (4.4) 

Lemma 4.1 [6,15] 
 
 If the function ),,( utg τ  and its derivative ),,( utgt τ  satisfy the condition 
(1.3), then the function  
                                                 ( ) ),,),,(,, ugutgut ττττχ −=  
 satisfies the following condition 
                                       ( ) ( ) ( ) 2121 1,,,, uututut −−≤− τητχτχ ,                  (4.5) 
 
where [ ]MMuu ,, 21 −∈ . 
 
Theorem 4.1 
 
 Let the function ( )vutF ,,  satisfy the condition (1.4) and the function 
( )utg ,,τ  satisfy the condition (1.3), then the system (4.4) has a unique solution in the 

space ( ) ( )MH N
m,ϕ  for arbitrary 3≥N , and this solution can be found by the method of 

successive approximations. 
 
Proof. 

From Definition 2.2, we have  
                             { }0,:)( )(

,
)()(

,,
>≤∈= MMzHzMH N

m
NN
mm ϕϕϕ

, 

where 
                                           ( )1210 ,...,, −= Nzzzz . 
Putting 
                                         ( ) ( )( )121212000 ,,,...,,, −−−= NNN ztgztgJz ττ , 

since the space ( ) ( )MH N
m,ϕ  of vectors of bounded norms is a closed subspace of 

( )N
pL and the function ( )ztg ,,τ  satisfies the condition of Lemmas 2.1, 2.2 and 

Theorem 3.1 hence ( ) ( )', RHJz N
mϕ∈ . 

Taking                           
                                 ( )( ) ( )( ) ( )( )( )zKztFzKztFzP N

NNN
NN

121212000 ,,,...,,, −−−= , 
                        
                                         ( ) ( ) ( )( )zKzKzK N

N
N
o

N
12,..., −= , 

where 
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                                      ( )
2

cot),,(
2

12

0

ji
ji

N

ji
i

iij
N
j

tt
zttg

N
zK

−
= −

−

≠
=
∑ α

λ , 

let 
                                                ( ) ( ) zJEzK NN λ= , 
where 
                                                ( ) ( ) ( )( )zEzEzE N

N
NN

120 ,..., −= , 

                                       ( ) πα 





 −

= −

−

≠
=
∑ N

jiz
N

zE ji

N

ji
i

ij
N
j 2

cot
2
1 12

0
, , 

and 
                                                      ( ) ( ) ( ),, mE N

m
N θϕ ≤ [17,18], 

where ( )mθ  is a constant depends on m. Thus we have                           

                                                 ( ) ( ) ( )mRzK
N

m
N θλ

ϕ
'

,
≤ , 

Now, let  
                                 ( ) ( ) ( ) ( )( ) ( ) ( ) 2,1,,...,, ,1210 =∈= − kMHzzzz N

m
k
N

kkk
ϕ  

Hence                      
( ) ( ) ( ) ( )

( )
( ) ( ) ( )( ) ( ) ( ) ( )( ) ( )N

p
N
p L

NN
L

NN zKztFzKztFzPzP 221121 ,,,, −=−                                              

( ) ( ) ( )
( )

( ) ( ) ( ) ( )
( ) 








−+−≤ N

p
N
p L

NN
L

zKzKzz 21210ξ    (4.6) 

since 
                                         ( )

( ) ( ) 1, >≤ ppqK N
pL

N , [19],                                      (4.7) 

where ( )pq  is a constant depends on p . 
 
Hence from condition (1.3), Lemma 4.1 and from [17], we obtain 
 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( )

( )

( ) ( ) ( )
( )N
p

N
p

N
p

L

qq

q

LL
NN

zzdx
x
x

zzpqzKzK

21
/1

6/11

0
/1

2121

2/sin
2/1

0

−





























+

+−≤−

∫
π

π

ηλ

ηλ

,   (4.8)                                 

substituting from inequality (4.8) into (4.6), we get 
 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

( )

( ) ( ) ( ) ( ) ( ) ( )
( )N
p

N
p

N
p

L

qq

q

LL
NN

zzdx
x
xpq

zzzPzP

21
/16/11

0
/1

2121

2/sin
2/100

0

−





























++

+−≤−

∫
π

π

η
ηλξ

ξ

. (4.9) 
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From boundedness of the operator ( )NK in ( )N
pL and by using the principle of 

contraction mapping at 

     
( )

( )
( ) ( ) ( ) ( )


















































+

−
<

−

∫

1/16/11

0
/1' 2/sin

2/10
0

01,min
qq

q dx
x
xpq

mR
M π

π

η
η

ξ
ξ

θ
λ ,  (4.10) 

the system (4.4) has a unique solution in ( ) ( )MH N
m,ϕ for arbitrary 3≥N , hence the 

theorem is proved. 
 
5- The rate of convergence of the approximate solution 
 
From inequality (4.10), the equation (1.1) has a unique solution ( ) ( )MHtu m,

*
ϕ∈  

and the system (4.4) has a unique solution ( ) ( ) ( )MHzzzz N
mN ,

*
12

*
1

*
0

* ,...,, ϕ∈= − . 
The relation 

                      ( ) ( ) ( ) 








 −−
= ∑

−

=

12

0

2***

2
cot

2
sin,,,,

N

i

ii
iiNN

tttt
zttg

N
tutFtu λ ,             (5.1) 

at jtt =  is called the approximate solution of  the equation (1.1), ( ) **
jN ztu = , 

( )12,0 −= Nj . The norm of the difference of the vectors *z  and *u where 

 ( ) ( ) ( )( )1210
* ,...,, −= Ntututuu  in ( )N

pL  can be determined as follows: 
Applying the quadrature formula (4.3) to equation (1.1) at node points jt , we obtain                   
    

( ) ( ) ( )( ) ( )








+

−
= ∑

−

=
−

12

0

*** ,
2

cot,,
2

,,
N

i
jN

ji
jiiijjjj tgR

tt
tuttg

N
tutFtu α

λ ,  (5.2) 

putting ( ) ( ) *2*1 , zzuz ==  in (4.9) and using the inequality (4.10), we get  
  

    

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )
( )N
p

N
p

N
p

L

qq

q

cNLL

zudx
x
xpq

tgRzuzu

**
/16/11

0
/1

****

2/sin
2/100

,00

−





























++

+−≤−

∫
π

π

η
ηλξ

ξλξ

, 

 
consequently, we have   
 

    ( )
( ) ( )

( ) ( ) ( ) ( ) ( )





























+−−

≤−

∫
qq

q

cN

L

dx
x
xpq

tgR
zu N

p /16/11

0
/1

**

2/sin
2/10001

,0

π

π

η
ηλξξ

ξλ
. (5.3) 

To evaluate ( ) ( )
cN tutu ** − , we state the following two lemmas: 
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Lemma 5.1 [19] 
 
 Let ( ) ( ) ( ) mN

mN MHzzzz Φ∈∈= − ϕϕ ,,...,, ,1210 . Then for arbitrary natural 

number ( )12
0,

+
<<

m
Nhh , we get  

                                    ( ) ( )

















+






≤

N
hz

h
NMmlz N

pL

p

i
i

π
ϕ

/1
,max . 

Lemma 5.2 [17]  

                                 ( ) ( )( )∑
−

=
++≤

−−12

0

2 2ln112
2

cot
2

sin1 N

i

ii N
tttt

N
π . 

 
Applying formula (4.2) on the equation (1.1) and from equation (5.1), we obtain 
 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) cN

N

i

ii

ii
icNcN

R
tttt

N

ztututututu

λξ

ληξξ

0
2

cot
2

sin1

max000

12

0

2

******

+








 −−

−+−≤−

∑
−

=

 

 
Using Lemma 5.2 
            

        
( ) ( ) ( ) ( )

( ) ( )( ) ( )

( )
( ) ,

01
0

max2ln11
01

002 ****

cN

ii
icN

R

ztuNtutu

λ
ξ

ξ

πλ
ξ
ηξ

−
+

−++
−

≤−
     (5.4)                               

 
from Lemma 5.1 and inequality (5.3), we get 
 

( ) ( )
( )

( ) ( )

















+






≤−

+≤≤ N
hztgR

h
NMmlztu cN

p

mNh
ii

i

π
ϕλξ ,0min,max

/1

12/2
** , 

since 
                                 ( ) ( ) ( ) NNmltgR cN ln/, πϕ≤ , [15,19],                             (5.5) 
therefore,           

( ) ( )
( )

( )

















+














≤−

+≤≤ N
hN

Nh
NMmlztu

p

mNh
ii

i

π
ϕ

π
ϕξλ ln0min,max

/1

12/2
** , 

taking  1, 1 <<= − αα pNh  , then 
 

     ( ) ( ) ( )( ) 













+≤− −

−−

α
α π

ϕπϕξ 1
)(** 1

ln/0max
N

NNNconstztu p
iii

,          (5.6) 

 
consequently, from (5.4), (5.5) and (5.6), we obtain 
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( ) ( ) ( ) ( )
( ) ( )( ) ( )( ) ( ) ( )[ ]

( )
( ) ( ) ( ) .ln/
01

0

///ln02ln11
01
002 1/1**

NNml

NNNNNtutu p

cN

πϕλ
ξ

ξ

πϕπϕξπλ
ξ
ηξ αα

−
+

+++
−

≤− −−

Hence,         
                             ( ) ( ) ( )( )1

/ln 2** −−≤− p

cN NNconsttutu α ,           

 
 
Now we present the following examples. 
 
Example 1. Consider the integral equation  

                                           ,)(
2

cot))(,,(
2

)(
2

0

tfdtutgtu +
−

= ∫ τ
τ

ττ
π
λ π

                  (5.7) 

where 
                                 ( )( ) ( )τττ ututg sinsin,, = ,             ttttf cossin)( −= . 
 
It is easy to check that ( ) ttu =*  is the exact solution of equation (5.7) at 1=λ . 

Applying the quadrature formula (4.3) to equation (5.7) at node points, we obtain the 
following system of nonlinear algebraic equations: 
 

                         jjj
ji

ji

N

ji
i

ijj ttt
tt

zt
N

z cossin
2

cotsinsin
2

12

0

** −+
−

= −

−

≠
=
∑ α

λ , 

where 
                                     12,...,1,0,/ −== NjNjt j π . 
 
Table 1 displays the exact solution, the approximate solution and error between them 
for the equation (5.7) by using the mechanical quadrature method with 

1,20 == λN and at initial values 12,...,1,0,0* −== Njz j . 

 
Now, we apply the mechanical quadrature method to a class of LSIE. 
 
Example 2. Consider the integral equation  

                                      ( ) ( ) ( )tfdtutu =
−

− ∫
−

π

π

τ
τ

τλ
2

cot ,                                      (5.8)                

under the condition   
                                                   ( ) 0=±πu ,                                                             (5.9) 

where 
                                         ( ) tttf cos2sin π−= . 
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It is clear that ( ) ttu sin* =  is the exact solution of equation (5.8) at 1=λ . Applying 

the quadrature formula (4.3) to equation (5.8) under the condition (5.9) at the node 
points jt , we obtain the following system of linear algebraic equations: 

                            jj
ji

ji

N

ji
Ni

ij tt
tt

z
N

z cos2sin
2

cot
2

1

1

** πα
λ

−+
−

= −

−

≠
+−=

∑ , 

where 
                                     1,...,1,/ −+−== NNjNjt j π . 

