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Korovkin type approximation theorem for functions of two variables
in statistical sense
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Abstract

In this paper, using the concept of A-statistical convergence for double sequences, we investigate a
Korovkin-type approximation theorem for sequences of positive linear operator on the space of all continuous
real valued functions defined on any compact subset of the real two-dimensional space. Then we display
an application which shows that our new result is stronger than its classical version. We also obtain
a Voronovskaya-type theorem and some differential properties for sequences of positive linear operators

constructed by means of the Bernstein polynomials of two variables.

Key Words: A-Statistical convergence of double sequence, Korovkin-type approximation theorem, Bern-

stein polynomials, Voronovskaya-type theorem.

1. Introduction

Let {L,} be a sequence of positive linear operators acting from C(X) into C'(X), which is the space of
all continuous real valued functions on a compact subset X of all the real numbers. In this case, Korovkin [9]
first noticed necessary and sufficient conditions for the uniform convergence of L, (f) to a function f by using
the test functions e; defined by e;(z) = x* (i = 0,1,2). Later many researchers investigate these conditions
for various operators defined on different spaces. Furthermore, in recent years, with the help of the concept
of statistical convergence, various statistical approximation results have been proved ([1], [2], [3], [4], [5], [8])-
Recall that every convergent sequence (in the usual sense) is statistically convergent but its converse is not
always true. Also, statistical convergent sequences do need to be bounded. So, the usage of this method of
convergence in the approximation theory provides us many advantages. Our primary interest in the present
paper is to obtain a Korovkin-type approximation theorem for a sequences of positive linear operators defined
on C (D), which is the space of all continuous real valued functions on any compact subset of the real two-
dimensional space. Also, we construct an example such that our approximation result works but its Pringsheim
sense does not work. Finally, we obtain a Voronovskaya-type theorem and some differential properties in the
statistical case for sequence of positive linear operators constructed by means of the Bernstein polynomials of

two variables.
We first recall the concept of A-statistical convergence for double sequences.
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A double sequence © = (zy,,,) is said to be convergent in the Pringsheim’s sense if for every ¢ > 0
there exists N € N, the set of all natural numbers, such that |z, , —L| < ¢ whenever m,n > N. L is
called the Pringsheim limit of 2 and denoted by P — limz = L (see [12]). We shall denote such an z more
briefly as “P-convergent”. By a bounded double sequence we mean there exists a positive number K such that
|Zm.n| < K for all (m,n) € N> =N x N, the two-dimensional set of all positive integers. For bounded double

sequences, we use the notation

2] (00,2) = SUP [Zm,n| < 00.
m,n

Note that in contrast to the case for single sequences, a convergent double sequence is not necessarily bounded.
Let A = (aj,k,m,n) be a four-dimensional summability method. For a given double sequence = = (2, ), the

A-transform of =, denoted by Az := ((Ax); 1), is given by

00,00

(Ax)jJC = Z @5 k,mnTm,n

m,n=1,1

provided the double series converges in the Pringsheim’s sense for (m,n) € N2.

A two dimensional matrix transformation is said to be regular if it maps every convergent sequence in
to a convergent sequence with the same limit. The well-known characterization for two dimensional matrix
transformations is known as Silverman-Toeplitz conditions ([7]). In 1926 Robinson [13] presented a four dimen-
sional analog of regularity for double sequences in which he added an additional assumption of boundedness.
This assumption was made because a double sequence, which is P-convergent, is not necessarily bounded. The
definition and the characterization of regularity for four dimensional matrices is known as Robison-Hamilton
conditions, or briefly, RH -regularity ([6], [13]).

Recall that a four dimensional matrix A = (a; k,m,») is said to be RH -regular if it maps every bounded P-
convergent sequence into a P-convergent sequence with the same P-limit. The Robinson- Hamilton conditions
state that a four dimensional matrix A = (a; k,m,n) is RH -regular if and only if

(1) P —lim;a; kmn =0 for each k and [;

00,00

(’LZ) P - ].iijg Z a5 kommn = 1;

m,n=1,1

o0
(i13) P—1lim;p > |ajk,mn| =0 for each n € N;
m=1

() P —lim, > |aj k,m.n| =0 for each m € N;

n=1
00,00
(W) Y |ajkmn| is P-convergent; and
m,n=1,1

vi) There exits finite positive integers A and B such that a;kmmn| < A holds for every
j.k.m,
m,n>B

(4, k) € N2.

Now let A = (ajk,mn) be a nonnegative RH-regular summability matrix, and let K C N2?. Then
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A-density of K is given by

3¢y (K) =P~ lim > Gikmn
(m,n)eK

provided that the limit on the right-hand side exists in the Pringsheim sense. A real double sequence z = (Zy )

is said to be A-statistically convergent to L if, for every ¢ > 0,
§tay({(m,n) € N? |y — L] > £}) = 0.

