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1 Introduction

The concept of statistical convergence was initially introduced by Steinhaus [1] and independently by Fast [2]

as a generalization of classical convergence for real sequences. Over time, various generalizations and appli-

cations of statistical convergence have been explored in different spaces, notably through the significant works

of Fridy [3], Fridy and Orhan [4], and Salat [5]. In recent years, the concept of statistical convergence has been

further extended in several important directions, such as:

 Lacunary statistical convergence introduced by Fridy and Orhan [4];

» A-statistical convergence, explored by Colak and Bektas [6];

« Statistical relative uniform convergence introduced by Demirci and Orhan [7];

» Statistical convergence using the power series method, pioneered by Unver and Orhan [8], with subsequent
developments in the objectives of this method by various authors in 2022 and 2023 [8-11];

* Ideal convergence, a concept developed by Kostyrko et al. [12], as well as independently by Nuray and
Ruckle [13].

In 2008, ideal convergence was extended to sequences of real functions and double sequences by Das et al.
[14]. Subsequently, Diindar and Altay [15] investigated various ideal convergence notions for double sequences
of real-valued functions. Building on these advances, Aktuglu [16] introduced a new variant of statistical
convergence, known as af3-statistical convergence of order y, which has proven to be a significant extension
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of both classical and statistical convergences. This concept also encompasses several other statistical-type
convergences discussed in this article.

Further developments in double sequences came from Altundag and Sézbir [17], who introduced af-sta-
tistical convergence and strong af-summability for double sequences, exploring the interplay between these
concepts. Savas and Das [18] later combined statistical convergence with 7-convergence, leading to the
emergence of 7 -statistical convergence, which was subsequently generalized to double sequences by Belen
and Yildirim [19]. In a more recent advancement, Ghosal and Mandal [20] introduced 7 -af-statistical
convergence for single sequences, which further generalizes the notion of 7 -statistical convergence.
Then, 7 -afi-statistical convergence for double sequences came from Yildiz and Sahin Bayram [21].

Based on the research mentioned earlier, this article introduces a novel type of convergence called
I -af-statistical relative uniform convergence for double sequences of functions, a concept presented for
the first time. Then, the approximation theorem of the Korovkin-type via this new type of convergence has
been proved. An example is provided to illustrate that this new convergence is indeed stronger than previous
types. Finally, the rate of 7;-af-statistical relative uniform convergence is calculated, contributing to a deeper
understanding of this new convergence concept.

2 Preliminaries

For our investigation, the following is requisite

2.1 Statistical-type convergences

First, recall the main concept of convergence methods for double sequences.

Definition 1. [22] A double sequence x = (x;) is said to be convergent in Pringsheim’s sense (P-convergent) if
Ve>0, I =](e), Vi,j>], Ixj - L| <&

This limit is represented as P - lim;;x; = L.

Definition 2. [22] A double sequence x = (x;) is called bounded if
IK >0, V(i,j) EN?, x| <K, e,

i I X[le,2) = sup; x| < oo

Definition 3. [23] Consider the double sequence x = (x). It is said to be statistically convergent to the limit L

if for every € > 0, the following holds:

Lp):is<m,j<n, |x; - Llze
o i HED jEn b - Lzell
m,n—co mn

In this setting, the convergence is expressed as st, — lim; ;x; = L.

Now, let a(n) and B(n) be two sequences of positive numbers satisfying the following conditions:

Ci: a,f are both non-decreasing,

G: B(n) z a(n),
G2 B(n) —a(n) » o, as n — o,

and let A denote the set of pairs (a, B) satisfying Cy, C,, and C; [16].
Throughout this article, let (a, B,), (ay, B,) € A.
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Definition 4. [17] A double sequence x = (x;) is said to be af-statistically convergent to L, if for every & > 0,

P - lim (i, /), i € D andj € DR : 1xy - L 2 €} = 0,

1
D D)
which is denoted by stz = lim;;x; = L, where D¥F and D are closed intervals [a(m), B,(m)] and
[ax(n), B,(n)], respectively.

Definition 5. [17] A double sequence x = (xij) is said to be strongly af-summable to L, if for every ¢ > 0,

P - lim > ZIM‘LI

[N
mn | Dm 1||D" |leD,ﬁ]ﬁ1]eD

2.2 Ideal-type convergences

We begin by recalling some basic terminology and notation regarding ideals.

