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We define weighted variable Sobolev capacity and discuss properties of capacity in the space
W1PO(R", w). We investigate the role of capacity in the pointwise definition of functions in this
space if the Hardy-Littlewood maximal operator is bounded on the space W*0)(R", w). Also it is
shown the relation between the Sobolev capacity and Bessel capacity.

1. Introduction

In 1991 Kovéacik and Rakosnik [1] introduced the variable exponent Lebesgue space LPO) (R™)
and Sobolev space Wk?()(R") in higher dimensional Euclidean spaces. The spaces LP") (R")
and LP(R") have many common properties. A crucial difference between LP*)(R") and the
classical Lebesgue spaces LP (R") is that LP*) (R") is not invariant under translation in general
(Example 2.9 in [1] and Lemma 2.3 in [2]). The boundedness of the maximal operator was
an open problem in LP*) (R") for a long time. It was first proved by Diening [2] over bounded
domains, under the assumption that p(:) is locally log-Holder continuous, that is,

, X,YyEQ,

C 1
lp(x) -p(y)| < —lrﬂT—y x -yl < 5 (1.1)

He later extended the result to unbounded domains by supposing, in addition, that the
exponent p(-) is constant outside a large ball. After this paper, many interesting and important
papers appeared in nonweighted and weighted variable exponent spaces. For more details
and historical background, see [1, 3-5]. Sobolev capacity for constant exponent spaces has
found a great number of uses, see Maz'ja [6], Evans and Gariepy [7], and Heinonen et al.
[8]. Also Kilpeldinen [9] introduced weighted Sobolev capacity and discussed the role of
capacity in the pointwise definition of functions in Sobolev spaces involving weights of
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Muckenhoupt’s A,-class. Variable Sobolev capacity was introduced in the spaces W70 (R™)
by Harjulehto et al. [10]. They generalized the Sobolev capacity to the variable exponent case.
Our purpose is to generalize some results of [9-12] to the weighted variable exponent case.

2. Definition and Preliminary Results

We study weighted variable Lebesgue and Sobolev spaces in the n-dimensional Euclidean
space R", n > 2. Throughout this paper all sets and functions are Lebesgue measurable. The
Lebesgue measure and the characteristic function of a subset A ¢ R" will be denoted by
U(A) = |A| and ya, respectively. The space L%OC(R”) consists of all (classes of) measurable
functions f on R" such that f yx € L'(R") for any compact subset K C R". It is a topological
vector space with the family of seminorms f + || fyk|l;:.- A Banach function space (shortly
BF-space) on R" is a Banach space (B, || - ||z) of measurable functions which is continuously
embedded into L; (R"), that is, for any compact subset K C R" there exists some constant
Ck > O such that [|fyk|l: < Ckllfllg for all f € B. We denote it by B — L}OC(R"). The class
Cg°(R™) is defined as set of infinitely differentiable functions with compact support in R". For
a measurable function p : R" — [1, o) (called a variable exponent on R"), we put

p = essﬂi@nfp(x), p* = esssupp(x). (2.1)
x€R"

xeR?

For every measurable functions f on R" we define the function

or0) (f) = fw |f ()" dx. (2.2)

The function @y is convex modular; that is, ¢y()(f) > 0, ¢p()(f) = 0 if and only if f = 0,
0p()(=f) = 9p()(f) and @, is convex. The variable exponent Lebesgue spaces (or generalized
Lebesgue spaces) LP*)(R") is defined as the set of all measurable functions f on R" such that
Qp()(Af) < oo for some A > 0, equipped with the Luxemburg norm

171, =int{ 1> 0:0,(4) <1}, 2

If p* < oo, then f € LPO(R") if and only if ¢, (f) < co. The set LPU)(R") is a Banach space
with the norm || - [|,(,. If p(x) = p is a constant function, then the norm || - [|,,, coincides with
the usual Lebesgue norm || - [|,, [1]. In this paper we assume that p* < co.

