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1. INTRODUCTION AND NOTATION

We begin by reviewing geometries and some standard notation. Let I, I' be
sets, where [ is a finite and let ¢ be map from I to I. Then the triple (I, x, t),
where x is a symmetric incidence relation on I'; is a geometry provided that
whenever z *y (z,y € I') then t(x) # t(y). It is usual we will do it here, to
write I instead of (I',*,¢) and to say I is a geometry. The map ¢ : I' — [ is
called the type map and we say x € I has type 7 if t(x) = i. Also for z,y € T
if © %y, then we will say z and y are incident. The rank of the geometry is
the cardinality of ¢(T"). Fori € I, T; = {x € T | t(x) = i}; so I'; consist of
all elements of I' which have type i. Suppose I' is a geometry, for z € T', the
residue of 2 is ', = {y € I' | xxy}. The notation of the residue is important in
the theory of geometries note that (I'y, * | I';,¢) is a geometry in its own right
(where * | I'_ is the restriction of * to I';). Also we note that for every y € Iy,
t(z) # t(y). A flag F of I is a subset of I which, for all z,y € F, z # y, x x y.
Let I be a geometry and F' a flag of I'. The type of F'is the subset ¢(F') of I
and the rank (respectively corank) of F is the cardinality of ¢(F') (respectively
I'\ t(F)). A chamber of I' is flag of rank /. All geometries we consider are
assumed to contain at least one flag of rank | / |. The automorphism group of
I', Autl', consist of all permutations of I' which preserve the sets I'; and the
incidence relation *. Let G be a subgroup of Autl’. We call ' a flag transitive
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geometry for G if for any two flags I and F5 of I' having the same type, there
exists g € G such that F19 = F5.

A geometry I' is called residually connected if for all flags F' of I' of corank 2
the incidence graph of I'g is connected. Now suppose that I' is a flag transitive
geometry for the group G. As is well-known we may view I' in terms of certain
cosets of (G. This is the approach we shall follow here. For each ¢ € I choose
an z; € I'; and set G; = Stabg(x;). Let F={G, : i € I}. We now define a
geometry I'(G, F) where the objects of type ¢ in I'(G, F) are the right cosets
of G; in G and for G,z and Gy (v,y € G,i,j € I) Giz *» G;y whenever
Gix NGy # 0. Also by letting G act upon I'(G, F) by right multiplication we
see that I'(G, F) is a flag transitive geometry for G. Moreover I' and I'(G, F)
are isomorphic geometries for G. So we shall be studying geometries of the
form I'(G, F), where G = Mss and G} is a maximal subgroup of G for all i € 1.

A numerical summary of our results is given in

Theorem 1. Suppose G = My3 and I is residually connected flag transi-
tive geometry for G with G; is a maximal subgroup of G. IfI" has rank 3, then
up to conjugacy in AutG, then there are 1050 possibilities for T'.

In Section 2, we give explicit descriptions of these geometries making heavy
use of the degree 23 permutation representation for Mss. We use GAP for
some part of our calculation see [6]; especially calculation for 23 : 11.

Beukenhout, in [1], sought to give a wider view of geometries so as to en-
compass configurations observed in the finite sporadic simple groups. An out-
growth of this has been attemps to catalogue various subcollections of ge-
ometries for the finite sporadic simple groups (and other related groups). So
- called minimal parabolic geometries and maximal 2-local geometries were
investigated in [17] and [18] while geometries satisfying certain additional con-
ditions for a number of (relatively) small order simple groups have been ex-
haustively examined. See, for example, [2], [5],[11], [12], [13], [14], [15], [16] and
[19]. the results in most of these papers were obtained using various computer
algebra systems. All rank2 and rank 3 residually connected geometries of Moo
(the Mathieu Group of degree 22) were investigated in [8]. Kilic, in [9], calcu-
lated all rank 2 geometries for the Mathieu group May. Again Kilic, in [10],
calculated all rank 2 geometries for the Mathieu group Ms3 for which object
stabilizers are maximal subgroups. Now we determine all rank 3 residually
connected flag transitive geometries for the Mathieu group Mass (the Mathieu
Group of degree 23) whose object stabilizer are maximal subgroups.