The notion of 7-convergence, introduced by Kostyrko et al. [12], generalizes statistical convergence
through the use of an ideal 7. Let S be a non-empty set. A family 7 of subsets of S is called an ideal on S
if it satisfies the following properties:

(i) 9 €1,
(ii) if A, A, € I, then Ay U A, € 1,
(iii) if Ay € 7 and A, C A, then A, € 1.

An ideal 7 is called admissible if {x} € I for every x € S. Moreover, 7 is said to be non-trivial if S & I
and 7 # {J}.
For such a non-trivial ideal 7, the associated filter is defined as

F={UCS:(34 € I) suchthat U= S\4}.

Now, consider a non-trivial ideal 7, on the set N2, This ideal is said to be strongly admissible if for every
i €N, the sets {i} x N and N x {i} are in 7. It is evident that any strongly admissible ideal is also admissible.
Define the collection

I9=1{A, CN2: (Im(4,) €N) such that (i,j) & A, whenever i,j > m(4;)}.

This set forms a strongly admissible, non-trivial ideal on N? [14]. Furthermore, an ideal 7, is strongly admis-
sible if and only if 79 C 7.
Throughout the rest of this article, we shall assume that 7, is a non-trivial, strongly admissible ideal on N2,

Definition 6. [19] A double sequence x = (x;) of real numbers is said to be Z,-statistically convergent to
a number L, if for each € > 0 and n > 0,

1
‘(m,n)eNZ:ﬁl{iSn,jszlxij—MZsHZq € I,

Yildiz and Sahin Bayram [21] introduced the following definition of 7;-a-statistical convergence and gave
well-known three important results that are stated as follows:

Definition 7. A double sequence x = (xy) is said to be Zy-af-statistically convergent to L, if for every £ > 0,

(m,n) €N % 1{(i,j),1 € i and j€ D> : x; - LI 2 )] 2 n} € L.

|Dalﬁ1”DaLle

In this case, we write st(Z %) - lim; jx; = L.
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(i) If we take ay(m) = 1, B;(m) = m for all m € N and ax(n) = 1, B,(n) = n for all n € N, then I,-af-statistical
convergence is reduced to Z,-statistical convergence introduced in Definition 6.
(ii) Let A = (A,) and u = (u,) be two non-decreasing sequences of positive numbers tending to ® such that

A1 S + 1, N =1,
[‘ln+1 = lun + 1’ tul =1

Then, in the case of a;(m) = m = Ay, + 1, B;(m) = mfor allm € N, and ay(n) = n - y, + 1, B,(n) = n for all
n € N, I, - af-statistical convergence is reduced to 7, — (A, u)-statistical convergence introduced in [19].
(iii) Recall that a double lacunary sequence 6, s = {(kr, ls)}, which means there exist two increasing integers
such that

ko=0, h =k —k-1—> o, asr— o,

ly=0, hs=Ils-1Igq— o, as § = o,

If we take a;(m) = k-1 + 1, B,(m) = ky, for all m € N and ay(n) = -1 + 1, B;(n) = I, for all n € N, then
I-af-statistical convergence of double sequence is reduced to Jy-lacunary statistical convergence of double
sequence introduced in [24].

The concept of uniform convergence of a sequence of functions relative to a scale function first given by
Moore in [25]. Then, Chittenden [26] gave the definition that is equivalent to the definition given by Moore for
single sequences. Demirci and Orhan [7] extended this idea to statistical convergence and gave approximation
results, and then, Okcu Sahin and Dirik [27] introduced this type of convergence for double sequences
as follows (see also [28]):

Definition 8. [27] The double function sequence (f;) defined on any compact subset of the real two-dimen-
sional space converges to the limit function f relatively uniformly if there exists a function o(x, y) defined
on any compact subset of the real two-dimensional space (which in the literature is called the scale function)
such that for every € > 0, there is an integer n, such that for m, n > n,, the inequality

Ifyj 6 ¥) = FO )1 < ela(x, y)
holds uniformly in (x, y). The double sequence (f;) is said to converge uniformly relatively to the scale function

o, briefly, relatively uniformly convergent.

Ideal relative uniform convergence for double sequences of functions was introduced for the first time by
Yildiz [29] in 2021. Then, in 2024, Yildiz and Sahin Bayram [21] introduced novel concept of Z,-af-statistical
convergence. In view of these new-type of convergence methods in this article, we study an interesting type
of convergence called 7, — af-statistical relative uniform convergence.

