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on the real two-dimensional space. Furthermore, we display an application which shows

that our new result is stronger than its classical version. Also, we study rates of A-statistical

convergence of a double sequence of positive linear operators acting on this space. Finally,
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functions classical aspects in the approximation theory.
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1. Introduction

For a sequence {L,} of positive linear operators on C (X), the space of real valued continuous functions on a compact subset
X of real numbers, Korovkin [1] established first sufficient conditions for the uniform convergence of L, (f) to a function f
by using the test function f; defined by f; (x) = x', (i = 0, 1, 2). Later many researchers have investigated these conditions
for various operators defined on different spaces. Furthermore, in recent years, with the help of the concept of uniform
statistical convergence, which is stronger than uniform convergence, various statistical approximation results have been
proved [2-8]. Also, a Korovkin type-approximation theorem has been studied via A-statistical convergence in the space C*,
which is the space of all 27 -periodic and continuous functions on R in [9], and C* (RZ), the space of all 27 -periodic and real
valued continuous functions on R? in [10]. The main goal of this paper is to obtain a Korovkin type-approximation theorem
for double sequences of positive linear operators defined on C* (]Rz). Also, we compute rates of A-statistical convergence of a
double sequence of positive linear operators acting on C* (Rz). Finally, displaying an example, it is shown that our statistical
rates are more efficient than the classical ones in the approximation theory.

We now recall some basic definitions and notations used in the paper.

Adouble sequence x = (xp, ) is said to be convergent in Pringsheim’s sense if, for every ¢ > 0, there existsN = N(¢) € N,
the set of all natural numbers, such that ‘xm,n — L| < ¢ whenever m, n > N, where L is called the Pringsheim limit of x and
denoted by P-limx = L (see [11]). We shall call such an x, briefly, “P-convergent ”. A double sequence is called bounded
if there exists a positive number M such that !xm,n] < M forall (m,n) € N> = N x N. Note that in contrast to the case

for single sequences, a convergent double sequence need not to be bounded. A double sequence x = {xm,,,} is said to be
non-increasing in Pringsheim’s sense if, for all (m, n) € N2, Xm+1.n+1 < Xm,n-
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Let A = (aj x,m,n) be a four-dimensional summability matrix. For a given double sequence x = (xy, ), the A-transform of
x, denoted by Ax = ((Ax); ), is given by

(AX)jA,k: Z Qi k,m,nXm,n

(m,n)eN?

provided the double series converges in Pringsheim’s sense for every (j, k) € N2,

A two-dimensional matrix transformation is said to be regular if it maps every convergent sequence into a convergent
sequence with the same limit. The well-known characterization for two-dimensional matrix transformations which are
regular is known as Silverman-Toeplitz conditions (see, for instance, [12]). In 1926, Robison [13] presented a four-
dimensional analog of the regularity by considering an additional assumption of boundedness. This assumption was made
because a double P-convergent sequence is not necessarily bounded. The definition and the characterization of regularity
for four-dimensional matrices is known as Robison-Hamilton conditions, or briefly, RH-regularity (see [14,13]).

Recall that a four-dimensional matrix A = (j ,m,») is said to be RH-regular if it maps every bounded P-convergent
sequence into a P-convergent sequence with the same P-limit. The Robison-Hamilton conditions state that a four-
dimensional matrix A = (aj x,m,») is RH-regular if and only if

(i) P-limj j @j . m.n = O for each (m, n) € N?,

(ll) P- limjyk Z(m,n)eN2 Gjkmn = 1,
(iii) P-1imj Y",cn |@jkmn| = Oforeachn € N,
(iv) P-1imjx ",y |@jkmn| = O foreachm € N,
(V) Z(m,n)eNz !aj,k,m,n| is P-convergent for each (j, k) € N2,
(vi) there exist finite positive integers A and B such that Zm,n>B ]aj,k.m,,,‘ < Aholds for every (j, k) € N2,
Now let A = (aj k,m,n) be a non-negative RH-regular summability matrix, and let K C N2. Then the A-density of K is given
by

8/(‘2) {K} := P-lim Z aj k,m,n

j.k
(m,n)ek

provided that the limit on the right-hand side exists in Pringsheim’s sense. A real double sequence x = (xp ) is said to be
A-statistically convergent to a number L if, for every ¢ > 0,

§2{(m,n) € N* ¢ |xmn —L| > €} = 0.