The condition ( ) 0=±πu  reduces the node points jt  to 12 −N  points. 

Table 2 displays the exact solution, the approximate solution and the error between 
them for the equation (5.8) under the condition (5.9) by using the mechanical 
quadrature method with 1,20 == λN . 

 
Conclusions 

 
1. Tables 1, 2 display that the mechanical quadrature method gives accurate 

results with respect to NSIE and LSIE, these results are very acceptable compared 
to the exact solution. 
 

2. The Toeplitz matrix method and the product Nystrom method have been 
applied to the same equation (5.8) under the condition (5.9) in [1], table  3 

displays the values of exact solution ( ) ttu sin= , approximate solution ( )T
nu  and 

the error ( )TR  at the interior points by using the Toeplitz matrix method with 

.1,20 == λN  Also it shows the approximate solution ( )N
nu  and the error ( )NR  at 

the interior points by using the product Nystrom method with .1,40 == λN    

 
3. Its found that, the obtained results of the mechanical quadrature method are 

better than the obtained results of the Toeplitz matrix method and the product 
Nystrom method that have been applied in [1] to obtain the approximate solution 
of the same problem (5.8) under the same condition (5.9). 
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                           t                *u                *z                E   
         
                                 .0000000        .0000000        .0000000      0 .000000000 

 .1570796        .1570796        .1570795      1.490116E-07 
 .3141593        .3141593        .3141592      2.980232E-08 
 .4712389        .4712389        .4712395      5.960464E-07 
 .6283185        .6283185        .6283190      4.172325E-07 
 .7853982        .7853982        .7853984      2.384186E-07 
 .9424778        .9424778        .9424775      2.980232E-07 
 1.099557        1.099557        1.099557      4.768372E-07 
 1.256637        1.256637        1.256638      4.768372E-07 
 1.413717        1.413717        1.413717      4.768372E-07 
 1.570796        1.570796        1.570797      4.768372E-07 
 1.727876        1.727876        1.727875      1.072884E-06 
 1.884956        1.884956        1.884955      5.960464E-07 
 2.042035        2.042035        2.042036      4.768372E-07 
 2.199115        2.199115        2.199115      2.384186E-07 
 2.356194        2.356194        2.356194      4.768372E-07 
 2.513274        2.513274        2.513274      2.384186E-07 
 2.670354        2.670354        2.670354      0.000000E+00 
 2.827434        2.827434        2.827434      4.768372E-07 
 2.984513        2.984513        2.984513      0.000000E+00 
 3.141593        3.141593        3.141593      2.384186E-07 
 3.298672        3.298672        3.298672      0.000000E+00 
 3.455752        3.455752        3.455752      0.000000E+00 
 3.612832        3.612832        3.612832      2.384186E-07 
 3.769911        3.769911        3.769912      2.384186E-07 
 3.926991        3.926991        3.926991      4.768372E-07 
 4.084071        4.084071        4.084071      4.768372E-07 
 4.241150        4.241150        4.241152      1.907349E-06 
 4.398230        4.398230        4.398227      2.384186E-06 
 4.555309        4.555309        4.555309      0.000000E+00 
 4.712389        4.712389        4.712389      0.000000E+00 
 4.869469        4.869469        4.869469      0.000000E+00 
 5.026548        5.026548        5.026549      4.768372E-07 
 5.183628        5.183628        5.183627      9.536743E-07 
 5.340708        5.340708        5.340708      4.768372E-07 
 5.497787        5.497787        5.497787      0.000000E+00 
 5.654867        5.654867        5.654868      9.536743E-07 
 5.811946        5.811946        5.811946      0.000000E+00 
 5.969026        5.969026        5.969025      9.536743E-07 
 6.126106        6.126106        6.126106      0.000000E+00 

 
 

Table 1: The results for the Eq. (5.7). 
by using the mechanical quadrature method  
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                            t                       *u                     *z                   E  

 
                    -.298451E+01     -.1564343E+00    -.1564343E+00     1.192093E-07 
                        -.282743E+01     -.3090165E+00    -.3090165E+00     2.682209E-07 
                        -.267035E+01     -.4539907E+00    -.4539907E+00     2.980232E-07 
                        -.251327E+01     -.5877851E+00    -.5877851E+00     5.960464E-08 
                        -.235619E+01     -.7071072E+00    -.7071072E+00     4.768372E-07 
                        -.219911E+01     -.8090172E+00    -.8090172E+00     2.384186E-07 
                        -.204204E+01     -.8910056E+00    -.8910056E+00     8.940697E-07 
                        -.188496E+01     -.9510571E+00    -.9510571E+00     6.556511E-07 
                        -.172788E+01     -.9876884E+00    -.9876884E+00     0.000000E+00 
                        -.157080E+01     -.1000000E+01    -.9999997E+00     2.980232E-07 
                        -.141372E+01     -.9876881E+00    -.9876881E+00     2.384186E-07 
                        -.125664E+01     -.9510569E+00    -.9510569E\+00    3.576279E-07 
                        -.109956E+01     -.8910068E+00    -.8910068E+00     2.384186E-07 
                        -.942478E+00     -.8090168E+00    -.8090168E+00     1.788139E-07 
                        -.785398E+00     -.7071068E+00    -.7071068E+00     0.000000E+00 
                        -.628319E+00     -.5877856E+00    -.5877856E+00     3.576279E-07 
                        -.471239E+00     -.4539903E+00    -.4539903E+00     1.788139E-07 
                        -.314159E+00     -.3090171E+00    -.3090171E+00     1.192093E-07 
                        -.157080E+00     -.1564343E+00    -.1564343E+00     1.788139E-07 
                         .000000E+00      .0000000E+00    -.9783179E-07     9.783179E-08 
                         .157080E+00      .1564345E+00     .1564345E+00     5.960464E-08 
                         .314159E+00      .3090171E+00     .3090171E+00     1.192093E-07 
                         .471239E+00      .4539906E+00     .4539906E+00     5.960464E-08 
                         .628319E+00      .5877854E+00     .5877854E+00     1.192093E-07 
                         .785399E+00      .7071070E+00     .7071070E+00     2.384186E-07 
                         .942478E+00      .8090170E+00     .8090170E+00     0.000000E+00 
                         .109956E+01      .8910061E+00     .8910061E+00     4.768372E-07 
                         .125664E+01      .9510570E+00     .9510570E+00     4.172325E-07 
                         .141372E+01      .9876889E+00     .9876889E+00     5.364418E-07 
                         .157080E+01      .1000000E+01     .9999995E+00     5.364418E-07 
                         .172788E+01      .9876882E+00     .9876882E+00     1.192093E-07 
                         .188496E+01      .9510567E+00     .9510567E+00     2.384186E-07 
                         .204204E+01      .8910065E+00     .8910065E+00     5.960464E-08 
                         .219912E+01      .8090163E+00     .8090163E+00     7.152557E-07 
                         .235619E+01      .7071071E+00     .7071071E+00     3.576279E-07 
                         .251327E+01      .5877852E+00     .5877852E+00     0.000000E+00 
                         .267035E+01      .4539907E+00     .4539907E+00     2.980232E-07 
                         .282743E+01      .3090197E+00     .3090169E+00     1.192093E-07 
                         .298451E+01      .1564343E+00     .1564343E+00     1.341105E-07 
 

 
Table 2: The results of Eq. (5.8) 

 by using the mechanical quadrature method. 
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            t                            u                           ( )T
nu                  ( )TR                    ( )N

nu                  ( )NR               
 

  -.298451E+01  -.156434E+00   -.157566E+00    .113183E-02    -.157904E+00    .146956E-02 
  -.282743E+01  -.309017E+00   -.306774E+00    .224258E-02    -.307179E+00    .183761E-02 
  -.267035E+01  -.453990E+00   -.456815E+00    .282412E-02    -.454282E+00    .291620E-03 
  -.251327E+01  -.587785E+00   -.587984E+00    .198949E-03    -.587120E+00    .665654E-03 
  -.235619E+01  -.707107E+00   -.710086E+00    .297899E-02    -.706959E+00    .147790E-03 
  -.219911E+01  -.809017E+00   -.810573E+00     .155627E-02    -.808990E+00   .265871E-04 
  -.204204E+01  -.891007E+00   -.894161E+00     .315436E-02    -.890639E+00   .367293E-03 
  -.188496E+01  -.951057E+00   -.953450E+00     .239302E-02    -.951288E+00   .231250E-03 
  -.172788E+01  -.987688E+00   -.990983E+00     .329504E-02    -.987275E+00   .413104E-03 
  -.157080E+01  -.100000E+01   -.100286E+00     .285655E-02    -.100020E+01   .197142E-03 
  -.141372E+01  -.987688E+00   -.991010E+00     .332117E-02    -.987354E+00   .334045E-03 
  -.125664E+01  -.951057E+00   -.954070E+00     .301384E-02    -.951009E+00   .476252E-04 
  -.109956E+01  -.891007E+00   -.894194E+00     .318768E-02    -.890833E+00   .173579E-03 
  -.942478E+00  -.809017E+00   -.811927E+00     .291043E-02    -.808591E+00   .425900E-03 
  -.785398E+00  -.707107E+00   -.709991E+00     .288390E-02    -.707135E+00   .285526E-04 
  -.628319E+00  -.587785E+00   -.590376E+00     .259122E-02    -.586921E+00   .864526E-03 
  -.471239E+00  -.453990E+00   -.456418E+00     .242748E-02    -.454227E+00   .236237E-03 
  -.314159E+00  -.309017E+00   -.311125E+00     .210820E-02    -.307721E+00   .129617E-02 
  -.157080E+00  -.156434E+00   -.158292E+00     .185783E-02   -.156852E+00    .417934E-03 
   .000000E+00    .000000E+00    -.152180E-02     .152180E-02    .166220E-02     .166220E-02 
   .157080E+00    .156434E+00    .155205E+00     .122941E-02     .155886E+00    .548042E-03 
   .314159E+00    .309017E+00    .308119E+00     .898460E-03     .310933E+00    .191594E-02 
   .471239E+00    .453990E+00    .453386E+00     .604871E-03     .453382E+00    .608263E-03 
   .628319E+00    .587785E+00    .587479E+00     .306284E-03     .589811E+00    .202547E-02 
   .785398E+00    .707107E+00    .707059E+00     .481999E-04     .706518E+00    .588612E-03 
   .942478E+00    .809017E+00    .809207E+00     .190301E-03     .810993E+00    .197563E-02 
   .109956E+01    .891007E+00    .891388E+00     .381596E-03     .890519E+00    .487828E-03 
   .125664E+01    .951057E+00    .951592E+00     .535616E-03     .952825E+00    .176875E-02 
   .141372E+01    .987688E+00    .988324E+00     .635698E-03     .987375E+00    .313036E-03 
   .157080E+01    .100000E+01    .100069E+01     .686574E-03     .100142E+01    .142411E-02 
   .172788E+01    .987688E+00    .988367E+00     .678469E-03     .987610E+00    .784910E-04 
   .188496E+01    .951057E+00    .951670E+00     .613645E-03     .952033E+00    .976132E-03 
   .204204E+01    .891007E+00    .891492E+00     .485934E-03     .891203E+00    .196925E-03 
   .219911E+01    .809017E+00    .809312E+00     .294613E-03     .809489E+00    .472495E-03 
   .235619E+01    .707107E+00    .707138E+00     .308381E-04     .707602E+00    .495305E-03 
   .251327E+01    .587785E+00    .587465E+00     .320492E-03    .587762E+00     .234950E-04 
   .267035E+01    .453990E+00    .453182E+00     .808603E-03    .454816E+00     .825687E-03 
   .282743E+01    .309017E+00    .307399E+00     .161841E-02     .308643E+00     .373926E-03 
   .298451E+01    .156434E+00    .152392E+00     .404226E-02     .157947E+00     .151280E-02 
 

Table 3: The results of Eq. (5.8) 
                          by using the Toeplitz matrix method and the product Nystrom method. 
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ABEL’S METHOD ON SUMMATION BY PARTS AND
BILATERAL WELL-POISED 4ψ4-SERIES IDENTITIES

CHU WENCHANG

Abstract. By means of Abel’s lemma on summation by parts, we establish
two new identities of nonterminatingbilateral well-poised basic hypergeometric

4ψ4-series. Their applications to q-Clausen formulae are also discussed.