3 Ideal af-statistical-type convergences
Now, we introduce our new convergence methods. Let X? be a compact subset of R

Definition 9. A double sequence (f;) is said to be 7, - af-statistically pointwise convergent to f on X 2, written
in short as st(7%) - f; = f for each (x,y) € X%,

(m,n) €N? : x |{(i.j).1 € Di* and j € DR ¢ |f;(x,y) - f(x.y)| 2 €}l 2 nf € I,

|Dr?1]ﬂ1||Drl112'B2|

written in short as st(Z ‘;ﬁ ) - fij - f on X2
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Definition 10. A double sequence (f;) is said to be 7;-af-statistically uniformly convergent to f on X 2, written
in short as st(7%) - f; 3 f if for every & > 0,

(m,n) EN2: x {Gi,)), i € DwPt and j € DI . sup If;06y) = FOuy 2 €}l 2 n

€ 1.
|Dr(r1|]ﬂl| |Drt 2BZI (x.y)EX2

Then, it is denoted st(I'5") - fi 31

Definition 11. A double sequence (f;) is said to be J,-af-statistically relatively uniformly convergent to f on X 2,
if for every ¢ > 0,

(m,n) EN?:

P X € 1.
IDsP DA

21

[(i, j), i€ DiPt and j € DiFe .

fixy) - |
o(x,y) -

(x.y)ex?
In this case, we write st(Z %) - f; 3f (X% 0).

It is important to mention that choosing 7, = 7 leads to the notion of af-statistical relative uniform
convergence for double sequences — a recently introduced type of convergence. Moreover, if the scale function
is substituted by a nonzero constant, this framework reduces to the classical af-statistical convergence

of sequences of functions [16,17].
Based on the preceding definition, we can directly state the following result.

Lemma 1. st? - f; = f on X? implies st(7'%) - f; 3 f on X2 which also implies st(7'%) - f; 3 &% o).

Nonetheless, the reverse implication of Lemma 1 does not hold in general, as demonstrated by the
counterexample presented in the following.

Example 1. Let 7, =71 ? set of all subsets of N> with double natural density zero. For each (i,j) € N
let ay(m) = m?, B,(m) = (m + 1)?, ap(n) = n%, B,(n) = (n + 1)* and define hy; : [0,1]> > R by

o1 [o, %l

T e [mOm), Bm)l j € [an), B,()]

hi(x,y) = Am=12n=k:LkEN),
.. .. 1 1
y - ixy); (x,y) €10, 7] x [0, 7],
0; otherwise.

Here, (hy) is neither 7, - af-statistically uniformly convergent nor af-statistically uniformly convergent to the
function h = 0 on the interval [0, 1]%. In addition, (hy) is not classically uniformly convergent to the function
h = 0. But it is seen to be st(Z%) - hj = h=0 ([0,1% o), with

1
O'(X y) = XZ—yZ’ (X’y) € (0’ 1] X (0, 1],

1, x=0ory=0.
Indeed, 3] = J(¢),
h"(X,y)
R . o8 ij
TN (l,),IEDaland € Dn*?: su >¢
DaPpety ([T A= R [otny)

([By(m) = a(m)] + D([B,(n) - a()] + 1)
(By(m) = a(m) + D(B,(n) - ay(n) + 1)’
[J] )
(By(m) = a(m) + D(By(n) — ax(n) + 1)’

m=0%n=k%1LkeEN,

otherwise.
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Example 2. Let 7, = I? and A € I‘ZD. Let us take ay(m) = ax(n) =1, ,(m) =m, B,(n) =n and for each
(i,j) € N, define h; : [0,1]* - R by

Byi(m) = JBy(m) — ay(m) + 1 + 1< i< B(m),
By(n) = By(n) —ap(n) +1 +1<j< By(n) A(mn) &A
hi(x, y) = i, a(m) < i < B(m), m(n) <j < () A (m,n) € A @
ijxy
2+ oy

l:j)

otherwise,

and the scale function given by

1
O'(X,y) _ E: (X:)’) € (0) 1] x (O’ 1]’ (2)

1, x=0o0ry=0.

