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On the Expansion Formula for a Class of Dirac
Operator with Discontinuous Coefficient

Kh. R. Mamedov and Aynur COL

Abstract—1In this paper we consider a first order differential
equation system with a discontinuous coefficient and spectral
parameter dependent boundary condition in the half line. The
operator interpretation of the given boundary value problem is
investigated in the Hilbert space H = L , (0, 00; C?) x C. The
resolvent operator is constructed and the expansion formula with
respect to eigenfunctions is obtained. Copyright © 2009 Yang’s
Scientific Research Institute, LLC. All rights reserved.

Index Terms— Dirac operator, expansion formula, resolvent
operator.

I. INTRODUCTION

E consider the boundary value problem
BY'+Q(2)Y =Xp(2)Y, 0<x< o0, (1)

Y: (0) — AYa (0) = 0 @)

(1)
Y (x)

p(z), g (x) are real measurable functions, A\ is a spectral
parameter and

«, 0<x<a,
p(x) =
1, a<z<oo,
and 1 # a > 0.
Assume that the condition

o0

J19@)ds < oo @)

0

is satisfied for Euclidean norm of the matrix function Q(z).
The spectral analysis of the boundary-value problem (1)-(2)
in the half line in the case of p(x) = 1 in the equation (1)
was researched in [5], [8], [7], [1], [12]. In finite interval the
expansion formula for Dirac operator with a spectral parameter
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in the boundary conditions was examined in [11] and a dis-
continuous Sturm-Liouville problem with a spectral parameter
in boundary condition was investigated in [3], [10]. In the
half line the spectral analysis of Sturm-Liouville operator
was investigated in [4]. The discontinuous inverse problem
of scattering theory for the system (1) with the boundary
condition not containing a spectral parameter was studied in
[6], [9]. The spectral properties of Dirac operators on (0, 1)
with potentials that belong to entrywise to L, (0,1), for some
p € [1,00), were studied and the vast reference list about the
inverse problems for Dirac operators on the finite interval were
given in [2].

In this paper our aim is to obtain the expansion formula for
the boundary-value problem (1)-(2) in the half line. To obtain
the resolvent operator and the expansion formula we applied
the method [13].

Let

It is easily shown that the vector function

—1

is a solution of the equation (1) when € (z) = 0.

As known from [6], when the condition (3) is satisfied, for
ImA > 0 the equation (1) has an solution f (x, A) which can
be expressed uniquely as

F@A) = fO () + 71{(9;,75) (fi)emdt @)

w(z)
1
—i |

Moreover, the elements of the matrix kernel K (x,t) are
summable on the positive half line and for the Euclidean norm
of K (x,t), the inequality

satisfying the condition

lim f(z,\)e " =

xr— 00

/ 1K (o, 8)] dt < e”@ — 1 5)

()

is satisfied, where o (z) = [ [|Q2((¢))] dt.
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Let Y (z,A) and Z (z, \) be vector solutions of the equa-
tions system (1). The expression

WY (2,)0),Z(z,\)] = Y7 (x,))BZ(z,\)

0 1 Al
()

= Y12y —-YsZ;

is called Wronskian of the vector functions Y (z,)) and
Z(xz,\).

Since p(z) and ¢ (x) are real valued functions, the vec-
tor functions f (z,A) and f (z,\) are fundamental solutions
system of the equation (1) for real A. The Wronskian of the
vector functions f (z, A) and f (z, A) doesn’t depend on x and
is equal to 2.

We denote by ¢ (z,A) the solution of the equation (1)
satisfying the conditions

¥1 (07 )‘) = )‘? ©2 (07 )‘) =1

Let us define the function
E ()\) = fl (O, )\) — )\fg (0, /\) .

It can be shown the function E (\) hasn’t any zeros on the
closed upper plane.

The paper is organized as follows: In Section II we give the
theoretic formulation of operator of the boundary value prob-
lem (1), (2) in the Hilbert space H, = Ly, (0,00;C?) x C.
In Section IIT we find the kernel for the resolvent operator
and construct the resolvent operator. Finally, we obtain the
expansion formula with respect to eigenfunctions in Section
IV.