In this case, we write stf) —limx = L. Clearly, a P-convergent double sequence is A-statistically convergent to the same value
but its converse is not always true. Also, note that an A-statistically convergent double sequence need not to be bounded.
For example, consider the double sequence x = (x, ,) given by

o mn, if m and n are squares,
m,n 1, otherwise,

andA = C(1, 1) := (jm.n). the double Cesaro matrix, defined by

—, ifl<m<jand1<n<k,
Cj.k,mn = Jjk
0, otherwise.

Since 822()1’1){(m, n) e N? : ‘xm,n - l| > ¢} = Oforeverye > O, st(cz()],l) — limx = 1. But x is neither P-convergent nor

bounded. We should note that if we take A = C(1, 1), then C(1, 1)-statistical convergence coincides with the notion of sta-
tistical convergence for double sequence, which was introduced in [15,16]. Finally, if we replace the matrix A by the identity
matrix for four-dimensional matrices, then A-statistical convergence reduces to the Pringsheim convergence.

2. A Korovkin-type approximation theorem
We denote by C* (]Rz) the space of all 27 -periodic and real valued continuous functions on R2. If a function f on R? has
a 2m-period, then, for all (x, y) € R?,
f&y)=f&+2kn,y)=f&xy+ 2kr)
holds for k = 0, £1, £2, . ... This space is equipped with the supremum norm

fller@2y = sup If @yl (f € C*(R?)).

(x,y)eR?2
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Theorem 1. Let A = (j k,m,n) be a non-negative RH-regular summability matrix and let {Lm’n} be a double sequence of positive
linear operators acting from C* (R?) into C* (R?). Then, for all f € C* (R?)

st — m | L (F) — f

if and only if the following statements hold:
st — lim Lo (f) — f

where fo(x,y) = 1, fi(x,y) = sinx, f,(x,y) = siny, f3(x, y) = cosx and f4(x,y) = cosy.

Proof. Under the hypotheses, since 1, sinx, siny, cos x and cos y belong to C* (RZ), the necessity is clear. Assume now that

(2) holds. Let f € C* (Rz) and I, ] be closed subinterval of length 277 of R. Fix (x,y) € I x J. As in the proof of Theorem 2.1
in [10], it follows from the continuity of f that

c*(r?) =0 (1

C*(Rz) =0, (2)

2My
If(usv)_f(x _V)|<8+ mzs(/)(u U)

where My = [If llc+(z2) , ¢ (U, v) = sin® “2* + sin® =X Then, we have

Lo (F3 %, %) = F )| < L (If @, ) = F G013 %,9) + IF ()] [Lnn (Fo3 0) — fox, y)|

2My
<8+ Sgo(u v); xy)
sin?

< (e + M) |Lmn (fo: ) — fox, )| + 5{2|Lmn(vaX) fox, )|

= +Mf |Lm.n (fo§X) _fO(Xv.y)|

sin® 2

+ [SinX| |Lmn (F1: X, ¥) — fix )| + [SInY| |Lmn (2 X, ¥) — fo(%, )|

+ [cos x| |Lmn (f3: X, ¥) — f3(x, )| + [cos Y| |Lmn (fa: X, ) — fax, )|  + &

4
< 8+NZ|Lm,n(fi§X) —fi

i=0

where N = ¢ + My —|— = A . Then, taking supremum over (x, y) € R?, we obtain

||Lm$n(f) _f

4
c* (R2) <&+N Z HLm,n ) —fi c*(R2) * (3)
i=0

Now givenr > 0, choose ¢ > 0 such that ¢ < r, and define

D= {(m, n) : ”Lmn(f) _f

e T

r—e
wimy = ——— ¢, 1=0,1,2,3,4.
C(R) 5N

D; = {(ms n: ”Lm,n (f) — fi

By (3) it is easy to that

pc| |b.