In this paper we shall use the result of all rank 2 geometries of M3 calculated
in [10].

For the remainder of this paper G will denote Ms3, the Mathieu Group of
degree 23. Also () will denote a 24 element set possessing the Steiner system
S5(24,8,5) as described by Curtis’s MOG [4]. We will follow the notation of
[4].
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So Q= [O102 03 | = I3 5016 712 5 , where O1, Oy and O3 are the
15 18110 2P1 6
heavy bricks of the MOG. Here M,, is the Mathieu group of degree 24 which
leaves invariant the Steiner system S(24,8,5) on §2. Set A = Q \ {oo}

An octad of €2 is just an 8-element block of the Steiner system and a subset
of Q is called a dodecad if it is the symmetric difference of two octads of €2
which intersect in a set of size two. Corresponding to each 4 points of €2 there
is a partition of the 24 points into 6 tetrads with the property that the union
of any two tetrads is an octad, this configuration will be called a sextet. The
following sets will appear when we describe geometries for G.

(i) D={X C A||X]| = 2} (duads of A).

(17) H={X C A|XU{oo} is an octad of Q }(heptads of A).

(171) O={X C A|X is an octad of Q} (octads of A).

(1v) Do={X C A|X is a dodecad of Q} (dodecads of A).

(v) S={X; C Q||X;| = 4 (for each ¢ € I), X; U X; is an octad (i # j) and
0= z‘ngi ;i€ 1 ={1..6}} (sextets of Q).

From the [3], the conjugacy classes of the maximal subgroups of G are as
follows:

Order | Index | M; Description

443520 23 M1 = MQQ M1 = Stabg{a}, a € A
40320 | 253 My = Ls(4) :2b My = Stabe{ X}, X € D
40320 253 M3 = 24 . A7 M3 = Stabg{X}, XeH
20160 | 506 My = Ag M, = Stabe{X}, X € O
7920 1288 M5 = M11 M5 = Stabg{X}, X € DO
5760 1771 | Mg = 2': (3 X As) : 2| Mg = Stabg{X}, X € S
253 40320 | M; =23 :11

For ¢ € {1,...,7}, we let 9 denote the conjugacy class of M;, M, as given
in the previous table. We also set mzuj:1 M, so M consist of all maximal
subgroups of G. In [4] and [9], we can find further information about 23:11.
Alsoput X=AUDUHUOUD,US.

Suppose G and G5 are maximal subgroups of G with G7 # G3. Set G2 =
G1NGs. We use M;(t) to describe {G1, G2, G1NG2} according to the following
scheme: G € My, Gy € M; (and so G1 = Stabg(X1) and Gy = Stabg(X2) for
some appropriate subsets X; and X, of A in X) with |X; N Xy = ¢. When
listing up the rank 2 geometries of G in [10] the notation 9%;(¢) is not sufficient
enough to describe the geometries up to conjugacy in AutG. All calculations
in 2% : (3 x As) : 2 and 23 : 11 we can not use this notation, we shall use the
following notation; Mss(1) means the first case of the intersection of octad and
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sextet, My6(2) means the second case of the intersection of octad and sextet.
In [10], we shall find more information about it.

Now suppose we have three distinct maximal subgroups of G; G, Gy and
G3. We shall use use G12,G13, Gag and Go3 to denote, respectively G N Go,
G1 NGz, Ga NG5 and G; N Ge N G5. We extend the above notation using
mijk(tij,tik,tjk) to indicate that G, € mi, Gy € mj, Gz € My, with ’Xz N
Xj’ = tijalXi N Xk’ = tik‘ and ’Xj N Xk’ = tjk. (Here G1 = Stabg(Xi), G2 =
Staba(X;), Gs = Stabg(Xy) for suitable X;, X; and Xj, of A € X ). Again
we run into the possibility that in some instances, we need further subdivide
these cases, and we do this using the ad hoc notation 9k (tij, tik, ik : {)
where [ € {1,2,3,4}. We note that if two or more i, j and k are equal,
apparently different parameters t;;, %, ¢;r may describe the same situation.
For examle Ms44(2,0,4) and IMs44(0,2,4) describe the same configuration as
do 93?333(3, 1, 1) and 97(333(1, 3, 1)

We remark that the geometry I'(G, F) where F = {G1, G2, G5} is residually
connected if and only if G; =< G2, G13 >, G =< G19,Goz > and Gz =<
G13, Gag >.