A positive, measurable, and locally integrable function w : R* — (0, o0) is called a
weight function. The weighted modular is defined by

o0 (9) = [ IF@IM e @4
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The weighted variable exponent Lebesgue space L") (R", w) consists of all measurable func-
tions f on R" for which |If|l,,,, = ||fw1/p(')||p(_) < co. The relations between the modular
Qp()w(-) and || - IIP(_),w as follows:

. /p” /p* /p” /p*
min{ 0y ()" @0 ()"} < 1f o < max{@pr0 ()" Gpra ()"}

min{ || f oo} < 00w (F) max{ I FIE 0 111000 )

p+
p()w’
(2.5)

see [13-15]. Moreover, if 0 < C < w, then we have LPO(R",w) < LFU)(R"), since one easily
sees that

cj |f () [PV dx < f |f () [P w0 (x)dx (2.6)
er Rn

and Cl| Ly < 11y
The Schwartz class S = S(IR") consists of all infinitely differentiable and rapidly de-

creasing functions in R". Then f and any derivative D f die out faster than reciprocal of any
polynomial at infinity. That is, f € S if and only if for any f and k > 0 there is a constant
C = C(p, k) such that

C
|Dﬂf(x)| < T 2.7)

In particular, for f =0,
|f(x)] < m. (2.8)

Also it is well known that Cy°(R") C S.
For x € R” and r > 0 we denote an open ball with center x and radius r by B(x, r). For
f €Ll (R"), wedenote the (centered) Hardy-Littlewood maximal operator M f of f by

loc

>0

1
Mf(x) = SUP )] IB(x,r) |f(v)|dy, (2.9)

where the supremum is taken over all balls B(x, r).
Let1 < p < oo. A weight w satisfies Muckenhoupt’s A,(R") = A, condition, or w € A,
if there exist positive constants C and ¢ such that, for every ball B ¢ R",

p-1
(%J‘ wdx) <%J‘ w‘l/(f"l)dx> <C 1<p<oo, (2.10)
B B
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or

1 1
<® J‘B wdx) <essgupa> <¢, p=1 (2.11)

The infimum over the constants C and cis called the A, and A1, respectively. Also it is known
that Ae = Ui<peos Ap- Let 1 < p < co. Then Muckenhoupt proved that w € A, if and only if
the Hardy-Littlewood maximal operator is bounded on LP(R", w) [16]. Also Miller showed
that the Schwartz class S is dense in LP(R", w) for 1 < p < oo and w € A, [17, Lemma 2.1].
Hasto and Diening defined the class Ay to consist of those weights w for which

<o, (2.12)

w := sup|B| ¥ ||lw —
lwlla,, Belg| Pl s) W || oo (B)

where B denotes the set of all balls in R”, pg = ((1/]B]) [5(1 /p(x))dx)_1 and 1/p(-)+1/p'(-) =
1. Note that this class is ordinary Muckenhoupt class A, if p is a constant function [13].
We say that p(:) satisfies the local log-Holder continuity condition if

C
log(e+1/|x-y|)

lp(x) -p(v)| < (2.13)

for all x,y € R". If

|p(x) = pos| < w (2.14)

for some p,, > 1, C > 0 and all x € R", then we say p(-) satisfies the log-Holder decay con-
dition (at infinity). We denote by P'°8(R") the class of variable exponents which are log-
Holder continuous, that is, which satisfy the local log-Holder continuity condition and the
log-Holder decay condition.

Letp,g € P5(R"), 1 <p~ <p* <oand 1< g <g* < . If g < p, then there exists a
constant C > 0 depending on the characteristics of p and g such that ||w|| Ay S Cllw|| Ao [13,
Lemma 3.1]. As a result of this Lemma we have

A1 C Ay CAp) CAp C Ay (2.15)

for p € P°5(R") and 1 < p~ < p* < o0.