1. Introduction and Abel’s Lemma on Summation by Parts

For two complex x and q, the shifted-factorial of x with base q is defined by

(x; q)0 = 1 and (x; q)n = (1 − x) (1 − xq) · · · (1 − xqn−1) for n ∈ N. (1.1)

When |q| < 1, we have two well-defined infinite products

(x; q)∞ =
∞∏

k=0

(1 − qkx) and (x; q)n = (x; q)∞ / (xqn; q)∞ . (1.2)

In particular, the shifted factorial with negative integer order can be written ex-
plicitly from the last fraction as

(x; q)−n =
(−1)nq(

1+n
2 )x−n

(q/x; q)n
for n ∈ N. (1.3)

The product and fraction of shifted factorials are abbreviated respectively to

[ α, β, · · · , γ; q ]n = (α; q)n (β; q)n · · · (γ; q)n , (1.4)[
α, β, · · · , γ
A, B, · · · , C

∣∣∣ q
]

n

=
(α; q)n (β; q)n · · · (γ; q)n
(A; q)n (B; q)n · · · (C; q)n

. (1.5)

Following Bailey [2] and Slater [13], the basic hypergeometric series and the corre-
sponding bilateral series are defined, respectively, by

1+rφs

[
a0, a1, · · · , ar

b1, · · · , bs

∣∣∣ q; z
]

=
+∞∑

n=0

zn
[
a0, a1, · · · , ar
q, b1, · · · , bs

∣∣∣ q
]

n

(1.6)

rψs

[
a1, a2, · · · , ar
b1, b2, · · · , bs

∣∣∣ q; z
]

=
+∞∑

n=−∞
zn

[
a1, a2, · · · , ar
b1, b2, · · · , bs

∣∣∣ q
]

n

(1.7)

where the base q will be restricted to |q| < 1 for non-terminating q-series.
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W. Chu: Abel’s Method on summation by parts and Bilateral Well-Poised 4ψ4-Series Identities 2

One of the most important and useful identities in the theory of basic hypergeo-
metric series is Bailey’s summation formula [3] for a nonterminating bilateral very-
well-poised 6ψ6-series (see also [10, II-33]):

6ψ6

[
qa1/2, −qa1/2, b, c, d, e

a1/2, −a1/2, qa/b, qa/c, qa/d, qa/e

∣∣∣ q; qa2

bcde

]
(1.8a)

=
[
q, qa, q/a, qa/bc, qa/bd, qa/be, qa/cd, qa/ce, qa/de
qa/b, qa/c, qa/d, qa/e, q/b, q/c, q/d, q/e, qa2/bcde

∣∣∣ q
]

∞
(1.8b)

where we assume
∣∣qa2/bcde

∣∣ < 1 for convergence. It has recently been provided a
completely new and simple proof by Chu [8] through Abel’s lemma on summation
by parts. By employing this approach further, this paper will prove two non-
terminating bilateral well-poised 4ψ4-series identities. Their finite forms are closely
related to q-Clausen formulae.

Abel’s lemma on summation by parts has been shown very useful and important
in classical analysis. For an arbitrary complex sequence {τk}, define the backward
and forward difference operators ∇ and 4· , respectively, by

∇τk = τk − τk−1 and 4· τk = τk − τk+1 (1.9)

where 4· is adopted for convenience in the present paper, which differs from the
usual operator ∆ only in the minus sign.

Then Abel’s lemma on summation by parts may be reformulated as
+∞∑

k=−∞

Bk∇Ak = [AB]+∞ − [AB]−∞ +
+∞∑

k=−∞

Ak4· Bk (1.10)

provided that the two limits [AB]±∞ := limn→±∞AnBn+1 exist and one of both
series just displayed is convergent.

Proof. Let n be a natural number. According to the definition of the backward
difference, we have

n∑

k=−n

Bk∇Ak =
n∑

k=−n

Bk
{
Ak −Ak−1

}
=

n∑

k=−n

AkBk −
n∑

k=−n

Ak−1Bk.

Replacing k by k + 1 for the last sum, we get the following expression:
n∑

k=−n

Bk∇Ak = AnBn+1 −A−n−1B−n +
n∑

k=−n

Ak
{
Bk − Bk+1

}

= AnBn+1 −A−n−1B−n +
n∑

k=−n

Ak4· Bk.

Letting n→ +∞, we get the identity stated in the lemma. �

2. The Bilateral 4ψ4-Series Identities

In this section, we state two main summation theorems (see Theorem 1 and The-
orem 3 below) on nonterminating bilateral well-poised 4ψ4-series and discuss their
implications. The proofs of the theorems will be given in the next section. We also
remark that the q-series identities presented here are not consequences of Bailey’s
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celebrated 6ψ6-series identity (1.8a-1.8b), even it has been expected by the author
before starting to write this work.

§2.1. The first well-poised 4ψ4-series identity. The first nonterminating bi-
lateral well-poised 4ψ4-series identity is given by the following surprising theorem,
which expresses bilateral well-poised 4ψ4-series in terms of unilateral well-poised
series.

Theorem 1 (Bilateral well-poised 4ψ4-series identity). For three indeterminate
{b, c, d} satisfying the condition |q1/2/bd| < 1, there holds the transformation:

4ψ4

[
b, c, d, q1/2/bcd

q/b, q/c, q/d, q1/2bcd

∣∣∣ q; q
]

= 4ψ4

[
b, c, d, q1/2/bcd

q/b, q/c, q/d, q1/2bcd

∣∣∣ q; q2
]

(2.1a)

=
[
q, q/bc, q/bd, q/cd, q1/2/b, q1/2/c, q1/2/d, q1/2/bcd

q1/2, q1/2/bc, q1/2/bd, q1/2/cd, q/b, q/c, q/d, q/bcd

∣∣∣ q
]

∞
(2.1b)

+
(q1/2/bcd)(1− q3/2/bc2d)

(1 − q1/2/bc)(1 − q1/2/cd)(1 − q/bcd)

[
b, c, d, q3/2/bcd
q/b, q/c, q/d, q1/2bcd

∣∣∣ q
]

∞
(2.1c)

×
+∞∑

k=0

1−q2k+3/2/bc2d

1 − q3/2/bc2d

[
q/c, q1/2/c, q/bc, q/cd

q3/2/bc, q3/2/cd, q2/bcd, q3/2/bcd

∣∣∣ q
]

k

(q1/2
bd

)k
. (2.1d)

Both series 4ψ4 displayed in (2.1a) are reversal each other. In view of the fact that

(qw; q)k
(w; q)k

=
1 − wqk

1 − w
=

1
1 − w

−
wqk

1− w
(2.2)

the linear combination of the two series in (2.1a) leads us to the following bilateral
series identity with an extra w-parameter.

Proposition 2 (Bilateral well-poised 5ψ5-series identity). For three indeterminate
{b, c, d} satisfying the condition |q1/2/bd| < 1, there holds the following identity:

5ψ5

[
qw, b, c, d, q1/2/bcd

w, q/b, q/c, q/d, q1/2bcd

∣∣∣ q; q
]

(2.3a)

=
[
q, q/bc, q/bd, q/cd, q1/2/b, q1/2/c, q1/2/d, q1/2/bcd

q1/2, q1/2/bc, q1/2/bd, q1/2/cd, q/b, q/c, q/d, q/bcd

∣∣∣ q
]

∞
(2.3b)

+
(q1/2/bcd)(1− q3/2/bc2d)

(1 − q1/2/bc)(1− q1/2/cd)(1 − q/bcd)

[
b, c, d, q3/2/bcd

q/b, q/c, q/d, q1/2bcd

∣∣∣ q
]

∞
(2.3c)

×
+∞∑

k=0

1−q2k+3/2/bc2d

1 − q3/2/bc2d

[
q/c, q1/2/c, q/bc, q/cd

q3/2/bc, q3/2/cd, q2/bcd, q3/2/bcd

∣∣∣ q
]

k

(q1/2
bd

)k
. (2.3d)

§2.2. The second well-poised 4ψ4-series identity. The second nonterminating
bilateral well-poised 4ψ4-series identity is given by the following theorem, which
expresses another bilateral well-poised 4ψ4-series in terms of unilateral well-poised
series.
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Theorem 3 (Bilateral well-poised 4ψ4-series identity). For three indeterminate
{b, c, d} satisfying the condition |q3/2/bd| < 1, there holds the transformation:

4ψ4

[
b, c, d, q5/2/bcd

q2/b, q2/c, q2/d, bcd/q1/2

∣∣∣ q; q
]
= q

1
2 4ψ4

[
b, c, d, q5/2/bcd

q2/b, q2/c, q2/d, bcd/q1/2

∣∣∣ q; q2
]

(2.4a)

=
[
q, q3/2/b, q3/2/c, q3/2/d, q2/bc, q2/bd, q2/cd, q3/2/bcd

q1/2, q2/b, q2/c, q2/d, q3/2/bc, q3/2/bd, q3/2/cd, q2/bcd

∣∣∣ q
]

∞
(2.4b)

+
(q3/2/bcd)(1− q7/2/bc2d)

(1−q3/2/bc)(1−q3/2/cd)(1−q2/bcd)

[
b, c, d, q7/2/bcd

q2/b, q2/c, q2/d, q−1/2bcd

∣∣∣ q
]

∞
(2.4c)

×
+∞∑

k=0

1−q2k+7/2/bc2d

1 − q7/2/bc2d

[
q/c, q3/2/c, q2/bc, q2/cd

q5/2/bc, q5/2/cd, q3/bcd, q7/2/bcd

∣∣∣ q
]

k

(q3/2
bd

)k
. (2.4d)

The first equation (2.4a) follows from inverting the summation index for the bilat-
eral series. According to (2.2), we have similarly the linear combination of the two
series displayed in (2.4a) with an extra w-parameter.