In this case, we write st% )~ limx = L. Clearly, a P-convergent double sequence is A-statistically convergent

to the same value but its converse it is not always true. Also, note that an A-statistically convergent double

sequence need not be bounded. For example, consider the double sequence = = () given by

o[, if m and n are squares,
mn 1, otherwise.

We should note that if we take A = C(1,1),which is double Ceséro matrix, then C(1, 1)-statistical convergence

coincides with the notion of statistical convergence for double sequence, which was introduced in ([10], [11]).

2. A Korovkin-type approximation theorem

By C (D), we denote the space of all continuous real valued functions on any compact subset of the real

two-dimensional space. This space is equipped with the supremum norm

[flcpy= sup [f(z,y)], (f €C(D)).

(z,y)eD

Let L be a linear operator from C (D) into C (D). Then, as usual, we say that L is positive linear operator
provided that f > 0 implies Lf > 0. Also, we denote the value of Lf a point (x,y) € D by L(f;z,y).

Now we have the following main result.

Theorem 2.1 Let A = (a; jm,n) be a nonnegative RH -regular summability matriz method. Let {Ly, n} be a

double sequence of positive linear operators acting from C (D) into itself. Then, for all f € C (D),

St%A) - }}52 HLm,nf - fHC(D) =0 (1)
if and only if
St%A) - 1}11172 HLm,nfz - fiHC(D) = 07 (7’ = 07 17 27 3)7 (2)

where fO (l',y) = 17 fl (l',y) =, f2 (l',y) =Y and f3 (l',y) = 1’2 +y2
Proof.  Since each f; € C (D), (i =0,1,2,3), the implication (1)=(2) is obvious. Suppose now that (2)

holds. By the continuity of f on compact set D, we can write
f (2, y)] < M,
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where M := || f|lc(p- Also, since f is continuous on D, we write that for every € > 0, there exists a number

d > 0 such that |f (u,v) — f(z,y)] <e for all (u,v) € D satisfying |u—z| < § and |v —y| < . Hence, we

get

If (u,v) — f (x,9)] <£+25—]\24{(u—x)2+(v—y)2}.

Since L,y is linear and positive, we obtain

|Lm,n (f7x7y) - f(x7y)|

IN

IN

IN

where FE :=max |z|, F := max|y|.

(L (f (w,0) = f (2,9) 12, 9)
—f (2,y) (Lnn (fo;2,9) = fo (2, )|
Ly (If (w,v) = f(z,9)];2,9)
+M |Linn (fo; 2,y) — fo (x,9)]

‘me (g + 25—]\24 {(u —z)’ + (v — y)z} wy)‘

+M |Lm,n (fo;z,y) — fo (x,y)|
2M

<€+M+ -5 (E2 +F2)> |Lm,n (f0;1'7y) _fO (l',y)l

52

aM

+5—2E|Lm7n (f1;1'7y) - fl (x,y)|
aM

+5—2F |Lm7n (f2;1'7y) - f2 (x,y)|
2M

Lm,n (f3;1'7y) _f3 (9C7y)| +87

Taking supremum over (z,y) € D we get

HLm,nf - fHC(D) < K {HLm,nfO - fOHC(D) + HLm,nfl - f1||c(D)

+ ||Lm,nf2 - f2||C(D) + ||Lm,nf3 - f3||C(D)} +e

where K = max {e + M + 2L (E? + F?) 2L F 4LF 2]

Now, for a given £ > 0, choose € > 0 such that ¢ < e . Then, setting

D o ={mn) €N |Lmnf — fllop) 2}

4K

D, : = {(m,n) S N2 : ||Lm,nfi - fiHC(D) > £ _E} ,1=0,1,2,3,

it is easy to see that
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which gives, for all (j, k) € N2,

3
E %k,m,nSE E aj.k,m,n-

(m,n)eD =0 (m,n)€D;

Letting j, k — oo (in any manner) and using (2), we obtain (1). The proof is complete. O

Remark 1 If we replace the matrix A in Theorem 2.1 by identity double matrix, then we immediately get the

following classical result which was first introduced by Volkov [15].

Corollary 2.2 [15]Let {L,, ,} be a sequence of positive linear operators acting from C (D) into itself. Then,
forall feC (D),
P - }}LIE HLm,nf - fHC(D) =0

if and only if
P— }}LIEHLm,an - fZHC(D) = O; (Z = 07 17273)7

where fO(xuy):li fl (x7y):x7 f2(x7y):y and fg(l',y):$2+y2.