Letp € P°5(R") and 1 < p~ < p* < o0. Then M : LPO)(R", w) — LPO(R", w) if and only
if w € Ay [13, Theorem 1.1].

We use the notation

pE) = [p0):1<p <p) <p* <o, Ml <Cliflle)  16)

that is, the maximal operator M is bounded on LP®)(R",w). Hence we can find a sufficient
condition for p(-) € P(R").
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Proposition 2.1. Let w bea weight functionand 1 < p~ < p(x) < p* < co. Ifw™/PO-D e L} (R"),
then LP©)(R", w) — L1 (R™).

loc

Proof. Suppose that f € LPY)(R",w), and let K C R" be a compact set. For 1/p(-) +1/q(-) =1,
by using Holder’s inequality for variable exponent Lebesgue spaces [1], then there exists a
Ak > 0 such that

IK|f(x)|deAK”fwl/p(')Hp<.),1<||w_1/p(')”q(.),K o1

T T R e
K f p() q(),K

It is known that ||w‘1/”’('>||q(,)J< < oo if and only if Qg kx (w™/PY)) < oo for g* < oo. Since
w /P01 ¢ LlloC (R™), then we have

Qq(),K <w_1/p(')> = IK w(x) 1P gy = J‘K w(x) VPO D gy = By < co. (2.18)

If we use (2.17) and (2.18), then the proof is completed. O

Definition 2.2 (Mollifiers). Let ¢ : R* — R be a nonnegative, radial, decreasing function
belonging to Ci°(R") and having the properties:

(i) () = 0if x| 2 1,
(ii) [pa @(x)dx = 1.

Let € > 0. If the function ¢.(x) = e™¢(x/¢) is nonnegative, belongs to C5°(R"), and
satisfies

(i) ps(x) = 0if [x| > € and
(ii) fan e(x)dx =1,

then ¢, is called a mollifier and we define the convolution by
Qe * f(x) = f ¢e(x = y)f(v)dy. (2.19)
]Rn

The following proposition was proved in [18, Proposition 2.7].

Proposition 2.3. Let ¢, be a mollifier and f € L! _(R™). Then

loc

su0p|(pg * f(x)| < Mf(x). (2.20)

Proposition 2.4. Ifp(-) € P(R") and f € LPO)(R", w), then g f — fin PO (R",w)ase — 0*.
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Proof. Let f € LPY)(R", w) and € > 0 be given. If f is continuous, then the assertion is trivial.
By Proposition 2.3, we have

e * fllpey o < MMl 0 < CNF M o (2.21)

and we have ¢, * f € LPO(R",w) for all ¢ > 0. It can be proved that the class Co(R") of
continuous functions with compact support is dense in the space LP") (R", w). Then there is a
function g € Co(R") such that

If =8l <e (2.22)

Also it is well known that if ¢ € Co(R"), then ¢, * ¢ € CF°(R") for all £ > 0. It is easily seen
that ¢, * ¢ — g uniformly on compact sets as ¢ — 0*. Hence we have

e * g(x) — g(0) | — 0,

prw(Pe*g—8) = f |9 * g(x) — g(x) [P0 (x)dx (2.23)

K
<ef f w(x)dx,
K

where supp (¢, * g) U supp g C K, K C R" compact. Hence ¢p()w(p: ¥ g—g) — Oase — 0°
and we write

e * &= 8ll )0 <& (2.24)
Finally by using (2.22) and (2.24),

| f = e * f”p(-),w <|If- g||p(~),w + ||l g = e 8||p(-),w + [|pe * g = pe % f”p(-),w
(2.25)
< (C+2)e.
The proof is complete. O
As a direct consequence of Proposition 2.4 there follows.

Corollary 2.5. Let p(-) € P(R"). The class C3°(R") is dense in LPO(R™, w).

This result was proved without the assumption that the maximal operator is bounded
in LPO)(R", w) by Kokilashvili and Samko [19].