Then, for every ¢ > 0 (0 < € < 1), since

hi(xy) Y)

c Dalﬁl = DaZBZ :
@G, )),1 and j n sup 5(5,y)

(x.y)es?

m
fh—c—

|DaLB1||Da2ﬁ2|

- AR - a(m) + 1B, ~ @) +1 o
(By(m) = ay(m) + 1)(By(n) - a(n) + 1) ’

asm,n — o and (m, n) € A. Hence,

1
|Dalﬁ1||Dazﬂzl

hii(x,y)
a(x,y) y SH y ’7]

for some J; € N. Clearly, the set on the right-hand side belongs to 7 g’ and so the set on the left-hand side also
belongs to 7 ? This shows that st(7 gﬁ) - h; 3 h=0 ([0, 1)%; o). However, (hy) does not converge Zp-relatively
uniformly to h.

Nevertheless, the sequence (h;) fails to exhibit 7,-af statistical uniform convergence, as well as af
statistical uniform convergence, toward the zero function on the domain [0, 1]. Furthermore, (h;) does not
converge uniformly in the classical sense to h = 0 over the same domain.

(m,n) EN

(i,j),i € DaPt and j € D2 : sup
(x,y)ES?

CAUQL2..,]}

Definition 12. A double sequence (f;) of functions defined on X? is said to be 7, — aB-relatively uniformly
summable to f, if for every € > 0,

1

afy WP,
|Dm”"|| D ieppPt jepi?2 (xy)ex?

}?;(X’Y) ‘f(X’)’)

(m,n) € N%: oY)

€ 1.

Based upon the aforementioned definitions, we shall give the following special cases and some inclusion

relations to show the effectiveness of newly proposed methods introduced in Definitions 11 and 12.

* Let us take ;y(m) = 1, ;,(m) = m for all m € N and ay(n) = 1, B,(n) = n for all n € N; then, I,-af-statistical
relative uniform convergence given in Definition 11, is reduced to Ip-statistical relative uniform conver-
gence. If the case of the scale function is taken to be a constant different from zero, then we obtain ideal
statistical convergence and ideal summability for function sequences (cf. [18,19,30,31]).
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* In the case of m(m) = k-1 + 1, p,(m) = ky, for all m € N and ay(n) = -1 + 1, p,(n) = I, for all n € N, then,
strong I, — af-relative uniform summability given in Definition 12 is reduced to its lacunary version. Again,
if the choice of the scale function is taken to be a constant different from zero, then we have the notions of
ideal lacunary statistical convergence and ideal lacunary summability for function sequences (cf. [24,31,32]).

* Let us take ;y(m) =m - A, + 1, B(m)=m for all m €N and .;(n) =n -y, +1, fi(n) =n for alln €N,
Then, strong 7, — af-relative uniform summability is reduced to strong 7; — (A, p)-relative uniform summa-
bility. If the scale function is considered to be a constant different from zero, we have the concepts of ideal
(A, w)-statistical convergence and ideal (A, u)-summability for function sequences (cf. [18,19,33]).

Theorem 1. Suppose that

Ly - f(x,y)
o(x,y)

’ <K, foralijeN, |o(x,y)| #0.
(x.y)ex?

If a double sequence (f;) of functions on X 2is I, - aB-statistically relatively uniformly convergent to a function f,
then it is I, — af-relatively uniformly summable to the function f, but not conversely.

Proof. Let us set

Hyropy = ‘(i,j), i € i and j € DI

]%(X,Y)‘f(x:)’)‘ ]
—_— | 2

s (xY)EX? U(X,Y)
and
ﬁ'(X:)’) ‘f(X,)’)
HCH: .’.,.eDalﬁl d.eDazﬁZ: /) < g},
s [(l P,i€ D and jE DI sup T o <

with for given € > 0 and enough large m and n. Also, we obtain
fy(X:)’) ‘f(X,)’)
o(x,y)

ﬁj(X:)’) ‘f(X,)’)
o(x,y)

1

IDRPYIDRP (e pim jepie eyt

m

1

|Drgllﬁl| |Dn 2ﬁ2| ieDs jep?2 (xy)ex?

(G)EH, a5

1

R —
[Dm" | [Dn™?| iepih jepi2 (x.y)EX?