Remark 2 We now exhibit an example of a sequence of positive linear operators of two variables satisfying the
conditions of Theorem 2.1 but that does not satisfy the conditions of the Korovkin theorem. Now we consider

the following Bernstein operators (see [14]) given by

B (Fir) = 33 (5.2 ) et (1= 0l (1=, )
7=0

k=0j

where (x,y) € D =[0,1] x [0,1]; f € C (D). Also, observe that

Bm,n (fO;xuy) = fO (xuy)u
Bm,n (fl;xuy) = fl (xuy)u
Bm,n (f2;xuy) = f2 (xuy)u
_ 2 .2
Bm,n (f3;xuy) = f3 (xuy)—i_xmx +y ny )

where fo(2,y) =1, fi(2,y) =2, fo(z,y) =y and f3 (z,y) = 2% + y*. Then, by Corollary 2.2, we know that,
for any f e C (D),

P_ElIEHBm,nf_fHC(D) =0. (6)
Now we take A = C(1,1) and define a double sequence (ym,n) by

| 1, if m and n are squares,
Ym,n 0, otherwise.
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It is clear that
st2c(171) —lim vy, , =0. (8)

Now using (5)and (7), we define the following positive linear operators on C (D) as follows:

Lm,n(f;xay) = (1+'7m,n) Bm,n (f;:c,y)- (9)

So, by the Theorem 2.1 and (8), we see that
Stzc(l,l) - }}52 | Ln,nf — ch(D) =0.
Also, since (ym,n) is not P-convergent, we can say that the Korovkin theorem for positive linear operators of
two variables in the Pringsheim’s sense does not work for our operators defined by (9).
3. A Voronovskaya-type theorem

In this section, we obtain a Voronovskaya-type theorem and some differential properties in the C(1,1)-

statistical case for the positive linear operators {L, ,} given by (9) for n = m.

Lemma 3.1 Let xz,y € [0,1]. Then, we get
st2c(171) - li7£nn2Ln7n ((u —z)tz, y) =322 (142)%, (10)

and

Proof. We shall prove only (10) because the proof of (11) is similar. After some simple calculations, we can
write form (10) that

—6z* +122° — 722 +
n

nanﬂl ((u - 1‘)4 3 s y) = (1 + 'Ynn) |:31'4 - 6553 + 31'2 +
Hence, we obtain

2 Lo (0= 2 52,0) = 302 (2,0 o (20) = 261 (20) + o (0] € 1290 + (4 30) = (12)

for every x € [0,1]. Since stzc(m) - h%n%" =0, it is easy see that

26

Combining (12) and (13), the proof is complete. O
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Theorem 3.2 For every f € C (D) such that fr, fy, fozx, foy, fyy € C (D), we have

. 1
ste, i {Lnn (fi2,9) = f (2,9)} = 5 {(z = 2%) faw (2,9) + (y = 9*) fuu (@,0)} -
Proof. Let (x,y) € D and fz, fy, foz, foy, fyy € C (D). Define the function ¢ by

(b(w,y) (uu U)
{ f(u,v)—f(w,y)—fm(u—w)—fy('u—y)—%{fmm(u—w)2+2fmy(u—w)(’u—y)-i—fyy(’u—y)z} (u ’U) 75 (1’ y)

V(=) +(v—y)* ’
0 ;o (u0) = (2,9).

Then by assumption we get @) (z,y) = 0 and ¢y (.,.) € C (D). By the Taylor formula for
f e C(D), we have

Flue) = F@u)+ o (wm2)+ fy (0= ) + 5 {fuw w = 2)?

+2fay (u=2) (0= y) + fy (0= 9)° }

4 4
T (w0) y (=) + (0 — )"
Since the operator L, , is linear, we obtain

Lon(fiz,y) = f(z,y) 1+ Yn) + folnn (u—2;52,9)

+fyLnn(v—y;z,y) + % {memn ((u — x)2 | T, y)

+2foyLnn (v —2) (v —y);2,9) + fyyLnn ((U - 9)2 3L y)}

+Lyn <¢(w7y) (u,v) \/(u — )+ (v—y)h y> :
Note that, if g € C' (D) and if g (u,v) = g1 (u) g2 (v) for all (u,v) € D, then
L (952,9) = (1 + Ymn) Bn (915 %) Ba (92 y)

for every (u,v) € D and n € N. Now using this property, we obtain

Lo (Fi2,9) = F@9) (04 m) + 0 (2= 2?) foa (2,9)

+(y—9%) fyy (z,9)}

o (G (0 =)'+ (0 00

which yields

n{Ln,n (fsz,y) — f(l',y)} = nYanf (z,y) + 1+2’77m {(CL‘ _12) foa (2,y)

+ (Y —v°) fyy (z,9)} (14)