Remark 2.6. Let 1 < p~ < p(x) < p* < oo and w™V/#P0-D e L] (R"). Then every function in
LPO(R", w) has distributional derivatives by Proposition 2.1.
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3. Weighted Variable Sobolev Spaces

Let1<p™ <p(x) <p* < oo, w /PO e Ll (R") and k € N. We define the weighted variable
Sobolev spaces W*P()(R", w) by

Wklp(') (Rn’ w) — {f IS LP() (Rn’w) . Daf = LP() (Rn, ZU), 0 < |a| < k} (31)
equipped with the norm
I Moo= 22 1D f Nl (32)
0<|al<k

where a € Njj is a multiindex, |a| = a; + ap + -+ + a,, and D* = (3'“'/(8% -+ 0%"). It can be
shown that W*P0) (R", w) is a reflexive Banach space. Throughout this paper, we will always
assume that 1 < p~ <p(x) < p* <ooand w™/POD e L} (R).

The space W0 (R", w) is defined by

WIPO(R™ ) = { fe PR, w): |Vf| e LPO R, w) } (3.3)

The function Qi1p()w : WYWO(R",w) — [0,00) is defined as ¢1p()w(f) = Qpeyw(f) +

000(V ) The norm [[£1ly o = 11y + 1V 1L
The Bessel kernel g, order &, a > 0, is defined by

yl.n/Z =] s 212 dS
= — —s=(*|x[") /s g(a-n)/2 c R". 3.4

Let a > 0. The weighted variable Bessel potential space £%7¢)(R",w) is, for a > 0, defined by
29O, w) = {h =g f3 f € PO (R", w) }, (3.5)

and is equipped with the norm
”h”a;p(-),w = ”f”p(-),w' (36)

If a =0 we put g * f = f and L0PO)(R", w) = LPO(R", w).

Letp(:) € P(R™).If f € LPO(R", w), then g, f € LPY)(R", w). Indeed, since g, € L (R")
and g, is radial, we have (g, * f)(x) < Mf(x), x € R" [20, page 62]. The assertion thus follows
from boundedness of maximal function in LP®) (R", w).

The unweighted variable Bessel potential space .£%7()(R") was firstly studied by
Almeida and Samko in [21].
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Lemma 3.1. Let p(-) € P°8(R"), 1 < p~ < p* < o0, and w € Ap(. Then

(i) CP(R") is dense in WEPO (R, w), k €N,

(ii) The Schwartz class S is dense in L) (R",w), a > 0.

Proof. (i) By Proposition 2.4 the proof is complete.

(ii) Let a = 0. The class Cj°(R") is dense in LPO(R",w) by Corollary 2.5. It remains
only to show that S ¢ LPO(R",w). Let f € S. Then there exist C = C(r) > 0 and r > 0 such
that

C
|f ()] < T (3.7)
Also since rp(x) > r and (1 + |x|)" > 1, then
o0 (1) = [ IF@I woodx
S w(x)
< max{CY" ,CP } J’Rn At )™ (3.8)

< max{C”i,C’f} fw % x.

It is known that Ay() C A, for 1 < p*™ < co. Also the fact that the Muckenhoupt weights with
constant p* are integrable with some power weight. Then

w(x)
IR" T lxD,dx < oo, (3.9)

see [22, Lemma 1]. If we use (3.9) in (3.8), then the Schwartz class S is dense in LP) (R”, w).

Leta > 0and h € £%"0)(R", w). Then there is a function f € LP")(R", w) such that h =
ga * f. By density of C®(R") in f € LP¥)(R", w) we can find a sequence (f)jen CCE®RM) CS
converging to f in LPO)(R", w). Since the mapping f — g.*f maps S onto S [20], the functions
hj = ga * fj, j € N, belong to S. Moreover,

||h - h]’”a;p(),w = ||f - f]”p(),w - 0 as ] — ®© (310)

and the assertion follows. O
The following Theorem can be proved similarly in [12, Theorem 3.1].