Proposition 4 (Bilateral well-poised 5ψ5-series identity). For three indeterminate
{b, c, d} satisfying the condition |q3/2/bd| < 1, there holds the following identity:

5ψ5

[
qw, b, c, d, q5/2/bcd

w, q2/b, q2/c, q2/d, bcd/q1/2

∣∣∣ q; q
]
× 1 − w

1 − w/q
1
2

(2.5a)

=
[
q, q3/2/b, q3/2/c, q3/2/d, q2/bc, q2/bd, q2/cd, q3/2/bcd
q1/2, q2/b, q2/c, q2/d, q3/2/bc, q3/2/bd, q3/2/cd, q2/bcd

∣∣∣ q
]

∞
(2.5b)

+
(q3/2/bcd)(1 − q7/2/bc2d)

(1−q3/2/bc)(1−q3/2/cd)(1−q2/bcd)

[
b, c, d, q7/2/bcd

q2/b, q2/c, q2/d, q−1/2bcd

∣∣∣ q
]

∞
(2.5c)

×
+∞∑

k=0

1−q2k+7/2/bc2d

1 − q7/2/bc2d

[
q/c, q3/2/c, q2/bc, q2/cd

q5/2/bc, q5/2/cd, q3/bcd, q7/2/bcd

∣∣∣ q
]

k

(q3/2
bd

)k
. (2.5d)

§2.3. Well-poised terminating series. Letting c = q−n in Propositions 2 and 4,
it is trivial to see that the two extra terms displayed in (2.3c-2.3d) and (2.5c-2.5d)
vanish. Reformulating the corresponding terminating sums and then relabeling the
parameters, we can unify the resulting identities to the following single one.

Corollary 5 (Well-poised terminating 5φ4-series identity). For a natural number
m, there holds the following terminating series identity:

5φ4

[
q−m, qw, U, V, q1/2−m/UV

w, q1−m/U, q1−m/V, q1/2UV

∣∣∣ q; q
]

=
w − q−m/2

w − 1

[
q, UV
U, V

∣∣∣ q
]

m

[
U, V

q1/2, UV

∣∣∣ q1/2
]

m

.

The last identity is essentially discovered by Jackson [12, Eq 3]. Special cases of
this identity have been investigated by Bailey [4, Eq 4], Carlitz [6, Eq 1.3], Guo [11,
Eq 3.9] and Jain-Verma [15, Eqs 4.13 & 4.18]. It will systematically be utilized in
the fourth section of this paper to treat the q-Clausen product formulae.

§2.4. Classical hypergeometric series. We write down also the classical hyper-
geometric series identity corresponding to the limiting case q → 1. For the notation
of classical hypergeometric series, we refer the reader to Slater [13, Chapter 6].
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Recall the q-Gamma function [10, §1.10]

Γq(x) = (1 − q)1−x
(q; q)∞
(qx; q)∞

and lim
q→1−

Γq(x) = Γ(x). (2.6)

Performing replacements b→ qb, c → qc, d→ qd and w → qw in Proposition 2 and
then letting q → 1, we derive the following classical hypergeometric series identity.

Theorem 6 (Bilateral well-poised 5H5-series identity). For three indeterminate
{b, c, d} satisfying the condition <(b + d) < 1/2, there holds the following identity:

5H5

[
1 + w, b, c, d, 1/2− b− c − d

w, 1 − b, 1 − c, 1 − d, 1/2 + b+ c + d

∣∣∣ 1
]

(2.7a)

=
√
π Γ

[
1/2−b−c,1/2−b−d,1/2−c−d,1−b,1−c,1−d,1−b−c−d

1−b−c,1−b−d,1−c−d,1/2−b,1/2−c,1/2−d,1/2−b−c−d

]
(2.7b)

+
b+ 2c+ d− 3/2

(b+c−1/2)(c+d−1/2)(b+c+d−1)
Γ

[
1 − b, 1 − c, 1 − d, 1/2 + b+ c+ d
b, c, d, 3/2 − b− c− d

]
(2.7c)

×
+∞∑

k=0

3/2−b−2c−d+2k
3/2−b−2c−d

[
1 − b− c, 1 − c− d

3/2 − b− c, 3/2 − c − d

]

k

(1 − 2c)2k
(3 − 2b− 2c− 2d)2k

. (2.7d)

Similarly, we find from Proposition 4 another bilateral well-poised series identity.

Theorem 7 (Bilateral well-poised 5H5-series identity). For three indeterminate
{b, c, d} satisfying the condition <(b + d) < 3/2, there holds the following identity:

5H5

[
1 + w, b, c, d, 5/2− b− c − d

w, 2 − b, 2 − c, 2 − d, b+ c + d− 1/2

∣∣∣ 1
]
× 2w

2w − 1
(2.8a)

=
√
π Γ

[
3/2−b−c,3/2−b−d,3/2−c−d,2−b,2−c,2−d,2−b−c−d

2−b−c,2−b−d,2−c−d,3/2−b,3/2−c,3/2−d,3/2−b−c−d

]
(2.8b)

+
b+ 2c+ d− 7/2

(b+c−3/2)(c+d−3/2)(b+c+d−2)
Γ

[
2 − b, 2 − c, 2 − d, b+ c+ d− 1/2
b, c, d, 7/2 − b− c− d

]
(2.8c)

×
+∞∑

k=0

7/2−b−2c−d+2k
7/2−b−2c−d

[
2 − b− c, 2 − c− d

5/2 − b− c, 5/2 − c − d

]

k

(2 − 2c)2k
(6 − 2b− 2c− 2d)2k

. (2.8d)

It seems that the both identities just displayed have not appeared previously in the
literature on classical hypergeometric series.

3. Proofs via Abel’s method on summation by parts

This section will be devoted to the proofs of the identities displayed in the last
section, essentially Theorem 1 and Theorem 3. It is interesting to observe that the
two bilateral well-poised 4ψ4-series from both theorems will be tied together by two
crossing recurrence relations and then be confirmed through functional equation
iteration and limiting process.

Let us first define two functions by

U(b, c, d) := 4ψ4

[
b, c, d, q1/2/bcd
q/b, q/c, q/d, q1/2bcd

∣∣∣ q; q
]
, (3.1a)

V(b, c, d) := 4ψ4

[
b, c, d, q5/2/bcd

q2/b, q2/c, q2/d, q−1/2bcd

∣∣∣ q; q
]
. (3.1b)
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Their reversals read respectively as

U(b, c, d) := 4ψ4

[
b, c, d, q1/2/bcd

q/b, q/c, q/d, q1/2bcd

∣∣∣ q; q2
]
, (3.2a)

V(b, c, d) :=q1/24ψ4

[
b, c, d, q5/2/bcd

q2/b, q2/c, q2/d, q−1/2bcd

∣∣∣ q; q2
]
. (3.2b)

§3.1. For two sequences defined by

Ak =
[
qb, q1/2cd, q3/2/bcd

q/b, q3/2/cd, q1/2bcd

∣∣∣ q
]

k

and Bk =
[

c, d, q3/2/cd

q/c, q/d, q−1/2cd

∣∣∣ q
]

k

it is almost trivial to compute the limits

[AB]+∞ = −[AB]−∞ =
1

1 − q−1/2cd

[
qb, c, d, q3/2/bcd

q/b, q/c, q/d, q1/2bcd

∣∣∣ q
]

∞

and the following difference relations:

∇Ak = (1 + qk)
[
b, q−1/2cd, q1/2/bcd

q/b, q3/2/cd, q1/2bcd

∣∣∣ q
]

k

qk,

4· Bk = (1 + qk+1/2)
[

c, d, q3/2/cd

q2/c, q2/d, q1/2cd

∣∣∣ q
]

k

qk

× (1 − q1/2/c)(1 − q1/2/d)(1− q/cd)
(1 − q/c)(1 − q/d)(1− q1/2/cd)

.

On account of (3.1a) and (3.2a), we can apply the Abel method on summation by
parts to manipulate the well-poised 4ψ4-series as follows:

2U(b, c, d) =
∑

k

(1 + qk)
[
b, c, d, q1/2/bcd

q/b, q/c, q/d, q1/2bcd

∣∣∣ q
]

k

qk

=
∑

k

Bk∇Ak = 2[AB]+∞ +
∑

k

Ak4· Bk

=
2

1 − q−1/2cd

[
qb, c, d, q3/2/bcd

q/b, q/c, q/d, q1/2bcd

∣∣∣ q
]

∞

+
(1 − q1/2/c)(1 − q1/2/d)(1− q/cd)
(1 − q/c)(1 − q/d)(1− q1/2/cd)

×
∑

k

(1 + qk+1/2)
[
qb, c, d, q3/2/bcd

q/b, q2/c, q2/d, q1/2bcd

∣∣∣ q
]

k

qk.

By means of (3.1b) and (3.2b), the last sum with respect to k reduces to 2V(qb, c, d).
We therefore have established the following crossing relation:

U(b, c, d) = V(qb, c, d)× (1 − q1/2/c)(1 − q1/2/d)(1 − q/cd)
(1 − q/c)(1 − q/d)(1 − q1/2/cd)

(3.3a)

+
1

1 − q−1/2cd

[
qb, c, d, q3/2/bcd

q/b, q/c, q/d, q1/2bcd

∣∣∣ q
]

∞
. (3.3b)

§3.2. Similarly, for two sequences defined by

Ak =
[
qb, qc, q/bc
q/b, q/c, qbc

∣∣∣ q
]

k

and Bk =
[
qbc, d, q1/2/bcd

1/bc, q/d, q1/2bcd

∣∣∣ q
]

k
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it is not difficult to compute the limits

[AB]+∞ = −[AB]−∞ =
1

1 − 1/bc

[
qb, qc, d, q1/2/bcd

q/b, q/c, q/d, q1/2bcd

∣∣∣ q
]

∞

and the following difference relations:

∇Ak = (1 + qk)
[

b, c, 1/bc
q/b, q/c, qbc

∣∣∣ q
]

k

qk,

4· Bk = (1 + qk+1/2)
[

qbc, d, q1/2/bcd

q/bc, q2/d, q3/2bcd

∣∣∣ q
]

k

qk

× (1 − q1/2bc)(1 − q1/2/d)(1 − bcd)
(1 − bc)(1 − q/d)(1 − q1/2bcd)

.

In view of (3.1a) and (3.2a), we can again apply the Abel method on summation
by parts to manipulate the well-poised 4ψ4-series as follows:

2U(b, c, d) =
∑

k

(1 + qk)
[
b, c, d, q1/2/bcd

q/b, q/c, q/d, q1/2bcd

∣∣∣ q
]

k

qk

=
∑

k

Bk∇Ak = 2[AB]+∞ +
∑

k

Ak4· Bk

=
2

1 − 1/bc

[
qb, qc, d, q1/2/bcd

q/b, q/c, q/d, q1/2bcd

∣∣∣ q
]

∞

+
(1 − q1/2bc)(1 − q1/2/d)(1− bcd)
(1 − bc)(1 − q/d)(1 − q1/2bcd)

×
∑

k

(1 + qk+1/2)
[
qb, qc, d, q1/2/bcd

q/b, q/c, q2/d, q3/2bcd

∣∣∣ q
]

k

qk.