Below we give certain subsets of A which will be encountered frequently in
our list.

X X X X X|x
XX X X X X X
Hy= " Op= X X D1:>< x x
X X X X X X X
Ale O+ —
S_><Ao\:|+—
1= [X Ale O+ =
x ANle O+ —

Our notation is as in [3] and [10] with the following addition: F}, a Frobenious
group of order n and (S, x S,,)" is the group of even permutation in the
permutation group S, X Sp,.

2. RANK 3 GEOMETRIES OF Mos3

Theorem 2. Up to conjugacy in AutG there are 1050 rank 3 residually
connected geometries of I' = I'(G,{G1, G2, G }) with Gy, G2, G5 € M. These
together with the shape of Gio3 are listed in the following table.
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m245(0, 2, 6 . 1)
9ﬁ245(0,0,2)
m245(0, 2, 2 . 1)
9ﬁ245(2,0,2)
m245(2, 1,4 . 2)
91@45(2, 1,6)
m245(0, 1, 2 . 2)
m245(0, 0,4 . 2)
My5(1,0,6)
m245(1,0,4 . 2)
M45(0,0,6)
m245(0, 1, 6 . 2)
m245(1,2,4 . 1)
m245(0, 1,4 . 1)
9ﬁ245(1,2,6)
9ﬁ246(2,3,4)
9ﬁ246(0, 1, 1)
9ﬁ246(0, 1,4)
97(246(0,4, 1)
9ﬁ246(2, 1,5)
Moas(2,1,2)
Moue(1,2,1)
m246(0, 2, 2 2)
9ﬁ246(0,2,4)
m246(2, 2, 3: 2)
9ﬁ246(1, 1,5)
9ﬁ246(2,4,5)
Mous(1,1,2)
m246(1, 2, 3: 1)
Mas6(0, 1, 3)
m246(1, 2, 5: 2)
m246(1, 2, 2 2)
m246(0, 2, 3: 2)
Ma16(0,2,5)

931{255(07 07 4)

m255(2, 1, 8 : 2)
9jt255(07276)

Dy

m255(0, 0, 8 . 2)
Mos5(2,2,4)
m255(2, 1, 8 . 1)
9ﬁ255(2,2,8)



k 3k ok ok ok

D12
Dy
S3
22
23
S3
22
22
22
| Ds

K 3k ok ok ok ok ok ok ok ok sk

m255(0, 1, 6 : 2)
9ﬁ255(2,0,4)
m255(1, 2, 6 : 2)
9ﬁ255(1,0,4)
Mas5(1,0,8)
97(256(2,3, 1)
931256(0, 1,4)
Mase(2,1,1)
gﬁ%ﬁ(l, 2, 5 : 2)
97(256(0, 2, 1 : 2)
m256(1, 1, 2 . 2)
9ﬁ256(2, 1, 2 . 2)
97(256(2,4,1 . 2)
931256(0, 1, 1)
Ms6(0, 1,3)
Mos6(2,2,1)
m256(1, 2, 1 . 2)
m256(1, 2, 2 . 2)
97(256(0, 2, 2 : 1)
m?256(2, 2, 3 : 1)
m256(0,2,4 : 1)
m256(1,2,4 . 1)
Ms6(0,2,5)
9ﬁ256(2,4,3)
Mas6(2,2,4)
9ﬁ256(2,2,5)
m256(0,4,2 : 1)
Ms6(0,2, 3)
9ﬁ256(1,2,3)
93?266(1, 1,3)
9ﬁ266(4,2,5)
97(266(2,3, 1)
Mass(1, 2, 2)
Mags(2,1,4)
9ﬁ266(2,2,3)
Mags(1,2,1)
m266(2, 2, 2: 1)
Mags(2, 2, 4)
Mags(2,2,1)
Maes (4, 2,1)