II. OPERATOR THEORETIC FORMULATION

In the Hilbert space H, = Ly, (0,00;C?) x C an inner
product is defined by

(F.G) = [{# @5 @ + £ (0) @} p(e)do + fagn
0

for the triple component vectors

fi(z) 91 (z)
F=1 fo(z) |, G=| g € H,.

g 93

For convenience, we put
fi(x)
fi=f):= ( b () )
therefore
FZ(f@)
fs

and

We define the operator L corresponding to the boundary value
problem (1)-(2) as the following form

—f3(x) +p(x) f1(z) +q(2) f2 ()
fi(@)+q(@) fi(z) —p(2) f2 (2)
fi(0

where the domain of definition of the operator L is

D(L)={F | F=(fi(z),f2(2), f3) € Hp,
fi(x), fo (x) are absolutely continuous in
every [0,b] C [0,00),1(f) € L2, (0,00;C?),
fs = f2(0)}

It is easy to show that the operator L with domain D (L)
is selfadjoint in the space H,,.

LF = ,F'e D(L)

III. RESOLVENT OPERATOR

If A is not a spectrum point of operator L, then there exists
the resolvent Ry = (L — AI)~". Now we find this expression
of the operator R).

Lemma III.1 The resolvent R is the integral operator with
the kernel which has the following form

By(ot) = -t | $@NFEN,
n F N F 6N,

E(\)
here f(t, ) denotes the transposed vector function of f (t,\) .

1T
h@
f2 (2)
zero in exterior of every interval. To construct the resolvent
operator of L, we need to solve the boundary value problem

xr <,
t <z,

Proof: let F € D(L) and f(x) =

BY'+ Q@)Y =X p(2)Y +p(2) f (2), (6)

By applying the method of variation of parameters, we want
to find the solution of the problem (6),(7) which has a form

Y(:L’,)\) =a (x,)\)cp(x, )‘)+02 (lv)‘)f(‘T,)‘)a (3)

where ¢ (z,\), f(z,A) are solutions of homogeneous prob-
lem. Then we get the equations system

i (@A) f (2, \) B (x,A) = f(zA) f(x)p(x), 9)
& (2, X) @ (2, M) Bf (x,8) = &(x,A) f(z)p(x).

Since Y (z,A) € La, (0,00; C?), then ¢; (00, A) = 0. Using
this relation and the equation system (9) we get

aty = - [LESrwema, 10
ad) = a0~ [FEr@oma

0
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Substituting (10) into (8) we obtain

Y (2, M) /RAxt

where

p(t)dt+cy (0,A) f (2, A),

Ry (z,t) = — (11)

Taking formula (7) we get ¢z (0, \) = E(/\) Thus

(L—XAI)~ /RA x,t) f(t) p(t) E()\) (x,N),
feD(L).

12)

The lemma is proved. |

Lemma IIL2 Let the vector function f () be finite at infinity
and

f(x)
F= D(L).
(1) enw
Then
[Es@osooma+ E"Z‘;)ﬂm (13
0
f(x) f(x/\fl
= - h\ + NE (A /R)\ (z,t) g
where g (x) = Bf' () + Q(z) f (z).

Proof: Using (11) and integrating by parts, we write

Eq. (14) at the top of the next page. This proves the lemma.

|

Suppose that f (¢) satisfies the condition of Lemma (IIL.2),
then from Eq. (13) it follows that for ImA > 0, |A\| — oo,

o)

5)

oo

[ R 1@ o a s @ -

0

since

0().

/RA (2,8) g (1) dt =
0

The following lemma is well known.

Lemma II1.3 R, = R3.

IV. EXPANSION FORMULA

With the help of these lemmas we obtain the expansion
formula in eigenfunctions from D (L) of boundary value
problem (1)-(2).