'C*

Il
o

1
Hence, we may write

4

E Qi kmn = E E Qj k,m,n-

(m,n)eD i=0 keD;

Now taking the limit j, k — oo (in any manner), (2) yield the result. O

Remark 2. If we replace the matrix A by the identity matrix for four-dimensional matrices in Theorem 1, then we immedi-
ately get the following result in Pringsheim’s sense, which corresponds to the Theorem 2.1 in [10].
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Corollary 3. Let {Ln} be a double sequence of positive linear operators acting from C* (R?) into C* (R?). Then, for all f €
c* (R?),

P-lim HLm,n(f) —f c* (R2) =0
if and only if
P-lim | Ly.n (F) — f; or(m2) = 0,

where fo(x,y) = 1, fi(x,y) = sinx, fo(x, y) = siny, f3(x, y) = cosx and f4(x,y) = cosy.

Example 4. Now we present an example of double sequences of positive linear operators, showing that Corollary 3 does
not work but our approximation theorem works. We note that the double sequence of Fejer operators on C* (R2) where

-l b g g
Omn (f3%,Y) = ————— f (U, v) Fp(w)F, (v)dudv (4)
(mm) (nm) J_n J_n
. 2 m(u—x)
where Fp, (1) = S;nsmT% and * [T Fy(u)du = 1. Observe that
m—1
Om,n (fO;va):fO(xvy)v Um,n(fﬁXvJ/): m f](x7y)s
n—1 m—1
Om,n (fz;X,Y) = n fZ(Xv.V)a Om,n (fB;X».V) = m fB(Xay)s
n—1
Omn (f4; %, y) = - fa(x, y). (5)

Now take A = C(1, 1) and define a double sequence {u, »} by

T 1, if mand n are squares,
mn 710, otherwise.

In this case, observe that

2 .
st(c(>1_]) —limup, =0. (7)

However, the sequence {un »} is not P-convergent. Now using (4) and (6), we define the following double positive linear
operators on C* (R?) as follows:

Lm,n (f;X,Y) = (‘1 +um,n) Om,n (f:X,Y)- (8)
Then, observe that the double sequence of positive linear operators {Lm,n} defined by (8) satisfies all hypotheses of

Theorem 1. Hence, by (5) and (7), we have, forall f € C* (Rz),

st — lim | L (f) — f 0.

cr(z2) =
Since {um, »} is not P-convergent, the sequence {Ln, ,} given by (8) does not converge uniformly to the function f € C* (Rz).

So, we conclude that Corollary 3 does not work for the operators L;; , in (8) while our Theorem 1 still works.

3. Rate of A-statistical convergence

Various ways of defining rates of convergence in the A-statistical sense for four-dimensional summability matrices were
introduced in [17]. In this section, we compute the rates A-statistical convergence in Theorem 1.

Definition 5 ([17]). LetA = (aj,k,m,n) be a non-negative RH-regular summability matrix and let {am,,,} be a positive non-

increasing double sequence in Pringsheim’s sense. A double sequence x = {xmfn} is A-statistically convergent to a number
L with the rate of o(otp,p) if for every ¢ > 0,

1
P- ) lim — Z aj,kym,n = 0,
k=00 Gk (e
where

K(e) := {(m,n) € N? |Xm,n — L| > e}



1862 K. Demirci, F. Dirik / Mathematical and Computer Modelling 52 (2010) 1858-1866

In this case, we write

Xmn— L= stf) —o(opn) asm,n — oo.