Nayil Kilic

Qs.2
D12
Dy
Ss
22
22
22
22
22
Dy
53
22
22
22
22
* %k %k >k ok
[3%.2

‘ ‘ 931333(3, 1,3 : 2)

K 3k ok ok ok ok ok ok ook ok ke

m255(0, 1, 6 : 1)
M55(0,0,6)
m255(1, 2, 6 : 1)
9ﬁ255(2,2,6)
Mos5(2,1,4)
Mas6(0, 3,5)
Ms6(0,1,5)
Mase(2,1,4)
gﬁ%ﬁ(l, 2, 5 : 1)
97(256(0, 2, 1 : 1)
m256(1, 1,2 . 1)
9ﬁ256(2, 1, 2 . 1)
97(256(2,4,1 . 1)
Mase(1,1,1)
932256(2, 1,3)
m256(1, 1,5)
97(256(1,2,1 . 1)
m256(1, 2, 2 . 1)
931256(0, 1,2)
97(256(0, 2, 2 : 2)
m?256(2, 2, 3 : 2)
97(256(0, 2,4 : 2)
m256(1,2,4 . 2)
m256(1, 1,3)
Mase(1,1,4)
Mose(2,4,4)
Ms6(0,4,5)
m256(0,4, 2 : 2)
Mos6(2,2,2)
931266(2, 1,5)
Mass(1,1,2)
Mags(1,1,1)
931266(2, 1,3)
Mags (1,4, 2)
9ﬁ266(2,2,5)
9ﬁ266(2,4,3)
Mags(1,4,1)
m266(2, 2, 2: 2)
Mags (4, 2, 2)
Maes(2,1,1)
‘ 97(333(3,3,1 : 1)