Theorem 3.2. Let p(-) € P(R") and k € N. Then £LFPO(R", ) = WO (R, w) and the corre-
sponding norms are equivalent.

Remark 3.3. The equivalence of the spaces £kP)(R",w) and W*P)(R", w) fails when p = 1
orp = oo.
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For E ¢ R", we denote

Sp()w(E) = {f € WO (R",w) : f > 1 in open set containing E}.
The Sobolev (p(:), w)-capacity of E is defined by

p( ),w( ) fesp(A),w(E)Ql'p( ) (f) F€Spw(E)

(3.11)

J (IF D +|VF P )w(x)dx.  (3.12)
-

In case Sy(),w(E) = 0, we set Cp()w(E) = 0. The Cp(, o,-capacity has the following properties.

(i) Cp,w(@) =0.
(ii) If Eq C Ey, then Coyw (Eq) < Co(yw (Ey).
(iii) If E is a subset of R", then

Cp()w(E) =inf{Cp()(U) : EC U, U open}.
(iv) If E; and E; are subsets of R”, then

Cp(‘),w (E1UEy) + Cp(.),w(Eﬁ NEy) < Cp(-),w (Eq1) + Cp(-),w (Ep).

(v) If K1 D K; O -+ are compact, then

Hm Gy (Ki) = Cpy 0 <ﬂKl‘> :

i=1

Note that the assertion (v) above is not true in general for noncompact sets [9].

(vi) If E; C E; C --- are subsets of R", then

ili_)l‘l;Cp(.),w (Ei) = Cp(‘),w <UE1'> .

i=1

(vil) If E; c R" fori=1,2,..., then

Crow <UE1'> < Cpow(E).
i=1 P

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

For the proof of these properties see [8, 10]. Hence the Sobolev Cy() ., capacity is an outer
measure. A set function which satisfies the capacity properties (i), (ii), (v), and (vi) is called

Choquet capacity; see [23]. Therefore we have the following result.
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Corollary 3.4. The set function E — Cp()w(E), E C R", is a Choquet capacity. In particular, all
Suslin sets E C R" are capacitable, that is,

Cp(.),w(E) = élgLfI Cp(.),w(U) = sup Cp(.),w(K). (3.18)
KcE
U open K compact

Lemma 3.5. Let w(x) > 1 for x € R™. Then every measurable set E C R" satisfies |E| < Cp()w(E).

Proof. If f € Sy()w(E), then there is an open set E C U such that f > 1in U and hence
IE| < Ul < f |f ()PP (x)dx < f (1" + [V )™ Yo (x)dx. (3.19)
R" R

We obtain the claim by taking the infimum on Sy () . (E). O

Definition 3.6 (Bessel Capacity). Let E C R", a > 0. Define that the (a, p(-), w)-Bessel capacity
in £%70)(R", w) is the number

Bup(),w(E) = inf Qp() w0 (f), (3.20)

where the infimum is taken over all f € LPO(R",w) such that g« * f > 1on E. Since g, is
nonnegative we can assume that f > 0.
Theorem 3.7. B, () is an outer capacity defined on all subsets of R™.

Proof. It is known that

(i) th,p(~),w(@) =0;
(ii) if E; C Ey, then Bu,p(~),w(El) < B:x,p(~),w(E2);
(iii) if E; cR" fori=1,2,..., then

Bap()w <UE1’> < ZBa,p(»),w(Ei) (3.21)
i=1 i=1

by [12, Lemma 4.1]. We will show that

Ba,p(~),w(E) = ggg Ba,p(v),w(G)' (3.22)
G open

for any E C R". Let E C R" be arbitrary. Obviously By p()w(E) < inf ecG Bap()w(G). We
G open

assume that B, () (E) < co. If 0 < & < 1 there must exist a test function (measurable and
nonnegative) for By () (E), call it f, such that g, * f > 1 on E, and

Qp()w(f) < Bap(yw(E) +&. (3.23)
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LetG={x eR": g, * f >1—¢}. Since g, * f is lower semicontinuous in x, G is an open set
and since g, * f >1—¢on E, G D E. Therefore (1-¢)™' f is a test function for B p()w(G) and
we have

Bup(),w(G) < Qp(»>,w<1fj> < 1= Quw(f) <1 =87 (Bapoyw(E) +¢).  (3.24)

This proves the theorem as ¢ — 0. O
Now we give relationship between the capacities By (), and Cp()» [12].