Dn e
(DEHS gp)

fiG6y) = f,p)
o(x,y)

1

= K o py el * &

From the hypotheses, we have

&
1 . 2. wl > 2
HSI(I% (m,n) € N? : |Dr(r11]ﬁl||Dr?ZBZ| |Hst(]2ﬁ)| > X € I,
2 1
If(m,n) EN \Hst %y then
1 fz](X,)’) ‘f(X,)’) <9
- - @ — | < 2¢.
IDrlrlzlﬁlnDnaZﬁzl iEDyﬁlpleD:ZBZ (X,y)EX? G(X,)’)
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Hence, we have

1 S ) - f(6y) .
(m,n) e N?: - | 226{ CH_ _«,
D 1Dn™*) e i jepi rypext a(x,y) S
and therefore, (f;) is Jr-af-relatively uniformly summable to the function f. O

For converse, we consider the following example:

Example 3. Let I, =71 ‘f set of all subsets of N? with double natural density zero. For each (i,j) € N?,
let ay(m) <1 < B,(m), ax(n) <1< B,(n) and define h; : [0,1]* - R by

1<i<[(B(m) - a(m) +1],
ij2xy?; 1<j<[B(n) - a(n) +1],
hi(x,y) = A m=2,n=2k, LkeN

3ij2xy?

T m otherwise.
2 + i3 x%yt

One may deduce that st(J gﬁ )-h; 3 h = 0 uniformly on the domain [0, 1]%, where

1
R L CE RO

1, x=0o0ry=0.

Indeed, 3] = J(¢),

(i,j),i € D and j € D : sup
(xy)ex?
[JBy(m) = a(m) + 1][/By(n) — () + 1]
(B,(m) — ay(m) + D(B,(n) - () + 1)
[/1 )
(B,(m) — ay(m) + D(By(n) — ay(n) + 1)’

_ 2 &
DR DR a(x,y)

hyo )| H

; m=2n=2k, LkeN
-0

otherwise.

However,
1 S hii(x, y)
|Df?l]ﬂ1||DT?2ﬁ2| ieD;,?ﬁleDyf?‘Bz (x,y)EX? O'(X,y)

[VBi(m) = aa(m) + 11([{By(m) = ax(m) + 1] + DIBy(n) = aa(n) + 11([{/By(n) = @p(n) + 1] + 1)

= -+

4(B,(m) — ax(m) + 1)(B,(n) — ay(n) + 1) ’

which means (hy) is not 7, — ap-relatively uniformly summable to the function h.

4 Ideal relative Korovkin-type approximation

Let the space of all continuous real-valued functions on X? be named C(X?). As it is known, it is a Banach space
with the norm ||.|| defined by [If]| = sup,, ,,cx2lf 06, Y)I, f € C(X?). In this section, we explore the concept of
I,-ap-statistical relative uniform convergence to establish a Korovkin-type approximation theorem
for a double sequence of positive linear operators acting on the space C(X?). Consider a linear
operator T : C(X%) — C(X?). For any function f € C(X?) and point (x, y) € X?, we write the operator’s value as



DE GRUYTER I-aB-statistical relative uniform convergence =—— 9

T(f; x,y) or equivalently, T(f(s, t); x, y). Moreover, throughout this article, the test functions are given by
e(Ly) =1, e(x,y)=x, ex,y)=y, and e x,y)=x>+y>.

Prior to proceeding, we formally review the fundamental Korovkin-type approximation theorems rele-
vant to our study.

Theorem 2. [34] Let (T;j) be a double sequence of positive linear operators acting from C(X?) into itself. Then,
for all f € C(X?),

P-lm|T(f) - fl =0, onX?
ij

P -1lim||Tj(e,) - ell, onX?% z=0,123.
i

Theorem 3. [17] Let (T;j) be a double sequence of positive linear operators acting from C(X?) into itself. Then,
for all f € C(X?),

sts? - im || T;(f) - fll, on X*
y

sty” ~lim || Ty(e,) - e.ll, on X% z=0,1,2,3.
ij

Now, we give the main approximation result of this section.

Theorem 4. Let (Tyj) be a double sequence of positive linear operators acting from C(X?) into itself, and o and g,
are the scale functions (possibly unbounded). Then, for all f € C(X?),

StIP) - (N =f X% 0), ®3)
iff
St - Tyle) 3 e, (X% 0,), 2=0,1,2,3. @
Proof. Based on the assumptions, note that e, € C(X?) holds for each z = 0, 1, 2, 3. Hence, condition (3) ensures
the validity of condition (4). The main objective now is to establish the converse implication.