688



On rank 3 residually connected geometries
97(333(1, 1, 1) D10 9}@,33(3, 3, 3 : 1) 23
931333(3, 3, 3: 2) Sg 931333(3, 1, 1) Sg
M34(3,0,0) 27 55 M34(1,0,4) S,
m334(1, 0, 2) S4 97(334(3, 4, 4 . 1) 322
9}@,34(3,4,4 : 2) 23 9}%34(1,4,4) 322
Mi34(3,0,2) Dy M3z4(1,2,2: 1) Dy
9}@,34(1,2,2 : 2) 2 9}@,34(3,2,4 : 1) Dg
97(334(3,2,4 : 2) Sg 9}@,34(1,2,4 : 1) Dg
9}@,34(1,2,4 : 2) Sg 9}@,34(3,2,2 : 1) 22
m334(3, 2, 2 . 2) 2
Mi35(3, 2, 6) S, Mi35(3, 6, 6) 322
Mass5(1,2,6) Do Mis5(3,4,6 : 1) Dy
m335(3,4, 6 : 2) Sg 97(335(3, 2,4 : 1) Dg
9}@,35(3,2,4 : 2) 2 9}%35(1,2,2) Dg
Ms5(1,4,6) S3 Ms5(3,4,4 : 1) S3
9}@,35(3,4,4 : 2) 22 9}@,35(3,4,4 : 3) 2
9}@,35(3,4,4 . 4) 1 9}@,35(1,2,4 . 1) Sg
9}@,35(1,2,4 : 2) 2 9}@,35(3,2,2 : 1) Sg
9}@,35(3, 2, 2 : 2) 22 9}@,35(1, 4, 4) 2
Miasq(3,4,1) Sy Miass(1,3,1) 322
Mazs(3,2,1) 23.2 Miss(1,4,4) Dy
Mis6(1, 3, 3) S3 Mis6(3,3,2: 1) S3
931336(3, 3, 2: 2) 22 97(336(3, 3, 2: 3) 2
97(336(1,4,3 : 1) Sg 97(336(1,4,3 : 2) 4
931336(3, 4, 4) Sg m336(1, 3, 2 1) 22
97(336(1,3,2 : 2) 2 9ﬁ336(3,4,3) 22
Mis6(1,2,2) 2 Mis6(3, 4, 2) 2
M3s6(3, 3, 3) 2
M44(4,0,0) 27 55 M344(0,0,4) 213
Ma4(2,4,0) Sy Mass(4,4,2: 1) 322
97(344(4,4, 2: 2) Dy 97(344(2, 2, 0) Dy
M344(0,4,2) Dy Msaa(4,4,4:1) 23
Mass(4,4,4 : 2) Sy Mass(2,4,2: 1) Dy
M344(4,2,2 : 2) 2 M344(0,2,2) Dy
9J/t344(27074) D8 9jt344(27474 1) S3
9}@,44(2,4,4 : 2) 22 9}@,44(2, 2,4 : 1) 22
9}@,44(2, 2,4 : 2) 3 9}@,44(2, 2,4 : 3) 2
M31a(2,2,2) 2
97(345(0,6,2) S4 93@,45(4,6,6 1) 32.2
M45(4,6,6 : 2) Dy M45(0, 4, 2) Dy
Misa5(4,2,6) Dy Mis45(0,4,6) Dy
Ms45(2,6,2) Dy Mas(4,4,2 : 1) Dy
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690 Nayil Kilic
9}@,45(4,4,2 : 2) Sg 9}@,45(0,4,4 1) Dg
97(345(0, 4, 4 : 2) 3 9}@,45(4, 4, 6 : 1) Dg
97(345 (4, 4, 6 : 2) 2 9}@,45(2, 6, 6) Dg
M345(0,2,6) Dg M345(4,2,2: 1) Dg
97(345 (4, 2, 2 : 2) Sg 9}@,45(0, 2, 4) Dg
97(345(2, 6, 4 : 1) Sg 9}@,45(2, 6, 4 : 2) 2
9}@,45(4, 4, 4 : 1) Sg 9}@,45(4, 4, 4 : 2) 22
9}@,45(4, 4, 4 : 3) 2 9}@,45(4, 4, 4 : 4) 1
M345(4,6,4) Ss
9}@,45(4, 2, 4 : 1) 22 9}@,45(4, 2, 4 : 2) 2
9}%45(2,2,2) 22 9}@,45(2,2,4 : 1) 3
9}@,45(2,2,4 : 2) 2 9}%45(2,4,6) 2
9}%45(2,4,2) 2 9}@,45(2,4,4 : 1) 2
9}%45(2,4,4, : 2) 1 9}%45(2,2,6) 2
97(346(0, 1, 1) 24.83 97(346(4, 1, 4) (Sg X S4)+
97(346(0,3,4) S4 m346(4,3, 1) 322
Mys6(4,2,1) 232 Msi6(4,1,5) 232
Mays(2,4,1) Dy Mays(2,1,2) Dy
Mays(4,2,4) Dy Mays(4,4,4) Dy
97(346(2, 3, 1) D12 9ﬁ346(0, 4, 2) Dg
9ﬁ346(2, 2, 1) Dg 931346 (4, 4, 2) Dg
97(346(4,2,2 : 1) 23 9ﬁ346(0,2,2) 23
97(346(4, 2, 2: 2) 2
97(346(2, 3, 2: 1) Sg 97(346(2, 3, 2: 2) 2
97(346(2, 1, 3) Sg 97(346(0, 3, 3 Sg