Recalling (3.1b) and (3.2b), we see that the last sum with respect to k equals
2V(qb, qc, d). We therefore have established another crossing relation:

U(b, c, d) = V(qb, qc, d)× (1 − q1/2bc)(1 − q1/2/d)(1 − bcd)
(1 − bc)(1 − q/d)(1 − q1/2bcd)

(3.4a)

+
1

1 − 1/bc

[
qb, qc, d, q1/2/bcd

q/b, q/c, q/d, q1/2bcd

∣∣∣ q
]

∞
. (3.4b)

§3.3. Now combining (3.3a-3.3b) with (3.4a-3.4b) under the replacement c →
c/q and then canceling V(b, c, d), we derive the following independent relation for
U(b, c, d):

U(b, c, d) = U(b, c/q, d)× (1−q1/2/c)(1−q/bc)(1−q/cd)(1−q1/2/bcd)
(1−q/c)(1−q1/2/bc)(1−q1/2/cd)(1−q/bcd) (3.5a)

+ (q1/2/bcd)(1−q3/2/bc2d)
(1−q1/2/bc)(1−q1/2/cd)(1−q/bcd)

[
b, c, d, q3/2/bcd

q/b, q/c, q/d, q1/2bcd

∣∣∣ q
]

∞
. (3.5b)
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Observing that the last relation results from shifting parameter c by q. Iterating it
m-times, we derive the following relation with a natural number parameter m:

U(b, c, d) = U(b, c/qm, d)
[
q1/2/c, q/bc, q/cd, q1/2/bcd

q/c, q1/2/bc, q1/2/cd, q/bcd

∣∣∣ q
]

m

+
m−1∑

k=0

(qk+1/2/bcd)(1− q2k+3/2/bc2d)
(1 − qk+1/2/bc)(1 − qk+1/2/cd)(1 − qk+1/bcd)

×
[
b, q−kc, d, qk+3/2/bcd

q/b, qk+1/c, q/d, q1/2−kbcd

∣∣∣ q
]

∞

×
[
q1/2/c, q/bc, q/cd, q1/2/bcd

q/c, q1/2/bc, q1/2/cd, q/bcd

∣∣∣ q
]

k

which can be further simplified as

U(b, c, d) = U(b, c/qm, d)×
[
q1/2/c, q/bc, q/cd, q1/2/bcd

q/c, q1/2/bc, q1/2/cd, q/bcd

∣∣∣ q
]

m

(3.6a)

+
(q1/2/bcd)(1 − q3/2/bc2d)

(1 − q1/2/bc)(1 − q1/2/cd)(1− q/bcd)

[
b, c, d, q3/2/bcd

q/b, q/c, q/d, q1/2bcd

∣∣∣ q
]

∞
(3.6b)

×
m−1∑

k=0

1 − q2k+3/2/bc2d

1 − q3/2/bc2d

[
q/c, q1/2/c, q/bc, q/cd

q3/2/bc, q3/2/cd, q2/bcd, q3/2/bcd

∣∣∣ q
]

k

(q1/2
bd

)k
. (3.6c)

When |q1/2/bd| < 1, we can compute, by means of the Weierstrass M -test on
uniformly convergent series (cf. Stromberg [14, P 141]), the following limit

lim
m→∞

U(b, c/qm, d) = 2ψ2

[
b, d
q/b, q/d

∣∣∣ q; q
1/2

bd

]
=

[
q, q1/2/b, q1/2/d, q/bd

q1/2, q/b, q/d, q1/2/bd

∣∣∣ q
]

∞

where we have appealed the well-poised bilateral series identity due to Bailey [5,
Eq 2.2] (cf. [15, Eq 5.5] also):

3ψ3

[
b, c, d
q/b, q/c, q/d

∣∣∣ q; q

bcd

]
=

[
q, q/bc, q/bd, q/cd
q/b, q/c, q/d, q/bcd

∣∣∣ q
]

∞
, (|q/bcd| < 1).

Letting m → ∞ in (3.6a-3.6b-3.6c), we find the following transformation formula:

U(b, c, d) =
[
q, q1/2/b, q1/2/c, q1/2/d, q/bc, q/bd, q/cd, q1/2/bcd

q1/2, q/b, q/c, q/d, q1/2/bc, q1/2/bd, q1/2/cd, q/bcd

∣∣∣ q
]

∞
(3.7a)

+
(q1/2/bcd)(1− q3/2/bc2d)

(1 − q1/2/bc)(1 − q1/2/cd)(1 − q/bcd)

[
b, c, d, q3/2/bcd

q/b, q/c, q/d, q1/2bcd

∣∣∣ q
]

∞
(3.7b)

×
+∞∑

k=0

1 − q2k+3/2/bc2d

1 − q3/2/bc2d

[
q/c, q1/2/c, q/bc, q/cd

q3/2/bc, q3/2/cd, q2/bcd, q3/2/bcd

∣∣∣ q
]

k

(q1/2
bd

)k
. (3.7c)

We remark that (3.7c) is the partial sum of the terms labeled with nonnegative
integers of Bailey’s very-well-poised bilateral 6ψ6-series.

This completes the proof of Theorem 1 .
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§3.4. Analogously, the difference between (3.3a-3.3b) and (3.4a-3.4b) under the
replacements b→ b/q and c→ c/q leads us to another independent relation:

V(b, c, d) = V(b, c/q, d)× (1−q3/2/c)(1−q2/bc)(1−q2/cd)(1−q3/2/bcd)
(1−q2/c)(1−q3/2/bc)(1−q3/2/cd)(1−q2/bcd) (3.8a)

+ (q3/2/bcd)(1−q7/2/bc2d)
(1−q3/2/bc)(1−q3/2/cd)(1−q2/bcd)

[
b, c, d, q7/2/bcd

q2/b, q2/c, q2/d, q−1/2bcd

∣∣∣ q
]

∞
.(3.8b)

Iterating the last relation m-times, we derive the recurrence relation for V(b, c, d):

V(b, c, d) = V(b, c/qm, d)
[
q3/2/c, q2/bc, q2/cd, q3/2/bcd

q2/c, q3/2/bc, q3/2/cd, q2/bcd

∣∣∣ q
]

m

+
m−1∑

k=0

(qk+3/2/bcd)(1− q2k+7/2/bc2d)
(1 − qk+3/2/bc)(1 − qk+3/2/cd)(1 − qk+2/bcd)

×
[

b, q−kc, d, qk+7/2/bcd

q2/b, qk+2/c, q2/d, q−k−1/2bcd

∣∣∣ q
]

∞

×
[
q3/2/c, q2/bc, q2/cd, q3/2/bcd

q2/c, q3/2/bc, q3/2/cd, q2/bcd

∣∣∣ q
]

k

which can be further simplified as

V(b, c, d) = V(b, c/qm, d) ×
[
q3/2/c, q2/bc, q2/cd, q3/2/bcd

q2/c, q3/2/bc, q3/2/cd, q2/bcd

∣∣∣ q
]

m

(3.9a)

+
(q3/2/bcd)(1− q7/2/bc2d)

(1−q3/2/bc)(1−q3/2/cd)(1−q2/bcd)

[
b, c, d, q7/2/bcd

q2/b, q2/c, q2/d, q−1/2bcd

∣∣∣ q
]

∞
(3.9b)

×
m−1∑

k=0

1 − q2k+7/2/bc2d

1 − q7/2/bc2d

[
q/c, q3/2/c, q2/bc, q2/cd

q5/2/bc, q5/2/cd, q3/bcd, q7/2/bcd

∣∣∣ q
]

k

(q3/2
bd

)k
. (3.9c)

When |q3/2/bd| < 1, we can compute, by means of the Weierstrass M -test on
uniformly convergent series (cf. Stromberg [14, P 141]), the following limit

lim
m→∞

V(b, c/qm, d) = 2ψ2

[
b, d

q2/b, q2/d

∣∣∣ q; q
3/2

bd

]
=

[
q, q3/2/b, q3/2/d, q2/bd

q1/2, q2/b, q2/d, q3/2/bd

∣∣∣ q
]

∞

where we have invoked the well-poised series identity due to Bailey [5, Eq 2.3]:

3ψ3

[
b, c, d

q2/b, q2/c, q2/d

∣∣∣ q; q
2

bcd

]
=

[
q, q2/bc, q2/bd, q2/cd
q2/b, q2/c, q2/d, q2/bcd

∣∣∣ q
]

∞
, (|q2/bcd| < 1).

Letting m → ∞ in (3.9a-3.9b-3.9c), we find the following transformation formula:

V(b, c, d) =
[
q, q3/2/b, q3/2/c, q3/2/d, q2/bc, q2/bd, q2/cd, q3/2/bcd

q1/2, q2/b, q2/c, q2/d, q3/2/bc, q3/2/bd, q3/2/cd, q2/bcd

∣∣∣ q
]

∞
(3.10a)

+
(q3/2/bcd)(1− q7/2/bc2d)

(1−q3/2/bc)(1−q3/2/cd)(1−q2/bcd)

[
b, c, d, q7/2/bcd

q2/b, q2/c, q2/d, q−1/2bcd

∣∣∣ q
]

∞
(3.10b)

×
+∞∑

k=0

1 − q2k+7/2/bc2d

1 − q7/2/bc2d

[
q/c, q3/2/c, q2/bc, q2/cd

q5/2/bc, q5/2/cd, q3/bcd, q7/2/bcd

∣∣∣ q
]

k

(q3/2
bd

)k
(3.10c)

which has been anticipated in Theorem 3.
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§3.5. The transformation displayed in Theorem 3 can also be derived by substi-
tuting the identity in Theorem 1 into the crossing relation (3.3a-3.3b).

First, rewrite the crossing relation stated in (3.3a-3.3b) as

V(b, c, d) =
q1/2/cd

(1−q1/2/c)(1−q1/2/d)(1−q/cd)

[
b, c, d, q5/2/bcd

q2/b, q2/c, q2/d, q−1/2bcd

∣∣∣ q
]

∞

+ U(b/q, c, d)
(1 − q/c)(1 − q/d)(1− q1/2/cd)

(1− q1/2/c)(1 − q1/2/d)(1 − q/cd)
.