Definition 6 ([17]). Let A = (jm.n) and {om )} be the same as in Definition 5. Then, a double sequence x = {xu 5} is
A-statistically bounded with the rate of O(op, ) if for every ¢ > 0,

sup 1 Z j.k,mn < 00,

ke Gk (el (e)
where

L(e) = {(m,n) € N*: |[xpn| = €}.
In this case, we write

2

Xmn = Sty — O(otm,n) asm,n — oo.

Definition 7 ([17]). Let A = (@ m.n) and {om »} be the same as in Definition 5. Then, a double sequence x = {xu 5} is
A-statistically convergent to a number L with the rate of o, 5 (otm ) if for every ¢ > 0,

P- lim Z Qj k,m,n = 0,

PR (i myem(e)
where
M(e) = {(m,n) € N*: |xmn — L| > sctmn}.
In this case, we write

2
Xmn— L= stﬁ,) — Omn(@mpn) asm,n — oo.

Definition 8 ([17]). Let A = (jm.n) and {om n} be the same as in Definition 5. Then, a double sequence x = {xu,} is
A-statistically bounded with the rate of O, (e ) if for every e > 0,

P-lim a; =0,
ik Z lj k,m,n
(m,n)eN(e)

where
N(e) = {(m,n) € N> : |Xpn| > €tmn} .
In this case, we write

2
Xmn = stg) — Opmn(otmn) asm,n — oo.

As a tool, we use the modulus of continuity w(f; &) defined as follows:

o (f;8) = sup 1 If @, v) —f x| : W, v), (X y) € R, \/(u —0'+ W —y)? = 8]
wheref € C* (R?) and § > 0.In order to obtain our result, we will make use of the elementary inequality, for all f € C* (R?)
and for A, 8 > 0,

w(f;28) <A+ [ADw(f;d) 9

where [1] is defined to be the greatest integer less than or equal to A.
Then we have the following result.

Theorem 9. Let {Ly, ,} be a double sequence of positive linear operators acting from C* (Rz) into itselfand let A = (aj,k.m,n) bea
non-negative RH-regular summability matrix. Let { Om.n } and { Bm.n } be a positive non-increasing double sequence in Pringsheim’s
sense. Then, for all f € C* (R?),

[Lmn () — f

provided that the following conditions hold:

2 .
o (72) = St — 0(Ymn) asM, N —> 00, With Yy := max {emn, Bmn}
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(@) [[Lmn (o) = foll v a2y = S8 — 0(etmn) as m., n — o0, with fo(u, v) = 1,

(i) ® (f; 8mn) = st — 0(Bmn) as m,n — co,where 8, = /| Ln.n (®) o (2 with W (u, v) = sin® “2* + sin> X for

each (x, ) , (u, v) € R?. Furthermore, similar results holds when the symbol “0” is replaced by “0”.

Proof. To see this, we first assume that (x,y) € [—n, 7] x [—7,w]and f € C* (RZ) be fixed, and that (i) and (ii) hold. Let

& be a positive number.
Case LIf§ < Ju—x| <mandd < |v—y| <, then |u—x| <7 [sin**|and § < |v —y| < |sin *52| and therefore

I (v) — f (e )] < w(f;\/(u—X)2+(v—y)2)

2 2
<1+ Vu—x 8+<v—y) )ww)

,sin® 4% 4 sin?
< (14 o (F:5). (10)

IA

82

If lu — x| < §and |v —y| <, then this inequality holds.
Case Il If |u — x| > m and |v — y| < 7, let k be an integer such that |u 4+ 2kwr — x| < m; then

|f(u7 U)_f(x7y)| = |f(u+2kﬂsv) _f(xay)|
102 ut2km —x in2 V=Y
(] +n2511‘1 — =+ sin 5 )a)(f’ 8)

IA

52

}’

,sin® X 4 sin® X
=[|1+nx2 5 w(f;d).

Caselll. Let |u — x| < w and |v — y| > m. As in Case I], let [ be an integer such that |v + 2l7 — y| < m; then we have

f w,v) =f &y =If w,v+2r)—fxyl
( ,sin? % 4 sin® )
<|(1+=rm w(f;8).