As a starting point, since f is continuous on X2, it must be bounded over this domain. Thus, there exists
a constant Ky > 0 such that

o)l < K,

where K; = ||f|| denotes the supremum norm of f on X2.
Moreover, the continuity of f implies that for every € > 0, there exists a § > 0 such that

IfO6y) = f(s, 0 < &,

whenever (x,y), (s, t) € X* and |x - s| < &, |y - t| < 6.
On the other hand, for all (x, y), (s, t) € X? satisfying |x - s| > § and |y - t| > §, we can estimate:

2K
F () = (5. D1 < “gH{0c = 57 + O - 02

Consequently, for (x, y), (s, t) € X2, the following inequality holds:

2Ky
F(x,) = f(5, 01 < & + H{(x = 97 + 0 = 0P}
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Given that T; is both linear and positive, it follows that
ITi(f; %, y) = FOGIS TiAFCGY) = f(s, O x,¥) + I[F G W Tieo; X, y) — eo(x, y)

2K,
< Tj(e + S—Zf{(x =)+ v - O %, p) + KilTieo; x,y) = e, )

holds for every (x, y) € X? and i, j € N. Moreover, the following inequality directly follows from the preceding
one:

4K 4Ky
ITi(f3 %, y) = fOoy)l < & + e + Ky + —-EX|Ti(eo; X, ) = eoX, Y)I + —-ElTj(ex; X, y) = ex(x. y)
4Ky 2Ky
+ ?Elﬂy(ez; X,y) — exx, y)| + ?Iﬂj(eg; x,y) - es(x,y)l,

where E = max{|x|, [y|}. Now, define a(x, y) = max{|o,(x, y)|; z = 0, 1, 2, 3}. By multiplying both sides of the
1
laGey) |

preceding inequality by we arrive at the following conclusion:

Tj(ey; X,y) = eo(x,y) Tij(es; x,y) — ei(x,y)

Tl](f) X:)’) ‘f(X,)’) < &

a(x,y) C8%] ao(X,y) o1(x,y)
. Ti(ez; X, ) = ex(x,y) N Ti(es; X, y) — e3(x,y)
GZ(Xry) 0-3()(1_))) ’
o~ 4Ky Ay 2K ; 2
where K = maxie + Ky + & E?, & E, At Thus, taking supremum over (x, y) € X4, we have

Tl](f: X,)’) _f(X,)’)

sup
(xY)EX? U(X,)’)
®)
< sup vkl s Tij(eo; X,y) — ey(x,y) .\ Tij(es; x,y) — ei(x,y)
B (x,y)EX? |U(X;)’)| (x,y)EX? GO(X:y) (x,y)EX? Gl(X:y)
Tj(ez; x,y) = exx,y) Ti(es; x,y) - e3(x,y)
+ sup + (6)
x,y)EX? ay(X, y) (x,y)EX? a3(X, y)
Now, let r > 0 be arbitrary. Select € > 0 such that sup(x,y)eleg(fﬁ < r. Then,
Ti(f; x,y) - fx,
N:=1@,)),i € Dby and j € D sup itfi x.3) = J(.y) >r
(x,y)EX? a(x, )’)
and
£
Ti(es; X,y) — e;(x, Z = SUPyyex? Tatoy) |
N, =1{(i,j),i € Dyt and j € D : sup e XY) ~ %)) > CNEX 1ot |
(xy)EX a;(x,y) 3K

z=0,1, 2, 3. In light of (5), it is evident that N C U§=°NZ and

1 1 1 1 1
IN| < [No| + |Nq| + [Ny + |N3|.
D | D D3| DR D | D D4 | D D | D

Then, we can write

n

myn) EN2: —————|N,| = —1.
(m, n) |Drtr111ﬁ1||Dr?ZBZ|| | 4]

(m,n) EN2; IN| = n

3
- - cu
D D 220
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By (4),

1

(m, n) eENZ; —————
|Dr?1]ﬁ1||Dr;1ZBZ|

€, forz=0123.

VES.

Hence, by the definition of an ideal,

3 n
Uim,n) EN2: —————|N,| 2 —{ E I,
270 IDRPY DR 4

(m,n) eN?: ——————|N| 2 n{ € L.

DR\ DR
So, we obtain
st - T(H) 3 f X% o).
Hence, the desired conclusion is obtained. ]

Moreover, if the scale function is taken to be a nonzero constant, the subsequent result can be directly
deduced from Theorem 4.

Corollary 1. Let (T;) be a double sequence of positive linear operators acting from C(X?) into itself. Then,
for all fe C(X?),

stIP) - T(f) =2 f, on X2,
if and only if

St(I5) - Tye) 3 e, on X2 z=0,1,2,3.

5 Application of Korovkin-type approximation

Our attention is now paid to an example that shows our main theorem is a non-trivial generalization of the
classical and the ideal cases of the Korovkin results.