Next replacing the last U(b/q, c, d) according to Theorem 1 and then simplifying
the result, we have the following equation:

V(b, c, d) =
[
q, q3/2/b, q3/2/c, q3/2/d, q2/bc, q2/bd, q2/cd, q3/2/bcd

q1/2, q2/b, q2/c, q2/d, q3/2/bc, q3/2/bd, q3/2/cd, q2/bcd

∣∣∣ q
]

∞
(3.11a)

+
q1/2/cd

(1−q1/2/c)(1−q1/2/d)(1−q/cd)

[
b, c, d, q5/2/bcd

q2/b, q2/c, q2/d, q−1/2bcd

∣∣∣ q
]

∞
(3.11b)

+
q3/2/bcd

(1−q3/2/bc)(1−q1/2/d)(1−q2/bcd)

[
b, c, d, q5/2/bcd

q2/b, q2/c, q2/d, q−1/2bcd

∣∣∣ q
]

∞
(3.11c)

× (1 − b/q)(1− q5/2/bc2d)
(1 − q1/2/c)(1 − q/cd)

+∞∑

k=0

1 − q2k+5/2/bc2d

1 − q5/2/bc2d
(3.11d)

×
[

q/c, q1/2/c, q2/bc, q/cd
q5/2/bc, q3/2/cd, q3/bcd, q5/2/bcd

∣∣∣ q
]

k

(q3/2
bd

)k
. (3.11e)

This seems far from the transformation displayed in Theorem 3. However their
equivalence can be shown through the following slightly modified Abel’s lemma
on summation by parts for nonterminating unilateral series:

+∞∑

k=0

Bk∇Ak = [AB]+∞ − A−1B0 +
+∞∑

k=0

Ak4· Bk (3.12)

provided that the limit [AB]∞ := limn→∞AnBn+1 exists and one of both series
just displayed is convergent.

For |q3/2/bd| < 1, define two sequences {Ck, Dk} by

Ck =
[
q3/2/c, q2/cd

q3/bcd, q5/2/bc

∣∣∣ q
]

k

(q
b

)k
and Dk =

[
q2/bc, q/c

q3/2/cd, q5/2/bcd

∣∣∣ q
]

k

(q1/2
d

)k
.

We have no difficulty to check

[CD]+∞ = 0 and C−1D0 =
b

q

(1 − q3/2/bc)(1− q2/bcd)
(1 − q1/2/c)(1 − q/cd)

and the finite differences

∇Ck = (1−b/q)(1−q5/2/bc2d)
(1−q1/2/c)(1−q/cd)

[
q1/2/c, q/cd

q3/bcd, q5/2/bc

∣∣∣ q
]

k

1 − q2k+5/2/bc2d

1 − q5/2/bc2d

(q
b

)k
,

4· Dk = (1−q1/2/d)(1−q7/2/bc2d)
(1−q3/2/cd)(1−q5/2/bcd)

[
q2/bc, q/c

q5/2/cd, q7/2/bcd

∣∣∣ q
]

k

1− q2k+7/2/bc2d

1 − q7/2/bc2d

(q1/2
d

)k
.
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Then we can reformulate (3.11d-3.11e) through (3.12) as follows:

∑

k≥0

Dk∇Ck = −C−1D0 +
∑

k≥0

Ck4· Dk = − b
q

(1 − q3/2/bc)(1 − q2/bcd)
(1 − q1/2/c)(1 − q/cd)

+
(1 − q1/2/d)(1− q7/2/bc2d)
(1 − q3/2/cd)(1 − q5/2/bcd)

∑

k≥0

1 − q2k+7/2/bc2d

1 − q7/2/bc2d

×
[

q/c, q3/2/c, q2/bc, q2/cd

q5/2/bc, q5/2/cd, q3/bcd, q7/2/bcd

∣∣∣ q
]

k

(q3/2
bd

)k
.

Substituting the last equation into (3.11) and then canceling the extra term dis-
played in (3.11b), we get finally again the transformation stated in Theorem 3.

V(b, c, d) =
[
q, q3/2/b, q3/2/c, q3/2/d, q2/bc, q2/bd, q2/cd, q3/2/bcd

q1/2, q2/b, q2/c, q2/d, q3/2/bc, q3/2/bd, q3/2/cd, q2/bcd

∣∣∣ q
]

∞

+
(q3/2/bcd)(1− q7/2/bc2d)

(1−q3/2/bc)(1−q3/2/cd)(1−q2/bcd)

[
b, c, d, q7/2/bcd

q2/b, q2/c, q2/d, q−1/2bcd

∣∣∣ q
]

∞

×
+∞∑

k=0

1 − q2k+7/2/bc2d

1 − q7/2/bc2d

[
q/c, q3/2/c, q2/bc, q2/cd

q5/2/bc, q5/2/cd, q3/bcd, q7/2/bcd

∣∣∣ q
]

k

(q3/2
bd

)k
.

4. The q-Clausen Product Formulae

Following Jackson [12], consider the product of two basic hypergeometric series

∑

n≥0

Wn z
n = 2φ1

[
au2, bv2

cu2v2

∣∣∣ q2; z
]
× 2φ1

[
αu2, βv2

γu2v2

∣∣∣ q2; qz
]

(4.1)

where the Wn-coefficients are determined by the q-binomial convolution

Wn =
n∑

k=0

[
au2, bv2

q2, cu2v2

∣∣∣ q2
]

k

[
u2α, v2β
q2, u2v2γ

∣∣∣ q2
]

n−k
qn−k (4.2a)

=
[
au2, bv2

q2, cu2v2

∣∣∣ q2
]

n
4φ3

[
q−2n, αu2, βv2, q2−2n/cu2v2

q2−2n/au2, q2−2n/bv2, γu2v2

∣∣∣ q2; q
3c

ab

]
(4.2b)

= qn
[
αu2, βv2

q2, γu2v2

∣∣∣ q2
]

n
4φ3

[
q−2n, au2, bv2, q2−2n/γu2v2

q2−2n/αu2, q2−2n/βv2, cu2v2

∣∣∣ q2; qγ
αβ

]
. (4.2c)

When the Wn-coefficients have closed form in terms of q-factorial fraction, the q-
series product formulae (including the q-Clausen formula) can be established con-
sequently.

For an alternative q-analogue of the Clausen theorem and other proofs of Jackson’s
q-Clausen formula, refer to Gasper [9].

§4.1. For the terminating series (4.2b) and (4.2c), letting

a = b = 1, c = q and α = β = 1, γ = q
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we may evaluate them by means of Corollary 5 as follows:

4φ3

[
q−n, U, V, q1/2−n/UV

q1−n/U, q1−n/V, q1/2UV

∣∣∣ q; qε
]

(4.3a)

= qn(ε−2)/2

[
q, UV
U, V

∣∣∣ q
]

n

[
U, V

q1/2, UV

∣∣∣ q1/2
]

n

, ε = 1, 2. (4.3b)

The corresponding product (4.1) yields the q-Clausen formula due to Jackson [12,
§5] (cf. also Chu [7, Example 5.1], Gasper [9, Eq 2.1] and Guo [11, Eq 3.1])

2φ1

[
u2, v2

qu2v2

∣∣∣ q2; z
]
× 2φ1

[
u2, v2

qu2v2

∣∣∣ q2; qz
]

(4.4a)

= 4φ3

[
u2, v2, uv, −uv

u2v2, q1/2uv, −q1/2uv

∣∣∣ q; z
]

(4.4b)

which is the q-analogue of the Clausen (1828) theorem (cf. Bailey [2, P 86: Eq 4],
Askey [1, Eq 1.2] and Gasper [9, Eq 1.1]):

2F1

[
U, V

U + V + 1/2

∣∣∣ z
]
× 2F1

[
U, V

U + V + 1/2

∣∣∣ z
]

= 3F2

[
2U, 2V, U + V
2U+2V, U+V+1/2

∣∣∣ z
]
.

§4.2. For the terminating series (4.2b), putting

a = b = 1, c = q−1 and α = β = 1, γ = q

we may evaluate it by means of Corollary 5 as (see also [16, Eq 4.3])

4φ3

[
q−n, U, V, q3/2−n/UV

q1−n/U, q1−n/V, q1/2UV

∣∣∣ q; q
]

(4.5a)

=
[
q, UV, q−1/2UV

U, V, q1/2UV

∣∣∣ q
]

n

[
U, V

q1/2, q−1/2UV

∣∣∣ q1/2
]

n

. (4.5b)

While the terminating series corresponding to (4.2c) is just the reversal of (4.5a):

4φ3

[
q−n, U, V, q1/2−n/UV

q1−n/U, q1−n/V, q−1/2UV

∣∣∣ q; q
]

(4.6a)

= q−n/2
[
q, UV
U, V

∣∣∣ q
]

n

[
U, V

q1/2, q−1/2UV

∣∣∣ q1/2
]

n

. (4.6b)

The corresponding (4.1) yields the product formula (cf. Chu [7, Example 5.2])

2φ1

[
u2, v2

q−1u2v2

∣∣∣ q2; z
]

× 2φ1

[
u2, v2

qu2v2

∣∣∣ q2; qz
]

(4.7a)

= 4φ3

[
u2, v2, uv, −uv

q−1u2v2, q1/2uv, −q1/2uv

∣∣∣ q; z
]

(4.7b)

which is a q-analogue of the Orr (1899) theorem (cf. Bailey [2, P 86: Eq 5]):

2F1

[
U, V

U + V − 1/2

∣∣∣ z
]
× 2F1

[
U, V

U + V + 1/2

∣∣∣ z
]

= 3F2

[
2U, 2V, U + V

2U+2V−1, U+V+1/2

∣∣∣ z
]
.
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§4.3. For the terminating series (4.2c), setting

a = c = 1, b = q and α = γ = 1, β = q−1

we may evaluate it by means of Corollary 5 as

4φ3

[
q−n, U, q1/2V, q1−n/UV

q1−n/U, q3/2−n/V, UV

∣∣∣ q; q
]

(4.8a)

= q−n/2
[
q, q−1/2UV

U, q−1/2V

∣∣∣ q
]

n

[
U, V

q1/2, q−1/2UV

∣∣∣ q1/2
]

n

. (4.8b)

While the terminating series corresponding to (4.2b) is just the reversal of summa-
tion (4.8a):

4φ3

[
q−n, U, V q−1/2, q1−n/UV

q1−n/U, q1/2−n/V, UV

∣∣∣ q; q
]

(4.9a)

=
[
q, q−1/2UV

U, q1/2V

∣∣∣ q
]

n

×
[

U, V,

q1/2, q−1/2UV

∣∣∣ q1/2
]

n

. (4.9b)

The corresponding (4.1) yields the product formula (cf. Chu [7, Example 5.3])

2φ1

[
u2, v2q
u2v2

∣∣∣ q2; z
]
×2 φ1

[
u2, v2/q
u2v2

∣∣∣ q2; qz
]

(4.10a)

= 4φ3

[
u2, v2, q−1/2uv, −q−1/2uv

q−1u2v2, uv, −uv

∣∣∣ q; z
]

(4.10b)

which is the q-analogue of the Orr (1899) theorem (cf. Bailey [2, P 86: Eq 6]):

2F1

[
U, V + 1/2
U + V

∣∣∣ z
]
× 2F1

[
U, V − 1/2
U + V

∣∣∣ z
]

= 3F2

[
2U, 2V, U + V − 1/2
U + V, 2U + 2V − 1

∣∣∣ z
]
.