Ly <¢(w,y) (u,0) /(- 2)* + (v - y)'s, y> .
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Applying the Cauchy-Schwarz inequality for the third term on the right-hand side of (14), we get

n

Lo (%,y) (w,0) /(=) + (0 — )", y> ‘

1/2

(Ln,n (%,y) (u,v); 2, y)) v (n2Ln,n ((u —2)' + (v -y, y))

IN

1/2

= (Ln,n (%,y) (u,0) 2, y))1/2 {n2Ln,n ((u — )", y) +1 Loy ((v -y, y)}

Let 1@y (u,v) = (b%w v (u,v). In this case, we show that 7, (z,y) = 0 and 9, (.,.) € C (D). From
Theorem 2.1,

st2c(171) — h%nL"’" (¢%w7y) (u,v);z, y) = st2c(171) — liannm (77(“/) (u,v);z, y)
N(z,y) (1‘, y) (15)
= 0.

Using (15) and Lemma 3.1, we obtain from (14)

st2c(171) — liznnan <¢(w7y) (u,v) \/(u — x)4 + (v — y)4; x, y> =0. (16)

Considering (16), (14) and also stzc(m) - 1171511%11 = 0, we have

{(1' _x2) fww (x,y) + (y _y2) fyy (:c,y)}

N~

Stzc(l,l) - h}lnn Lnn (fi2,y) = f(z,9)} =

So the proof is completed. O

Theorem 3.3 For every f € C (D) such that fr, fy € C (D), we have

.0 of
St2c(171) - h’Iln%Ln,n (f7 x, y) = % (1’, y) ; T 7é 07 1; (17)
) of
57520(1,1) - h%na_yLn,n (fizy) = En (z,y), y#0, 1. (18)

Proof. We shall prove only (17) because the proof of (18) is identical. Let (z,y) € D for x # 0,1 and f,,
fy € C (D). From (9), we obtain

9 : _ " S kG pk kg on—k g (1 M
B Lnon (fia,y) = 1_x(1+7nn)k§_0j§_0f<n,m> Crnz" (L—x)" " Oy’ (1-y)
I n (1+'7nn) En Em f(ﬁji) Cﬁl’k (1—x)"_ka,Jﬁyj (1_y)m—j
z(l—x) o= \nm
= L (F (0,0)52,) + —— L (uf (u,0) 32, y)
- 11— n,n ) LY I’(l ) n,mn ) LY
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Define the function n by

fu,v)—f(@y)—fa(u—z)—fy(v—y) (u,v) # (,y),

N(z,y) (uu U) = { \/(U—$)2+(v—y)2
0 ) (ugv):(l',y).

Then by assumption we get 7, (u,v) = 0 and 7, (.,.) € C (D). By the Taylor formula for f € C (D), we

have

flu0) = f(z9) + fo (u—2)+ fy (v =)

0 (z,y) (1, V) \/(u —2)’ + (v —y)°.

Since the operator L, , is linear, we obtain

Sl (i) = 1 {090 £ 000) + L (e (00) Y0 =2+ 0= )% |
st o e+ 22 ]

L (W(w,y) (u,0) /(- 2)? + (v — )5 2, y> } .

which yields

0

_Lnn 3 Ly
5 L (32, 9)

n

+x(1 —x)

Lo (0= ) (0) = 2+ (0 = )2 (19)

By the Cauchy-Schwarz inequality, we get

n

Lo (0= 20y () =0+ (0= 952,

< (B (g ) 32.) ) (0L (0 )"+ = ) 0= 50,9 )

(Ln,n (né,w (u,0) 32, y)) v {nQLn,n ((u — )", y)
7L (02 @0~ 0) }
= (Ln,n (né,w (u,v) 2, y))1/2 : {nsz ((u - ), y)

n? (1 + Ynn) Bun ((u — x)2 T, y) B, ((U — y)2 1T, y) }1/2

= (Lnw () (w0)s2, y))1/2

- (n2Ln7n ((u —a)sa, y) + (1 + ) (z—2°) (y— y2))1/2 : (20)
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Let ¢(u,y) (u,v) = n(2w7y) (u,v). In this case, we show that ¢, ,) (z,y) = 0 and ¢, (.,.) € C (D). From
Theorem 2.1,

stzc(m) — li%nan (77(2w7y) (u,v) ;x,y) = 57520(1,1) — hjgnan (G(w,y) (u,0);2,9)
¢($7’lj) (1‘7 y)
_— (21)

Using (21) and Lemma 3.1, we obtain from (20)

st2c(171) — liznnan ((u =) N(ay) (U, V) \/(u — x)2 + (v — y)2; z, y> =0. (22)

Considering (22) in (19) and also stzc(m) - 1171511%11 =0, we have

0 of
2 . ) _
stoa,ny — hylgnachnm (fiz,y) = D (z,y).

So the proof is complete. O
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