82

CaseIV.Llet [u — x| > m and |[v — y| > m. As in Case Il and III, this situation is obtained.
Thus, (10) always holds. Using the definition of modulus of continuity and the linearity and the positivity of the operators

Lo, for all (m, n) € N2, we have

ILon(F; %,3) = f @ 9| < L (If W, 0) = F 0|5 %,9) + If &) | Lnn (o; %) — fo(x, )|
(f 3)

Lnn (&%, 9) + If G0 [Lnn (o %, ¥) — fo (., ¥)] -

IA

o (f; 8) Lnn (fo, x,y) + n?

Taking supremum over (x, y) on the both sides of the above inequality and § := 8, , := ./ || Linn(¥) | o (2)" then we obtain

(11)

HLm,n(f) —f c*(R2) Sw (fa (Sm.n) ”Lm,n (fo) — fo c* (R2) + (1 + ”2) w (f» 8m,n) +M HLm,n (fo) — fo

where the quantity M := ||f||C*(R2) is a finite number since f € C* (Rz). Now, given ¢ > 0, define the following sets:

C*(R?)

D= {(m, n) . ”Lm,n(f) _f C*(Rz) = 8} ’
Dy = {(m, n) o (f; Smn) |Lmn (o) — fo

C*(R2) = g} )

€
D, = i(m,n):a)(f;ﬁm,n) z 3(1_|_712)}

&
D3 = {(m7 n: HLm.n (fo) — fo c* (R2) z m}

Then, it follows from (11) that D C D; U D, U Ds. Also, defining

D4:={(m,n)eN22w(f;5m,n)Z z}
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I
c* (R2) = 5} )

Ds = :(m, n) € N*: |Lnn (o) — fo

we have D; C D4 U D5, which yields
5
cl o
i=2
Therefore, since yy, , = max {am,n, ,Bm,n}, we conclude that, for all (j, k) € N?,
Z a]kmn_ Z ajkmn+ Z a]kmn+ Z ajkmn"’ Z Qj k,m,n- (12)
VJ k (m,nyeD /31 kK (m,nyeD, .k (m.myeDs 'BJ kK (m,nyeDy %k (m.meDs

Letting j, k — oo (in any manner) on both sides of (12), we get

1
P- lim — Z G mn = 0.

Therefore, the proof is completed. O

Now, specializing Theorem 9, we can give the ordinary rates of convergence of a sequence of positive linear operators
defined on the space C* (JRZ). We first note that, if we choose ay = Bm.n = 1forallm, n € N, then Theorem 1 is obtained
from Theorem 9 at once. So our theorem gives us the rate of A-statistical convergence in Theorem 1. Furthermore, if one
replaces the matrix A = (aj_k,m,n) by the double identity matrix, then Theorem 9 immediately gives the following result in
Pringsheim’s sense, which corresponds to Theorem 2.1 in [18].

Corollary 10. Let {Ly, ,} be a double sequence of positive linear operators acting from C* (R?) into itself. Then, for all f € C* (R?),

P-1im || Ly (f) — f
m,n

C* (RZ) = 07
provided that the following conditions hold:
(@) P-limmp [ Lnn (o) = fo| v 2y = O

(ii) P-1imMpp @ (f; 8mn) = O, where fo and {8} are the same as in Theorem 9.

One can immediately obtain the next result using a similar technique to that used in the proof of Theorem 9.

Theorem 11. Let {Ly, »} be a double sequence of positive linear operators acting from C* (R?) into itself and let A = (aj j.m.n) bea
non-negative RH-regular summability matrix. Let {am,n } and { Bm.n } be a positive non-increasing double sequence in Pringsheim’s
sense. Then, for all f € C(R?),

H Lm,n(f) _f

c*(R2) = St/(‘\2> — 0m,n(Ymn) asm,n — oo,
With Y := max {etmn, Bm.n, Cm.nBm.n}, provided that the following conditions hold:
1) ”Lm,n (fO) _fo

(i) @ (f; Smn) = st — 0pn(Bmn) Gsm, n — 00, where 8, == [ L (#)

each (x,y), (u, v) € R?.