Lemma 3.8. Let p(-) € P(R") and E C R". Then

Bip()w(E) < cmax{cp(.),w (E)P'/ptcp(.),w (E)p+/p_ },
(3.25)
Cporw(E) < CmaX{BLP(-),w(E)p P By (E)F 2 }

Here ¢ and C are positive constants independent of E.

Proposition 3.9. Let p(:) € P(R").

() If f € WWPO(R", w), then M f € WYPO(R", w) and [VM f (x)| < M|V f(x)| for almost
everywhere in R™.

(ii) Let 1 < 5 < oo. Then sp(-) € P(R™) and there exists a constant C > 0 such that the
inequality

”Mf“l,sp(-),w < C||f||1,sp(~),w (326)

holds for all f € WVPO(R™, w).

Proof. (i) By Proposition2.1 we have LPU(R",w) < Lf(fc') (R",w) < Ll (R") and
WPO(R™, ) — Wllo’f(') (R", w) — Wlloc1 (R™). Since f € Wlloi (R™), then we have |[VMf(x)| <
M|V f(x)| for almost everywhere in R" by [24]. Since f, |V f| € LP©)(R",w) and p(-) € P(R"),
then M f, [VMf| € LPY)(R",w). Hence M f € W'PO (R, w).

(i) Let f € LPO(R", w). By using definition of || - ||, .., we have

1/s

1 lspr o = AT M 0 (3.27)

and |f|° € LPO)(R", w). Therefore we have

1/ 1/ 1/
||Mf||sp(~),w = ” (Mf)S”p(j,‘w < ”M(|f|s) “p(;,w < C” |f|s||p(-§,w = C”f“sp(-),w (328)
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and sp(-) € P(R"). Since f € WPO(R",w), then f,|V f| € L*")(R", w). Hence we write

1/s

s syl/
1M 0 = D) T30+ HTMFT NG
s 1/s s l/s
<NV ey o+ TV ED) M 529
1/s 1/s ’
<IMAST ) o0+ IMAV I 0
snl/ snl/
<Gl ey + C2lF I 0
by (3.28). If we set C = max{Cy,C,}, then
”Mf”l,sp(-),w < C”f“l,sp(-),w' (330)
This completes the proof. O

Proposition 3.10. Let p(-) € P(R™). Then for every A > 0 and every f € WPO(R", w) we have

,
}. (3.31)

Lp()w

ol

CP(.),w({xeR":Mf(x)>)L})Scmax{ jxf 1

1P
Proof. Since M f is lower semicontinuous, the set {x € R" : Mf(x) > 1} is open for every

A > 0. By Proposition 3.9 we can take (Mf)/A = M(f/1) as a test function for the capacity.
Then we have

Cpow({x €R™ : Mf(x) > A}) < Q1p()w (M §>

r P 3.32
< max{ ‘Mj—r , MJ—C } ( )
Mipew 1 Ml pe,w
p* P
< cmax{ ‘j—c , J—c }
Ml pee T4 p0) 0

We say that a property holds (p(-), w)-quasi everywhere if it holds except in a set of
capacity zero. A function f is (p(-), w)-quasicontinuous in R" if for each € > 0 there exists an
open set E with C,()«(E) < € such that f restricted to R" \ E is continuous. The following
proof of theorem is quite similar to Theorem 4.7 in [11].