§4.4. For the terminating series (4.2c), taking

a = b = c = q and α = β = γ = q−1

we may evaluate it by means of Corollary 5 as

4φ3

[
q−n, q1/2U, q1/2V, q3/2−n/UV

q3/2−n/U, q3/2−n/V, q1/2UV

∣∣∣ q; q
]

(4.11a)

= q−n/2 1−q−1/2UV
1−qn−1/2UV

[
q, UV

q−1/2U, q−1/2V

∣∣∣ q
]

n

[
U, V

q1/2, q−1/2UV

∣∣∣ q1/2
]

n

. (4.11b)

The terminating series corresponding (4.2b) is the reversal of summation (4.11a):

4φ3

[
q−n, q−1/2U, q−1/2V, q1/2−n/UV

q1/2−n/U, q1/2−n/V, q−1/2UV

∣∣∣ q; q
]

(4.12a)

=
[

q, UV

q1/2U, q1/2V

∣∣∣ q
]

n

×
[

U, V

q1/2, q−1/2UV

∣∣∣ q1/2
]

n

. (4.12b)

The corresponding (4.1) yields the product formula (cf. Chu [7, Example 5.4])

2φ1

[
u2q, v2q
u2v2q

∣∣∣ q2; z
]
× 2φ1

[
u2/q, v2/q
u2v2/q

∣∣∣ q2; qz
]

(4.13a)

= 4φ3

[
u2, v2, uv, −uv

q−1u2v2, q1/2uv, −q1/2uv

∣∣∣ q; z
]

(4.13b)
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which is the q-analogue of the following hypergeometric product (Askey [1, Eq 4.2]):

2F1

[
U+1/2,V+1/2

U + V + 1/2

∣∣∣ z
]
× 2F1

[
U−1/2,V−1/2

U + V − 1/2

∣∣∣ z
]

= 3F2

[
2U, 2V, U + V

2U+2V−1,U+V+1/2

∣∣∣ z
]
.
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IDEAL STRUCTURE AND PURE

STATE SPACE OF SOME OPERATOR ALGEBRAS

Adel M. Zaki

Abstract

In this work, we consider two examples of C∗-algebras. We find the

ideal structure of each and we obtain a precise form of the pure state space

of both C∗-algebras.

Keywords, C∗-algebras, primal ideals, pure states.

1 Introduction

Let A be a C∗-algebra of operators acting on an infinite dimensional Hilbert space

H. If S is a subset of the dual space A∗, we denote by S̄ the closure of S in the

weak∗-topology. Firstly, we consider the C∗-algebra E of all sequences of 2n×2n

matrices with elements of the C∗-algebra A as entries and converges (in norm)

to some matrix of the form  A(x) 0

0 B(x)

 ,

for some A(x) and B(x) in Mn(A). We get the general form of primal ideals in E

(see proposition 3.4) and the precise form of the pure state space of E is obtained

(see proposition 3.6). For further work see [6, 7, 8].

A necessary and sufficient condition for the C∗-algebra E being antiliminal is

proved (see Lemma 3.2) and an equivalent condition for A being prime is shown

in proposition 3.3.
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2 Adel M. Zaki

On the other hand, let B be the C∗-algebra which consists of all continuous

functions from the interval [0, 1] into Mn(C) (the n × n complex matrices). Let

B(1) be the C∗-algebra of B consisting of functions of B which satisfies

f(
1

2k
) =

 λ2k−(n−1)(f) 0

0 λ2k(f)

 , k ≥ 1

and

f(0) = λ(f)In, for some complex numbers, λ2k(f), . . . , λ2k−(n−1) and λ(f).

For m ≥ 2, let B(m) be the C∗-subalgebra of B(1) defined by

B(m) = {f ∈ B(1), λ2k(f) = λ2k−r(f), (1 ≤ r ≤ n− 1)}

The general form of primal ideals in B(m) is obtained (see proposition 4.2) and

the pure state P (B(m)) has been obtained (see proposition 4.3)

2 Preliminaries

Let A be a C∗-algebra. The state space S(A) is defined by

S(A) = {ϕ ∈ A∗ : ϕ ≥ 0, ‖ϕ‖ = 1}.

The set of extreme points of S(A) will be denoted by P (A). The pure state space

of A is the space P (A). By an ideal we shall always mean a closed two sided

ideal. An ideal I is called primal if whenever n ≥ 1 and I1, . . . , In are ideals of A

such that I1I2 . . . In = (0), then Ik ⊂ I for at least one k.

If ϕ ∈ P (A), then ϕ belong to the factorial state space F (A) (the w∗-closure

of the set of factorial states of A). Using [1], kerπϕ is a primal ideal of A and since

kerπϕ ⊆kerϕ, then ϕ must factor through some primal ideal of A. Let Prim(A)

be the set of primitive ideals of A.

Let T be a subset of Prim(A). Let I(T ) be the intersection of elements of T

which is an ideal of A. Then
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Ideal structure and pure state space of some operator algebras 3

T̄ = {P ∈ Prim(A) : P ⊇ I(T )} denotes the closure of T . This topology is

called the Jacobson topology [2, 3.1]. An open neighborhood U , say, in Prim(A)

has the form

U = {P ∈ Prim(A) : P + I} for some ideal I of A.

3 Main results

We start by considering the first example in this work.

Example 3.1.

Let A be a C∗-algebra. Let Mn(A) denotes the C∗-algebra of all n×n matrices

with elements of A as entries. Let E be the C∗-algebra of all sequences x = (xn),

where xn ∈M2n(A) and xn converges (in norm) to a matrix of the form A(x) 0

0 B(x)

 ,

for some A(x) and B(x) in Mn(A).

We denote by

πA(x) : E →Mn(A) and πB(x) : E →Mn(A)

where

πA(x) = A(x), πB(x) = B(x), for all x = (xn) in E. For n ∈ N, we write

πn : E →M2n(A), where

πn(x) = xn, for all x = (xn) in E.

Note that, πA, πB are ∗-homomorphisms of E ontoMn(A) and πn is a ∗-homomorphisms

of E onto M2n(A).

Recall that, a C∗-algebra A is called antiliminal, if {0} is the only liminal

ideal of A.
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4 Adel M. Zaki

Lemma 3.2.

A is antiliminal if, and only if, E in antiliminal.

Proof.

(⇒) Suppose that A is antiliminal. By [4] we get Mk(A)(∼= Mk ⊗ A) is

antiliminal for all positive integers k. Now suppose E is not antiliminal. Then

there exists a non-zero liminal ideal I of E. In fact, there is some n0 ∈ N so that

πn0(I) 6= (0), otherwise, I = (0). Pick n0, then πn0(I) is a non-zero liminal ideal

of M2n(A), which is a contradiction.

(⇒) Notice that

I1 = {x = (xm) : xm = 0, for all m 6= 1}

is an ideal of E. Moreover, the map ψ defined by ψ(x) = x1, for all x = (xm)

in I1 is a ∗-homomorphism of I1 onto M2n(A). Suppose that A has a non-zero

liminal ideal J . Then M2n ⊗ J is a non-empty liminal ideal of M2n(A). Thus I1,

and hence E, has a non-zero liminal ideal.

As a direct result of the latter Lemma that A is antiliminal if, and only if, P (E) =

F (E). Moreover, if A is a prime C∗-algebra (that is, {0} is the only prime ideal

of A), then ker πA, ker πB and ker πn,m = 1, 2, . . . are prime ideals of E. Indeed,

since E/ ker πA ' A, then {0} is a prime ideal of E/ ker πA and hence ker πA is

a prime ideal of E. Non fix n, since E/ ker πn
∼= M2n(A), and M2n(A) is prime,

then ker πn is a prime ideal of E.

The next proposition gives an equivalent condition for a C∗-algebra A keing

prime.

Proposition 3.3.

A is a prime C∗-algebra if, and only if, ker πA∩ ker πB and ker πn, n = 1, 2, . . .

are primal ideals of E.
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Ideal structure and pure state space of some operator algebras 5

Proof.

(⇒) suppose that A is prime, then ker πn, n = 1, 2, . . . , are prime and hence

primal ideals of E. Now, since A is prime, then M2n(A) is prime.

Let I1, I2, . . . , Ik be ideals of E such that

Ir * ker πA∩ ker πB, for all 1 ≤ r ≤ k. Since πn(I1), . . . , πn(Ik) are non-zero

ideals of M2n(A), eventually and M2n(A) is prime, thus

πn(I1) . . . πn(Ik) = πn(I1 . . . Ik) 6= (0),

eventually. Thus

I1 . . . Ik 6= (0) and kerπA ∩ kerπB

is primal.

(⇒) Fix n and suppose that ker πn is primal we show that M2n(A) is prime.

Let J1, J2 be two ideals of M2n(A) so that J1J2 = (0). Let

� n-th place

I1 = {y = (ym) : y = (0, . . . , 0, r, 0, . . . ), R ∈ J1}

� n-th place

I2 = {z = (zm) : z = (0, . . . , 0, s, 0, . . . ), S ∈ J2},

Note that I1, I2 are two ideals of E with I1I2 = (0). Since ker πn is primal, then

either I1 ⊆ ker πn or I2 ⊆ ker πn. Hence either

(0) = πn(I1) = J1 or (0) = πn(I2) = J2

Then M2n(A) is prime and thus A is prime.

Next, assume that ker πA∩ ker πB is primal. Let J1, J2 be ideals of A such that

J1J2 = (0). Let

I1 = {y = (ym) : ym ∈ M2n(J1) and ym →

 A(y) 0

0 0

, for some A(y) in

J1}.
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6 Adel M. Zaki

I2 = {z = (zm) : zm ∈ M2n(J2) and zm →

 0 0

0 B(z)

, for some B(z) in

J2}.

I1, I2 are ideals of E with I1I2 = (0). Since ker πA∩ ker πB is primal, then

either.

I1 ⊆ kerπA ∩ kerπB or I2 ⊆ kerπA ∩ kerπB

Thus

(0) = πA(I1) = J1 or (0) = πB(I2) = J2

and A is prime.

The general form of a primal ideal in the C∗-algebra E is given in the following.

Proposition 3.4.

Let I be a primal ideal of E. The either I ⊇ ker πn, for some n or I ⊇ ker

πA∩ ker πB.

Proof.

Suppose I + ker πn for all n and notice that

In = {x = (xm) : xm = 0, for all m 6= n}

is an ideal of E. Since I is primal and In ker πn = (0), then I ⊇ In for all n.

Hence I ⊇ I1 + · · ·+ In, for all n and since I is closed,

I ⊇ {x = (xm) : xm → 0} = ker πA ∩ kerπB

Corollary 3.5.

If P ∈ Prim(E), then either P ⊇ ker πn, for some n or P ⊇ ker πA or P ⊇

ker πB.

Now suppose that A is unital, prime and antiliminal. Then M2n(A) is prime

and using [4, th. 8], we get M2n(A) is antiliminal. By [3] and [5]

P (A) = S(A) and P (M2n(A)) = S(M2n(A))
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Ideal structure and pure state space of some operator algebras 7

The next proposition describes precisely the pure state space of the given C∗-

algebra E.

Proposition 3.6.

Let A be a unital, prime and antiliminal C∗-algebra, then

P (E) = {ψ ◦ πm : m = 1, 2, . . . and ψ ∈ S(M2n(A)}

U{λ(ψ1 ◦ πA) + (1− λ)(ψ2 ◦ πB) : 0 ≤ λ ≤ 1

and

ψ1, ψ2 ∈ S(Mn(A))}

Proof.