2 .
o) = st,(q) — Om.n(Qm.n) as m, n — oo, with fo(u, v) =1,

. — ein2 uU—Xx s 2 v—y
c*(22) with ¥ (u, v) = sin” 5= + sin® =~ for

Similar results hold when little “o0, ,” is replaced by big “Op, ,,”.

4. An application to Theorem 9

In this section, we display an example of positive linear operators, which satisfies Theorem 9 but not Corollary 10.

LetA = (aj,k,m,n) be a non-negative RH-regular summability matrix. We know that a P-convergent double sequence is
A-statistically convergent to the same value but the converse does not hold true. So, we can choose a non-negative double
sequence {um,n} that converges A-statistically to O but is not P-convergent. Then, we consider the following operators

defined by (8) on C* (R?):

Lm,n(f;x»}/) = (1 +um,n) Gm,n(f;x’Y)- (13)
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Now, we take A = C(1, 1) and also replace the double sequence {u;, ,} by
+/mn, if mand n are squares,
Upn = .
0, otherwise.

1

Now, setting {omn} = { } we have, for any ¢ > 0,

Ymn
1 1 Yik/jk 1
- Z Cj.kmn = \‘y]% Z — =< " = a7 (14)
Yk (m»”)i|“m<n|25 (ma”)i|um,n|25 Jk Jk \/]?

Taking the limit as j, k — oo (in any manner) in (14), we get, for any ¢ > 0,

. 1
P- ]11"11 — E Cjk,m,n = 0
.k Ok :
(m’”)<|um,n|25

which gives,

1
U = st(cz()l,]) -0 (f/"TH) asm,n — oo. (15)

Also, observe that
Lin.n (fo; x,y) =14 upn,

m—1

Lnn (f1; %, ) = (] + um.n) Tfl %,¥),
n—1

Linn (f2; %, ) = (] + um,n) n f (9,
m—1

Lm,n (f3; X,Y) = (1 + um,n) Tf?: (X7 y) )
n—1

Lng (fas %, ) = (1 + um.n) n fa (x,¥),

where fo(x,y) = 1, fi(x,y) = sinx, fr(x,y) = siny, f3(x, y) = cosxand fy(x, y) = cosy. Since |[Lnn (fo) — fo
we obtain from (15)

cr(r2) = Um,n,

|Linn o) = foll ey = Stica1y — 0(@mn)  asm, n— oo. (16)

2 u—x

> + sin? "7_5' After some calculations, we get

Now, we compute the quantity Ly, ,(¥; X, y), where ¥ (u, v) = sin

1+4+u 1 1
Lypn(W;x,y) = % <E + E) .

Then, we obtain 8pp = /||Lm.n(¥) @) =y l+;’"’” (% + 1).In this case, setting { Bm.n} = { %Tn} we have, for any

e >0,

1 . 1 YkJik 1
F Z Cjk,mn = \3/]7( Z E = ik = 83
K )| dmn | e (m.n):|6m_n|251 J v (k)

which gives that

1
P-lim— Y Guma=0.

e
T Bk (m,n):|8m,n|=¢
Hence, we obtain ép, , = stg)l,]) -0 (ﬁ) as m, n — oo. By the uniform continuity of f on R?, we write that
1
2
o (f; 8mn) = Sté()m) —0 (%> asm,n — oo. (17)

Then, the sequence of positive linear operators {Lm,n} satisfy all hypotheses of Theorem 9 from (16) and (17). So, we have,
forallf € C* (R?),

1
|Lmn(F) — f c(2) = Stic(i1y) — O (W) asm,n — oo.

However, since {um,,,} is not P-convergent, the sequence {Ly, »} given by (13) does not converge uniformly to the function
fect(r?).
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