97(346(0, 3, 5) Sg m346 (4, 4, 5 Sg
97(346(4, 3, 2: 1) Sg 97(346(4, 3, 2: 2) 2
m346(2,3,4) Sg 97(346(2,4,2 : 1) 22
97(346(2, 4, 2: 2) 2 97(346(2, 2, 2: 1) 22
97(346(2,2,2 : 2) 2 9ﬁ346(2,2,4) 22
Msas(4,3,5) PR Mss(2,3,5 : 1) 22
m346(2, 3, 5 2) 2
m346(0,2,3) 3 m346(2,4,3 : 1) 3
m346 (4, 3, 3) 2 97(346(2, 4, 3: 2) 2
m346(2,4,5) 2 97(346(2,3,3 : 1) 2
m346(2, 3, 3: 2) 1 97(346 (4, 4, 3) 2
Msi6(4,2,5) 2 Msi6(2,2,3) 1
9ﬁ355(2, 2, 4) Dlg 9ﬁ355(2, 6, 4 1) Dg
97(355(2, 6, 4 : 2) Sg m355(6, 4, 4) Sg
m355(4, 6, 8 : 1) Sg 97(355(4, 6, 8 : 2) 2
m355(6,6,8) Sg m355(2,2,8 : 1) 22
9}@,55(2,2,8 : 2) 3 9}@,55(2,2,8 3) 2
M3s5(4,2,8) 2 M3s5(4,4,8 : 1) 2
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On rank 3 residually connected geometries
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692 Nayil Kilic
Mso6(2, 3, 2) 2 Mse6(3,2, 1) 1
Mge(2,4, 1) 1 Mso6(2,2,1) 1
K ok ok ok ok ok ok ok ok ok sk X %k %k >k ok k ok ok ok ok ok oskoskosk sk oskek X %k %k >k ok
m444(2, 2, 0) D12 931444(2, 4, 0) Dg
97(444(2, 2, 4 : 1) Sg 97(444(2, 2, 4 : 2) 22
97(444(2, 2, 4 : 3) 1 97(444(4, 2, 4 : 1) 22
97(444(4,2,4 : 2) 2 9ﬁ444(4,4,4) 2
My4(2,2,2) 2
M50, 6, 2) Dro Muss(4, 6,2) Ds
931445(2, 2, 2) Dg 931445(0, 6, 4) Dg
m445(2,6,4 1) Sg 97(445(2,6,4 : 2) 1
97(445(4, 2, 2 1) Sg 97(445(4 2 2 2) 22
97(445(4, 6,4 1) 22 97(445(4 6 4 . 2) 1
m445(4, 6, 6 1) 22 gﬁ445(4 6 6 : 2) 2
9ﬁ445(4,4, 2 1) 22 97(445(4 4 2 2) 3
M54, 4,2 : 3) 2 Mus5(2, 6,06) 2?
Muss (0,4, 4) 3 Mass (2, 1. 2) 2
M (4,4,4: 1) 2 My (4, 4,4 : 2) 1
Muss(2,6,2) 2 Muss(2,4,4: 1) 2
97(445(2, 4, 4 . 2) 1
Mus6(0,1,1) 2.3, Musg(2,4,1) 32.22
m446(0, 4, 2) S4 931446 (4, 4, 4) S4
931446(2, 1, 2) Dlg 931446(2, 1, 5) Dg
Mass(4,1,2) 23 Mus6(0,5,2) 23
m446(4,3, 1) Sg 97(446(2,4,3 : 1) Sg
97(446(2,4,3 : 2) 4 9ﬁ446(2,3, 1) 22
9ﬁ446(2,4,2) 22 97(446(2,5,2 : 1) 22
97(446(2 5 2: 2) 2 9ﬁ446(4,4, 3) 22
gﬁ446 (4, 4, 5) 22 gﬁ446 (4, 3, 5: 1) 3
gﬁ446 (4, 3, 5 2) 2 gﬁ446 (4, 3, 5: 3) 1
M116(0, 3, 3) 3 Mo (2,2, 2) 2
97(446(4, 3, 2: 1) 2 97(446(4, 3, 2: 2) 1
Mauss(4,2,2) 2 Muss(4,5,2) 2
Mo (4,5, 5) 2 Mg (2,5, 5) 2
97(446(2,3,2 : 1) 2 97(446(2,3,2 : 2) 1
Mo (2,3, 3) 1 Mo (2,3, 5) 1
Mass(4, 3,3) 1
m455(6, 6, 4) D12 m455(6, 2, 8) Dg
97(455(2, 6, 4 : 1) Dg 97(455(2, 6, 4 : 2) 2
m455(6, 6, 8 : 1) Sg m455(6, 6, 8 : 2) 22
m455(6, 6, 8 : 3) 1 gﬁ455(4, 2, 4 : 1) Sg
97(455(2, 4, 4 : 2) 2 97(455(2, 2, 8 : 1) 22
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On rank 3 residually connected geometries
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On rank 3 residually connected geometries
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