Theorem 3.11. Let p(-) € P(R™). If f € WPO(R™, w), then the limit

* T 1
fr(x) = PB}’W b f(y)dy (3.33)

exists (p(-), w)-quasi everywhere in R™. The function f* is the (p(-), w)-quasicontinuous representa-

tive of f.
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Proof. Since the class C¥(R") is dense in W7 (R", w) by Lemma 3.1, then we can choose a
sequence ( f;) such that

If = fillipeyw <272 (3.34)
Fori=1,2,... we denote
Ai={xer:M(f-f)0>27),  Bi=Ja, E=(B: (3.35)
j=i j=1

By using Proposition 3.10 and the subadditivity of C,(, ., we have

i
1rP(-),w}
- m{ () MG = P () IG5 10 ||';,,,<.),w} (336)
< cmax{ <%>p+ (2—2i>”+, (%)p <2—2i>”_} <27

Cpyw(Bi) < 2" and Cp()(E) = 0. If we follow the proof of Theorem 4.7 in [11], then this
proves the theorem. O

4 ’ M(fffi)

Lp()w

-1

Co()w(Ai) < cmax{

Corollary 3.12. Let p(-) € P(R"). If f € WP (R", w) and f is quasicontinuous, then we have

. 1
fx) = hmm s f(y)dy (3.37)

r—0

(p(-), w)-quasi everywhere in R,
Proof. By using the Theorem in [25] the proof is completed. 0

Now we show that every quasicontinuous function satisfies a weak type capacity
inequality; the proofs follow the ideas by [10].

Lemma 3.13. Let p* < oo and E C R™ If u € WYWO(R",w) is a nonnegative (p(-),w)-
quasicontinuous function such that u > 1 on E. Then for every € > 0 there exists a function
h € Sp(),w(E) such that Q1,p()w(u—h) <e.

Proof. Let 0 < 6 < 1, and let V C R" be an open set such that u is continuous in R" \ V and
Cp()w(V) < 6. By definition of C,(, ., there exists a v € Sy(,)(E) such that 91, (v) < 6. If
we set h = (1 + 6)u + |v|, then it is easy to show that h € W?)(R",w) by [10, Theorem 2.2].
Since the function u is continuous and the set V is open, then the set

G={xeR"\V:iux)>1}uV (3.38)



14 Journal of Function Spaces and Applications

is open, contains E, and h > 1 on G, thus h € S, (E). It is known that for 1 < p(-) <p* <
and a,b > 0, (a+b)PY < 27" 1(aP0) 4+ bPO) and |V|v|| = |[Vo|. Hence we obtain ||v| + 5ulP” <
27" 1(Jo]P + |6ufPY) and

QLp()w(u—h) = f

(llol+ 6uP™ + 19 (jo] + 6w) P ) (x)dx
RVI

szp*‘lf (|v|P<'>+|6u|P<'>+|V|v(x)||P<x>+|5Vu(x)|r’<x>)w(x)dx (3.39)
]Rn

<27 (010 (®) + 6 Qupir®)) <277 (6+ 5’07@1,10('),70(“))-

This completes the proof as & — 0. O

Theorem 3.14. Let p* < oo. Ifu € WPO (R, w) is a (p(-), w)-quasicontinuous function and A > 0,
then

u(x) p(x)

A

Vu(x)
A

p(x)
Coow({x €R" : u(x)| > A}) < f "< >w(x)dx. (3.40)

Proof. By [10, Theorem 2.2], |u| € WO (R",w) and |V|u|| = [Vu|. By Lemma 3.13, there is a
sequence h; € Sp()w({x € R" : [u(x)|/A > 1}) such that

Q1,p(.),w<|—xl — h]-> — 0 as ] — 0O0. (3.41)

Hence we have by [10, Lemma 2.6] that

Quperw (M) — Qup()a <%> as j — oo. (342)
By definition of Cp(,, we write
Cprw({x € R : [u(x)| > A}) < Q1p()w (hj). (3.43)
Therefore
Coorw({x €R™ : Ju(x)] > A}) < Ql,p(~),w<|_1;|> as j — oo. (3.44)