Since P (M2n(A)) = S(M2n(A)), then ψ ◦πm ∈ P (E), for all m = 1, 2, . . . and

all ψ in S(Mn(A)). Let ψ1, ψ2 ∈ S(Mn(A)). Since P (Mn(A)) = S(Mn(A)), then

ψ1 ◦ πA, ψ2 ◦ πB belong to P (E). Now we prove that ψ1, ψ2 can be approximated

by equivalent pure states of Mn(A). Let U1, U2 be open neighborhoods of ψ1, ψ2,

respectively. Let Vi = Ui ∩ Pn(Mn(A)), i = 1, 2. Then Vi are non-empty open

subsets (relative to P (Mn(A)). The map

θ : P (Mn(A)) → M̂n(A),

where θ(ϕ) = [πϕ], for ϕ in P (Mn(A)) is open (see [2, 3.4, 11]. Therefore

θ(V1), θ(V2) are non-empty open subsets of M̂n(A). Let

[π] ∈ θ(V1) ∩ θ(V2) 6= ϕ.

Hence there exist ϕ1 ∈ V1 and ϕ2 ∈ V2 such that

[πϕ1 ] = θ(ϕ1) = [π] and [πϕ2 ] = θ(ϕ2) = [π].

Then ϕ1 ' ϕ2. We show that

ϕ0 = λ(ϕ1 ◦ πA) + (1− λ)(ϕ2 ◦ πB) ∈ P (E),

423



8 Adel M. Zaki

where 0 ≤ λ ≤ 1. Since

ϕ0 = ω∗ − lim
m
ωz ◦ (id⊗ γ) ◦ πm,

where πϕ1 ' πϕ2 ' γ for some irreducible representation γ of A, and

ϕ1(a) =< γ(a)ξ, ξ >, ϕ2(a) =< γ(a)η, η > for some unit vectors ξ, η in Hγ.

By considering γ =

 ξ

0

 , B =

 0

ξ

 and z =
√
λα +

√
1− λβ we obtain

ϕ0 ∈ P (E). On the other hand, if ϕ ∈ P (E), then ϕ must factor through a

primal ideal of E. Using proposition 3.4, if ϕ factors through some ker πm, for

some m, then ϕ = ψ◦ψm, for some ψ in S(M2n(A)). Otherwise, ϕ factors through

ker πA∩ ker πB. Notice that,

E/ kerπA ∩ kerπB 'Mn(A)⊕Mn(A)

via the mapping x + (ker πA ∩ kerπB) 7−→ (πA(x), πB(x)) for all x in E. Hence

ϕ has the form

ϕ = λ(ψ1 ◦ πA) + (1− λ)(ψ2 ◦ πB)

for some 0 ≤ λ ≤ 1 and ψ1, ψ2 in S(Mn(A)).

Next, we consider an example of C∗-algebras which are analogous to the C∗-

algebra E.

Example 3.7.

Let A be a unital C∗-algebra. Let n be an even positive integer. Let Dn be

the C∗-algebra defined by

Dn = {x = (xm) : xm ∈Mn(A), sup
m
‖xm‖ <∞}

Let F be the C∗-subalgebra of Dn, where

F = {x = (xm) ∈ Dn : xm →

 A(x) 0

0 A(x)


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Ideal structure and pure state space of some operator algebras 9

for some A(x) in Mn
2
(A)}.

Let G be the C∗-subalgebra of D2n, defined by

G = {x = (xm) ∈ D2n : xm →

 B(x) 0

0 B(x)


for some B(x) in Mn(A)}.

Proposition 3.8.

Let F,G be the C∗-algebras considered in example 3.7.

Then F �M2(A) ∼= G.

Proof.

Let x = (xm) be F . Thus

xm = [a
(m)
ij ] →

 A(x) 0

0 A(x)

 , asm→∞.

Define the map

τ : F �M2(A) → G,

by

τ([a
(m)
ij ], [bij]) = (a

(m)
ij ⊗ [bij]),

for b = [bij] ∈M2(A) and

a
(m)
ij ⊗ [bij] =

 a11b . . . a1nb

an1b . . . annb


Since τ is bilinear, then there exists a unique well-defined linear map

θ : F �M2(A) → G,

where

θ([a
(m)
ij ]⊗ [bij]) =

a(m)
ij ⊗

 b11 b12

b21 b22


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10 Adel M. Zaki

θ is a ∗-homomorphism. Furthermore, pick c = (cm) = (c
(m)
ij ) in G, where

cm →

 B(x) 0

0 B(x)

 as m→∞

for some B(x) in Mn(A). Let

e1 =

 e 0

0 0

 , e2 =

 0 e

0 0

 , e3 =

 0 0

e 0

 , and e4 =

 0 0

0 e

 .

Let

a = x⊗ e1 + y ⊗ e2 + z ⊗ e3 + ω ⊗ e4

where

x = (xm), y = (ym), z = (zm) andω = (ωm)

are defined by

xm =


c
(m)
11 c

(m)
13 . . . c

(m)
1,n−1

...
...

...
...

c
(m)
n−1,1 c

(m)
n−1,3 . . . c

(m)
n−1,n−1



ym =


c
(m)
12 c

(m)
14 . . . c

(m)
1,n

...
...

...
...

c
(m)
n−1,2 c

(m)
n−1,4 . . . c

(m)
n−1,n



zm =


c
(m)
21 c

(m)
23 . . . c

(m)
2,n−1

...
...

...
...

c
(m)
n,1 c

(m)
n,3 . . . c

(m)
n,n−1


and

ωm =


c
(m)
22 c

(m)
24 . . . c

(m)
2,n

...
...

...
...

c
(m)
n,2 c

(m)
n,4 . . . c

(m)
n,n


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Ideal structure and pure state space of some operator algebras 11

x, y, z and ω belong to F . Finally θ(a) = (cm) = c and θ is onto.

Next, we consider an example of a C∗-algebra which was considered by D. Somer-

net in the litterature.

Example 3.9.

Let A be the C∗-algebra consisting of all continuous functions from the interval

[0, 1] into the n×n complex matrices. Let A(1) be the C∗-subalgebra of A which

consists of those functions f in A which satisfies

f(
1

2k
) =

 λ2k−(n−1)(f) 0

0 λ2k(f)

 , k ≥ 1

and f(0) = λ(f)In, for some complex numbers λ(f) and λ2k−r(0 ≤ r ≤ n− 1).

For m ≥ 2, let A(m) be the C∗-subalgebra of A(1) defined by

A(m) = {f ∈ A(1) : λ2k = λ2k−r(1 ≤ r ≤ n− 1), 1 ≤ k < m}.

It is known that Prim (A) is a Hausdorff space homeomorphic to the interval

[0,1]. Let

X = { 1

2n
: n ≥ 1} ∪ {0} and let Y = [0, 1]\X.

For 1 ≤ m <∞, let

Py(m) = {f ∈ A(m) : f(y) = 0}, y ∈ Y.

Q(m) = {f ∈ A(m) : λ(f) = 0},

and

Ri(m) = {f ∈ A(m) : λi(f) = 0}, 1 ≤ i <∞

Thus

πy : A(m) → B(C2) 'M2(C), y ∈ Y

Py(m) = kerπy,

πQ : A(m) → B(C2),
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12 Adel M. Zaki

and

Q(m) = kerπQ

πRi
: A(m) → B(C2),

Ri(m) = kerπRi
, (1 ≤ i <∞).

Prim (A(m)) = ∪{Py(m) : y ∈ Y } ∪ {Q(m)} ∪
⋃
i≥1

{Ri(m)}.

The points Py(m), (y ∈ Y ) and Q(m) are separated points in Prim (A(m)). We

find the general form of primal ideals in the C∗-algebra A(m).

Lemma 3.10.

Let I be a primal ideal of A(m). Then either I ⊇ kerπQ or I ⊇ kerπRi
, for

some i ≥ 1 or I ⊇ kerπy, for some y ∈ Y .

Proof.

Suppose that I + kerπy, for all y ∈ Y and I + kerπRi
, for all i ≥ 1. Let

Ii0 = {f ∈ A(m) : λj(f) = 0,∀ j 6= i0}.

Thus I0 is an ideal of A(m) with Ii0 kerπRi0
kerπy = 0, for all y ∈ Y . Since I is

primal, then I ⊇ Ii, for all i ≥ 1. Therefore I ⊇ I1 + I2 + · · ·+ Ir, for all r. Hence

I ⊇ kerπQ.

The next proposition gives the preise form of the pure state space of A(m).

Proposition 3.11.

P (A(m)) = {ωξ ◦ πQ : ξ is a unit vector C2}⋃
i≥1

{ψ ◦ πRi
: ψ ∈ S(C2)}

∪{γ ◦ πy : γ ∈ S(C2)}.

Proof.

Let ϕ ∈ P (A(m)). Then ϕ must factor through some primal ideal of A(m).

The using Lemma 3.10, if ϕ factors through ker πRi
, the ϕ = ψ ◦ πRi

, for some

1 ≤ i < ∞. We show that ϕ ∈ P (A(m)) if, and only if, ψ is a pure state of
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Ideal structure and pure state space of some operator algebras 13

M2(C). Indeed, if ψ is pure, then ϕ ∈ P (A(m))(⊆ P (A(m)). Let ϕ ∈ P (A(m)).

Therefore ϕα −→w∗ ϕ, for some (ϕα) in P (A(m)). Hence

kerπϕα → kerπRi
in Prim (A(m)).

Suppose U is an open neighborhood of kerπRi
for some 1 ≤ i < ∞. Then using

[2, 3, 2.2],

U = {Q ∈ Prim(A(m)) : Q + J},

for some ideal J of A(m). Therefore

kerπRi
+ J , for some 1 ≤ i <∞, then πRi

(J) 6= 0. We prove that kerπϕα ∈ U ,

eventually. Suppose not, then πϕα(J) = 0, frequently and hence ϕα(J) = 0,

frequently. We have

ϕ(J) = ψ(πRi
(J)) = 0, for some 1 ≤ i <∞.

However, πRi
(J) is a proper ideal of M2(C). Thus πRi

(J) = (0), for some 1 ≤

i < ∞, a contradiction. Hence ϕα ∈ P (A(m)/kerπRi
), for some 1 ≤ i < ∞,

eventually.

Define ψα ∈ S(C2), so that ϕα = ψα ◦πRi
, eventually, for some 1 ≤ 0 <∞. Since

ϕα is pure, then ψα is a pure state of C2. Moreover,

ψα ◦ πRi
→ ψ ◦ πRi

, for some 1 ≤ i <∞.

Hence ψα → ψ and ψ ∈ P (M2(C)). Thus by looking at M2(C) as Le((Cα), ψ is

a multiple of a pure state and hence pure, since ψ is a state.

On the other hand, if ϕ factors through ker πQ or ker πy, then

ϕ = ψ ◦ πQ or ϕ = γ ◦ πy,

for some ψ, γ in S(M2(C)).
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