We integrate both sides of Eq. (15) with respect to \ over
the circle I'g of radius R and center at zero. As a result we

have
1 1
1@+ g fo(5) o
27”1“]5 A
1 oo
i d)\/RA () £ (t) p (¢) dt (16)

fx,A)dA

f 3
27m E(\

The function R) (z,t) is analytic in the upper and lower half
plane. Therefore, we have

2m dA/RA (z,t) f()p(t)dt =Tk + 15 + 15, (17)
where
1 R—ie 0o
Ip = i / dA/R,\ (,t) f () p(t)dt,  (18)
—R—ie 0
1 — R+1ie [e%)
B=- / dA/RA (2.0 F (O p @) dt,  (19)
RYie 0
1 R+ie [ oo
3 _ N
B=5ed [ |[Re@os@oal i
—ie LO

p(t)dt| dX

—R+ie 0

and here ¢ is any positive number. From Lemma III.2 and
Eq. (15) it follows that 113% — 0 as R — oo. From Eq. (15) it
follows that the limit

oo

tim [ Rysic (2.1) F (1) p (1) dt = / Rawio (2,0) £ (£) p (£) d.
0

Therefore, by going over in Eq. (16) to the limit as R — oo
and using Egs. (17) - (19) we find Eq. (20) in the next
page from Lemma III.3, Ry_;,0 = Rxyi. Let us compute
Rxtio (2,t) — Ra—io (z,t) . Let ¢ (z, A) be solution of equa-
tion (1) with the initial conditions

0

NE

(z, )+ EN) Y (z,N).

Then

2n

[l A) = f2(0,A) ¢
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[

o (z,N)

X/fﬁALﬂﬂpwdt

(t,\) B+ ¢(t, /\)Q()}f(t)dt

e [ Fennsfenan)soa

- )\El()\)f(x,A)@(t,)\) Bf(t) . + ﬁ()\)w(x,)\) F(t,\)Bf (t) o %/Rx (z,t) g (t) dt
0
== f(f) - Ef&)f(w,k) + %/RA (z,t) g (t)dt + )\fg((o)\))f(x,)\)
0 (14)
i f3
f(z) = dt] A\ —
RHOOQT[‘ZFR 0/ %
= —[lim {IRHRHR}—%]{E?’ f(,\)d\ 20)
QM/M/&thIMMMMO(Mt;Z[%Kﬁﬁgxggﬁm

0

Since ¢ (x, \) and 9 (x, \) are entire vector functions of A, it
follows from Eqs. (12) and (21) that

—/WMNWﬁ—Rkmefmp@m
0

[Ravio (z,t) — Rayio (z,1)] f(t) p () dt

I
0\8

Sz, A)
E(A)

S
E)

P, A) f () p(t)dt

7 N F(tN)
+! m»[ e | f e
On the other hand
f(l’,)\) . f(va)
E() E(X)
f2 (0, A) f2 (O’ )‘)
{ EOV B0 }@(l‘ﬂ\)
_ A0ONR0N - f12(07 NFON oy
[E(N)]
= — ! 280(55)‘)

Therefore

QM/ﬂnmxw Raio (2,0} £ (6)p (1)

o0

_ 1 oMot
= W/|E()\)|2 f@)p

0

(t) dt.

We obtained the following expansion by eigenfunctions of the
operator L on the form

1 T cho t)\
flx) = — [ dA () p(t)dt
i
1 [ ¢(x,))
WOEQWﬁ
L TR
h__ﬁészAJU()




24 INTERNATIONAL JOURNAL OF COMPUTATIONAL COGNITION (HTTP://WWW.IJCC.US), VOL. 7, NO. 4, DECEMBER 2009

or
f@) = % d)\/u(a:,/\)u*(t,)\)f(t)p(t)dt
—00 0
1 Oou(x,)\)
+2m,0/ o fah
Y TSN
fz3 = 2m,_/d)\o/ 00 F@)p)dt
L g
+7T0/ o
where
_ E(\)
u(z,)\) - f(xv)‘)_mf(va)a
* 7 m *
u* (z,\) = f(x,)\)fm (z, \)

and u* denotes the conjugated vector function of .
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