Example 4. Consider the following Bernstein operators (see [35]) given by

J
l

L (k1) : A
By(f; x3) = 2 Zf[;, ][}{ (1 -0y (@ -y ™
k=02=0 J

where (x,y) € X% = [0, 1]%; f € C(X?). Based on the aforementioned polynomials, we define the following class
of positive linear operators on C(X2):

Here, the auxiliary function h;(x, y) is specified in equation (1). We now examine the behavior of these
operators on the test functions:

Tj(eo; x,y) = (1 + hy(x, y))eo(x, y),
Tj(ey; x,y) = (1 + hy(x, y))ei(x, y),
Tij(ez; x,y) = (1 + hy(x, y))esx(x, y),
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— y2 — 2
M%XJFO+%UJDMLﬁ+XiX+yjy.

In the view of st(I ‘;ﬁ) - h; 2 h=0 (X% 0), o(x,y) is given by (2), we conclude that
st(r9 - Ti(e,) 3 e, (X% 0), foreach z=0,1,2,3.
Thus, by Theorem 4, we immediately see that
stIP) - Ti(f) 2 f (X% o), forall f€ C(X2).

Unfortunately, since (hy) is neither af-statistically uniformly convergent nor 7, — ap-statistically uniformly
convergent to the function h = 0 on the interval X2, we see that Theorem 3 and Corollary 1 do not work for our
operators defined by (8). In addition, one can see that (h;) does not satisfy the classical Korovkin theorem
in the Pringsheim’ sense, i.e., Theorem 2 does not work. As a result, it is demonstrated that the presented
formulation constitutes a broader generalization than the previously established one.

6 Rate of 7;-af-statistical relative uniform convergence

This section aims to analyze the convergence rate corresponding to the 7,-af-statistical relative uniform
convergence.
Let us recall that the modulus of continuity of a function f € C(X?) is defined by

w(f,8) = sup_ [fOoy) - f(s, 01, (8> 0), f€ CXD).
Jx=s)*+(y-t)? <6

Definition 13. Let (a;) denote a positive, non-increasing double sequence. We define that the sequence (f;)
converges to f in the sense of I-af-statistical relative uniform convergence at the rate o(ay) if for any ¢ > 0
and n > 0,

1
(myn) eN?: ——— x

: € I
ID%lﬁlnDr‘llZle

2 namn

(i,j),i € D’ and j € DI : sup
x,y)EX?

fi») -f(x,y)‘
—_— | 2 £
o(x,y)

and written in short as

st - (fy - ) = o(ay) (X% o).

Definition 14. Let (a;) denote a positive, non-increasing double sequence. We define that the sequence ( fij)
converges to f in the sense of 7,-af-statistical relative uniform convergence at the rate o;(ay) if for any € > 0
and n > 0,

1
(mneN:; ——— x

: € Iy,
|Dr¢:llﬁ1||D#Zﬁzl

21

‘(i, j),i € DPt and j € DiFe .

f;j(Xry) ‘f(X,Y) S
atey) |

(xy)ext

and written in short as
st = (fy - ) = oay) (X% o).

Lemma 2. Let ( fij) and (hy) be double sequences of functions belonging to C(X?). Suppose (ay) and (Bij) are
positive non-increasing double sequences with the property that

stZ$) = (fy = f) = o(ay) (X o).
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and
StI) = (hy = h) = o(B;) (X% o),
where |g,(x, y)| > 0 and a,(x, y) is unbounded, z = 0, 1. As a result, the following properties are satisfied:
@ st(1s) - (fy * hy) = (f + h) = o(max{ay, B}) (X* max{lg,(x,y)l; z = 0,1}),
(@) stZ5") = (fy = F)(hy = h) = o(ayBy) (X% ou(x, Y)or(x, y)),
(i) st(X ‘;ﬁ) = (c( ﬁ-j =) = o(ay) (X% oo(x,y)) for any real number c,

@) st - JIfy = 11 = olay) X% \looC, D).

In addition, a comparable assertion can be established when the notation “0” is appropriately replaced by “o;.”
Proof. The proof is straightforward and so is omitted. O

Lemma 3. Let ( ﬁj) and (hy) be sequences of functions in C(X?) such that 0 < ﬁ.j < hy. Suppose (ay) is a positive
non-increasing double sequence with the property that

st P - by = o(ay) (X% 0).
Then, it follows that
st - f; = olay) (X% 0),

where |a(x,y)| > 0 and o(x, y) is unbounded. Furthermore, the statement remains valid when the notation “0”
is replaced by “o;.”