Proposition 3.15. Let p(-) € P(R"). Ifu € WP (R", w), then there is a C > 0 such that

Byyyw({x € R : Mu(x) > 1}) < Cmax{ ” % ||jp()w || % ||jp()w} (3.45)
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Proof. Forr >0, we take h = |B(0,r)|_1XB(0,). Choose f € LPO(R",w) such that u = ¢ * f and
1,00 = lull1 ), Py Theorem 3.2. Then

1
|B(x, 7)) B(x,r)

1
u d :—J n(x=vy)lu d
lu(y)|dy 1B, 7)] B(O,r)XB(O,)( y)|u(y)|dy

= (hx[ul)(x) < (h* (g% |f])) (x) (3.46)

= (&ux (x| f]) () < (81 x Mf) (x)

and Mu(x) < (g1 * Mf)(x). Also it is known that if E; C E, then By ,()w(E1) < Bip()w(E2)
by [12, Lemma 4.1]. Therefore we have

Bipow({x € R" : Mu(x) > A}) < Bipyw({x € R": (g1 % Mf)(x) > A})

f
< Qp)w (M I)
Smax{ MZ g , Mz ’ }
p()w A p()w (347)
< cmax{ ‘)—c i }
Mlper 1A )0

<emax{ [, 510

The following Theorem is obtained directly from Lemma 3.8 and Theorem 3.11.

Theorem 3.16. Let p(-) € P(R"). If u € WO (R", w) and u is quasicontinuous, then the limit

u(x) = u(y)dy (3.48)

1
0 |B(x,7)] B(x,r)
exists (1, p(-), w)-quasi everywhere in R".
The following proposition can be proved similarly as in [12, Proposition 5.1].

Proposition 3.17. Let p(-) € P(R"). Every u € L7 (R",w) is quasicontinuous. That is, for every
€ > 0, there exists a set F CR", By p()w(F) < ¢, so that u restricted to R" \ F is continuous.

Proposition 3.18. Let 1 < p~ < p* < oo. Then for all f € LPO(R",w) and 0 < A < oo we have

4L
A

Bapow({x €R": (ga*f)(X)>)»)<max{ N } (3.49)
p()w

p()w
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Proof. We first note that by definition of By p(,«-capacity, A~ f is a test function for the Bessel
capacity. Hence

Bupoao (3 € B (g0 N 22D) < 0y ()

A
i 1 (3.50)
< max ‘— M5 .
Alper o 1M lpe) 0
O
Proposition 3.19. Let 1 <p~ < p* < o0. If f € LPO(R", w) and
E={xeR": (ga*f)(x) =00}, (3.51)
then Bop()w (E) =0.
Proof. By Proposition 3.18, we write By () (E) =0as A — oo. O
Proposition 3.20. Let 1 <p~ < p* < o0. If f € LPO(R", w), then
1
Iim —— o ¥ dy = (ga* f)(x) (3.52)
e Bw)(g P W)dy = (g« * f)

for Bap()w-g.e. x € R

Proof. Let y be the characteristic function for the unit ball B(0, 1), and define for r > 0, y,(x) =
(1/1B(0, 1)) x(x/7), x € R"™. Then

1
|B(x, T)| B(x,r

(8a* f)(W)Ay = xr * (8a* f)(x) = (xr * gu) * f(x)
) (3.53)
= fB(x S g (v) f(x —y)dy.

Asr — 0, yr * Sa(y) — ga(y) for every y € R". This implies that, for fixed x € R", y, *
W) f(x-y) — g(y)f(x-y) for a.e. y € R". It was shown that y, * g.(y) < Cga(y) for
0 <r <1landy € R" [26, page 161]. By Proposition 3.19, the integrand in (3.53) is dominated
by a constant times g, (v)|f (x - y)|, which is L' (R") function for By p()»-q.e. x € R™. If we use
the Lebesgue’s dominated convergence theorem, then the proof is completed. O
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