Proof. Since the inequalities 0 < jl‘.}.(x, Y) < hij(x,y) are satisfied for every (x,y) € X2 and for all indices
(m, n) € N2, it holds that for arbitrary € > 0 and 5 > 0,

1 Loy s . . ap f,](X:)’)
(m,n) N2 —————— x |{(i,j),i € D' and j € Dp**: sup 2 et 2 na
D 1D ayex | 006Y) "
1 e . a . ap. hl](x)y)
cimn) €EN?: —————— x |{(i,]),i € Dn"* and j € Dy™*: sup |——~| = €| 2 na
D 1D e | 906Y) "
Utilizing the relation st(72%) - hij = o(a;) on (X?; o), we arrive at the intended conclusion. O

Consequently, we arrive at the following conclusion.

Theorem 5. Let (T;;) denote a double sequence of positive linear operators mapping C(X?) into itself. In addition,
let (aj) and (B) represent positive and non-increasing double sequences. Suppose that the following assumptions

are satisfied:
(@ stZ5") - (Ty(eo) - €) = o(ay) (X% ap),
(b) st(I gﬁ )~ w(f, &) = o(By) X %, 1), where §;(x,y) = [T (@5 X Y) With @, (s, 8) = (x = s+ (y - )%

Accordingly, for every f € C(X?), we obtain
StIP) = () = ) = o) X% 0),

where an = max{aij) ﬁl]’ al]ﬁl]}’ and O'(X))’) = max{|0'0(x))’)|: |01(X,)’)|; |UO(X,)’)UI(X;)’)|}; with |GZ(X1y)| >0 and
0,(x,y) is unbounded for z = 0, 1.
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Proof. Let f € C(X?) and consider any point (x,y) € X Given that T; is a positive linear operator and by
utilizing the characteristic property of the modulus of continuity, we have

O,
Mfwmﬁtnb+(” IU&

It follows that, for any &,
ITi(f5 x,¥) = fFOI < Ti(F (6, y) = £(s, O x,3) + [fF O I Ti(eo; X, y) = eo(x, y)
< E](w(f’ A (D(x,y)(s’ t) ): X,)’) + If(X’)’)”E](eo, XJ) - eo(X’)/)|

¢(xy>(s’ 2

<of, OT(L+ =

; X, 9) + [FOo I Ti(eo; X,Y) — eo(x, y)

< w(f, 6)‘717(6’0; XY+ = 62 T(@ (s, 15 X y)] [F O I Teos x,y) = eo(x, )l

Setting & = §;(x, y) = |/ Tj(¢y); X,¥), we may write that
|E](f) X’)’) _f(X,)’)| = zw(fx 61}) + w(f) Slj)lTl](eO) X,)’) - eO(X:y)l + Msz](eO) X,)’) - eo(X’)’)L

where M = ||f]|. Taking into account the preceding inequality, we can express the following:

E](f) X:)’) ‘f(X,)’)

(x,y)EX? U(X,)’)
(U(f, 61]) w(fr 6!]) Ej(eo; XJ) - eo(XJ)
<2sup ———+ su
(x,y)EX? |01(X:)’)| (xX,y)EX? |O-1(X’y)|(x,y)eX2 GO(X;y)
Ti(eo; X,y) — ep(x,
LM sup iieo; X,¥) — e(x,y) ‘
(X y)EX: ao(x,y)
Thus, under assumptions (a) and (b), and by invoking Lemmas 2 and 3, the result follows. O

The proof of the following theorem is analogous to the proof of Theorem 5, and so is omitted.

Theorem 6. Let (T) be a double sequence of positive linear operators mapping C(X?) into itself. Furthermore, let
(a;j) and (By) be positive, non-increasing double sequences. Suppose that the following assumptions are satisfied:

(@ st(T5) - (Tyleo) - e) = oay) (X% 0),
D) st(r ;’ﬁ) - w(f, &) = 0il(By) (X %, ay), where §(x,y) = [ Ti( P yys X ) With @ (s, 1) = (x = s+ (y - t)%

Then, we have, for all f € C(X?),
StIP) = () = 1) = o) X% 0,

where  y,, = max{ay, By, agBy}  and o (x,y) = max{|a(x, y)l, |o106 Y)I, 106X, )oYl 1oz(x, y)l > 0
and g,(x, y) is unbounded, z = 0, 1.
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